LIACS Examination Logic
Leiden University 19 December 2016, 10:00 - 13:00

1. [0,5 point] Show that pv g, -pv-q = q — -p using a truth table.
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2. [1,5 points] Give a proof by means of natural deduction of the following sequents:
Q) p—q~-pv(

1 p—q premise

2 pv-p LEM

3|p assumption -p assumption
4\q —e 31 -p v (q vi 3

5 pv(Q vi 4

6 -pvg ve23-53-4
b) (p—nNv@—nNParg—r

1ipnag assumption

2 (p—>n1v(g—r) premise

3|p—or assumption q—or assumption
4 1p AE 2 q Ae 2

51r —e 4,3 r —e 4,3

6 |r vel, 3-5

7 (pArqQ)—r —i 2,6

Q) p—>PPopHL

1 p—o-p premise

2 —p—p  premise

3 pv-p LEM

4\|p assumption -p assumption
51 -p —e4l p —e 4.2
6L -€4,5 1 -e 4,5

7 1 ve 3, 4-6

3. [1,5 points] Use mathematical induction to prove that 1+ 22+ ... + 2" = 2"_ 3 for all integers
n>3.
Proof:
Let n = 3. Then 22 — 3= 8 — 3 = 5. And on the left hand side we get 1+ 22 = 1 + 4 = 5Thus the
statement we need to prove works for n = 3.

Assume now the statement holds for n = k > 3; that is,
1+22+28+24+  +2kl=0k_3

Let us consider the case when n =k + 1:



1+224 28+ 2% 4+ + 2K 42k
=(2+22+ 284 2%+ .+ 260y + 2K
= (2k—3) + 2 (here we use the induction hypothesis!)
=2x2¢-3
= 2k1_3

. [1,5 points] Find which of the following formula is valid by computing the conjunctive normal
form. Explain your answer.
a) (pA-Q)v(pAQ).
Wehave (pAr-qQ)v(pArg=(PvPAq)A(-gv(pAQq) (distributive laws)
=(pvp)A(Pva) A(=qvDp) A (=qvq) (distributive laws)
Since the first three conjuncts are not valid, the entire formula is not valid.
b) —(p A -0) A (Qv-p) .
We have =(p A =Q) A (Qv-p) = (-p v ==q) A (Qv-p) (De Morgan’s laws)
= (-p v Q) A (Qv-p) (double negation)
Since the first (or the second) conjunct is not valid, the entire formula is not valid.
¢) (P—a)vp)A(pva(ra-rag).

We have ((p —q)vp)A(pv-(ra-r AQ)) = ((=pva)vp)A(pv-(rA-r AQ)) (implication)
= (=pvavp)A(pv(=rv==r v=a)) (De Morgan)
= (=pvavp)A(pv-rvr vaQq) (double negation)

Since the both conjuncts are valid, the entire formula is valid.

. [1,5 points] Apply the marking algorithm to check if the following Horn formulas are
satisfiable:
a) T-gA((Prg)—nNA@—p).
Let us mark the propositions by using subscripts indicating the marking round. We have
(T2 — 02) A ((p3 A G2) — 14) A (A2 — ps)
Thus the formula is satisfiable under any valuations mapping p,q and r to T.
b) T-pA((Prg) =>NAPoDA((rAP)—0).
Let us mark the propositions by using subscripts indicating the marking round. We have
(Te = p2) A ((p2 A 3) — 14) A (p2 — G3) A (4 A P2) — 3) .
Thus the formula is satisfiable under any valuations mapping p,qand rto T.
) M-=>pPr(Pp—=DA((PAg) =>NA@—>L)A(T—T).
Let us mark the propositions by using subscripts indicating the marking round. We have
(Te = p2) A(p2 = G3) A((P2 A Q) = 12) A (G — La) A (TL — 12)
Thus the formula is not satisfiable.

. [2 points] Show the validity by means of natural deduction of the following sequents:
a) VXxP(X) —P(a) — P(b).

1 VXP(X) premise
2 P(a) assumption
3 P(b) Vel
4 P(a) > P(b) —i2-3
b) a=bA-P(@b) —VXxP(XX).
1 a=b A -P(a,b) assumption

2 a=b ~elL 1



3 -P(a,b) AeR 1
4 VX P(X,X) assumption
5 P(a,a) Ve 4
6 -P(a,a) =e 2,3
7 1 -e 5,6
8 aVX P(X,X) -i 4-7
9 ax P(x) Je 2,3-8
C) FVYXVYy(X=X vx=yY).
1| Xo Xo = Xo =j
2 | Yo Xo=XovXo=Yo viL 1
3 VYy(Xo = Xo Vv Xo = Y) Vi 2-2
4 VXYY (X=X vX=Y)) Vi 1-3
d) 3Ix-(x=x).
1 Ax-(X = X) assumption
2 Xo =(Xo = Xo) assumption
3 Xo = Xo =i
4 1 -e 2,3
S 1 Jde 1,2-4
6 —3X(X = X) -i 15

7. [1,5 points] Consider the predicate formula ¥x3y (P(x,y) — f(x,c) = y), where c is a constant,
P is a binary predicate and f is a binary function. Find a model which makes the formula true.
Take the model M with the set N of natural number as universe, PM the usual order relation <,
M the usual addition +, and c™ = 1 (the number 1). Then for every number n in N we can find
a number m by taking m = n+1 so that n < m and n+1 = m. Thus our model M makes the

formula true.

The final score is given by the sum of the points obtained.




