Exercise 4.1. &

In each case below, say what language (a subset of {a,b}*) is
generated by the context-free grammar with the indicated pro-

ductions.

f. S— aSa|bSb|aAb|bAa A — aAa |bAb|a|b| A



Exercise. (Example 4.10)

Find a context-free grammar generating the language

{a'bcF | j#i+k}

Hint: Consider the cases 5 > 1+ k and j <1+ k separately.



Exercise 4.12.

Find a context-free grammar generating the language

{a'VcF | i j+k}



Exercise 4.4. &

In both parts below, the productions in a CFG G are given.

In each part, show first that for every string z € L(G), nq(x) =
ny(x); then find a string x € {a,b}* with ng(x) = ny(x) that is
not in L(G).

a. S— SabS | SbaS | A

b. S— aSb|bSa|abS |baS | Sab | Sba | A



Exercise 4.9. Suppose that G; = (V1,{a,b},51,P1) and G =
(Vo,{a,b}, Sy, Po) are CFGs and that V1NV, = @.

a. It is easy to see that no matter what G; and G» are, the CFG
Gu = (Vu, {a,b}, Sy, P,) defined by V;, = V3 UV, S, = S; and
P, = P{UP>,U{S1 — S»} generates every string in L(G1)UL(G>).
Find grammars GG1 and G5 (you can use Vi = {S1} and V, = {S>})
and a string x € L(Gy) such that ¢ ¢ L(G1) U L(G5).

b. As in part (a), the CFG G, = (V,,{a,b},S¢, P:) defined by
Ve=ViUVp, S¢ =851 and P. = PLU P>, U{S1 — 5152} generates
every string in L(G1)L(G»).

Find grammars G1 and G5 (again with V3 = {S1} and V, = {S5})
and a string x € L(G¢) such that x ¢ L(G1)L(G>5).



Exercise 4.9. (continued)

Cc. The CFG G* = (V,{a,b}, S, P) defined by V =1V, S =57 and
P =P U{S] — S151 | A} generates every string in L(G1)*.
Find a grammar G1 with V3 = {S1} and a string x € L(G*) such
that « g L(Gl)*.



EXercise.

Suppose that G = (Vla {CL, b},S]_,P]_) and G = (V27 {aab}7527p2)
are CFGs.

In Theorem 4.9(1), it is proven that CFG Gy, = (Vy, {a, b}, Su, Pu)
defined by V, = V7 UV, S, a new variable, and P, = P U P> U
{Sw — S1 | S»} generates L(G1) U L(G2). The proof assumed
that V1 NVyr = &.

Give an example of two context-free grammars G1 and Go, with
Vi NVo #= &, such that the resulting grammar G, does not (pre-
cisely) generate L(G71) U L(G»). In particular, for this example,
give a string = € {a,b}*, such that either x € L(G71) U L(G») and
x & L(Gy), or x € L(Gy) and x ¢ L(G1) U L(G»).



Exercise 4.26. &

In each part, draw an NFA (which might be an FA) accepting the
language generated by the CFG having the given productions.

S—aA|bC A—aS|bB B—aC|bA C —aB|bS|A



Exercise 4.27. &

Find a regular grammar generating the language L(M),
where M is the FA shown below:

i
NOENOS=C




EXxercise 4.22.

Show that if G is a context-free grammar in which every produc-
tion has one of the forms

A—aB, A—a and A—> A

(where A and B are variables and «a is a terminal), then L(G) is
regular.

Suggestion: construct an NFA accepting L(G), in which there

IS a state for each variable in G and one additional state F', the
only accepting state.
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Exercise 4.28. &

Draw an NFA accepting the language generated by the grammar
with productions

S—abA|bB|aba A—b|laB|bA B —aB]|aA
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Exercise 4.29. &
Each of the following grammars, though not regular, generates
a regular language. In each case, find a regular grammar gener-
ating the language.

a. S— 5SS |alab

b. S— AabB A —aA|bA|N B — Bab|Bb|ab|b
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From exam Automata Theory, 19 December, 2024

Each regular language is also context-free, i.e., it can be gener-
ated by a context-free grammar. However, not all context-free
languages are also regular. For each of the following context-
free grammars G, with start variable S, indicate whether or not
L(G) is regular. You do not need to explain your answers.

(a) G has productions
S —abA|bB|aba A—b|laB|bA B —aB|bA

(b) G has productions
S—aS|Sblalb

(c) G has productions
S—aA|lb A—Sbla

(d) G has productions
S—aA|bB A—aB|bA|bS B —bS|A
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Exercise 4.15/4.19.

Describe the language generated by the CFG with productions

S —a|Sa|bSS|SSb|SbS

Motivate your answer.
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