Overview

reg. languages FA reg. grammar reg. expression
determ. cf. languages | DPDA

cf. languages PDA cf. grammar

re. languages ™
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Huiswerk

Deadline huiswerkopgave 1: dinsdag 7 oktober, 23.59 uur

Huiswerkopgave 2: eind deze week / begin volgende week bekend
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Pal = {x € {a, b}* | x" = x} (reverse)

In canonical (shortlex) order:

N\, a, b, aa, bb, aaa, aba, bab, bbb, aaaa, abba, . ..
Recursive definition:

Example

- N a,be Pal

— for every x € Pal, also axa, bxb € Pal

S—AN|al|b
S — aSa
S — bSh

S = aSa = aaSaa = aabSbaa = aababaa
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NonPal C {a, b}*

X = abbbaaba € NonPal
M] E 4.3
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Non palindromes

NonPal C {a, b}*
X = abbbaaba € NonPal

Example

— for every S in NonPal, aSa and bSh are in NonPal
— for every A € {a, b}*, aAb and bAa are elements of NonPal

S — aAb | bAa | aSa | bSb
A NA|aA|bA

S = aSa = abSbha = abbAaba = abbbAaba = abbbaAaba = abbbaaba
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Non palindromes

NonPal C {a, b}*
x = abbbaaba € NonPal

Example

— for every S in NonPal, aSa, bSb, aSb and bSa are in NonPal
— for every A € {a, b}*, aAb and bAa are elements of NonPal

S — aAb | bAa| aSa | bSb | aSb | bSa
A N|aA|bA

S = aSa = abSbha = abbAaba = abbbAaba = abbbaAaba = abbbaaba
S = aSa= abSba= ...
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Non palindromes

NonPal C {a, b}*
x = abbbaaba € NonPal

Example

— for every S in NonPal, aSa, bSb, aSb and bSa are in NonPal
— for every A € {a, b}*, aAb and bAa are elements of NonPal

S — aAb | bAa| aSa | bSb | aSb | bSa
A N|aA|bA

S = aSa = abSbha = abbAaba = abbbAaba = abbbaAaba = abbbaaba
S = aSa = abSba = abbSaba = abbbAaaba = abbbaaba
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Balanced

Balanced C {(,)}*: A, (), (0)); 00, ((O)), (O)O; - --

Recursive definition:

Example

— N\ € Balanced

— for every x,y € Balanced, also xy € Balanced
— for every x € Balanced, also (x) € Balanced

Examples: recursion 190 / 289
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Balanced

Balanced C {(,)}": A, (), (0)), 00, ((0)) (O)O), - --

Recursive definition:

Example

— N\ € Balanced
— for every x, y € Balanced, also xy € Balanced
— for every x € Balanced, also (x) € Balanced

S A|SS|(S)

5= 55=(5)5=05= 005 = 005) = 0(0)
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Expressions

Expr C {a,+,*,(,)}"
Recursive definition:

Example

—ae€ Expr
— for every x,y € Expr, also x + y € Expr and x x y € Expr

— for every x € Expr, also (x) € Expr

Examples: recursion 192 / 289
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Expressions

Expr C {a,+,*,(,)}*
Recursive definition:
Example

—ae€ Expr
— for every x,y € Expr, also x + y € Expr and x x y € Expr
— for every x € Expr, also (x) € Expr

S—a | S+S| 5«5 | (5)
derivation(s) for a+ (a*a) and a+ax*a...
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Expressions

Expr C {a,+,*,(,)}"
Recursive definition:

Example

—a € Expr
— for every x,y € Expr, also x + y € Expr and x x y € Expr
— for every x € Expr, also (x) € Expr

S—»a | S+S | S«S | (S

S=5+85=5+5%S
S=5%x5=5+5%S

ambiguity
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Coin exchange language

alphabet { 1,2,5,=}

{x=y | xe{l,2}* y € {6}*, nm(x)+2n:(x) =5ns5(y) }

ney(x) number of o occurrences in x

212=5  22222=55  121221221222=5555
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Note

The problem with most solutions is that when read from left to right the
initial string over {1,2} cannot always be chopped into parts with exact
value 5, without chopping the symbol 2.

The solution is like a finite automaton, which reads 1,2 and 'saves’ the
values until the value 5 is reached, then we write a 5 to the right.
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Coin exchange language

alphabet { 1,2,5,=}
{x=y [ xe{1,2}",y € {5}", m(x) + 2n2(x) = 5ns(y) }
ney(x) number of o occurrences in x

212=b  22222=b5  121221221222=5555

variables 5;, 0 </ <4
axiom Sy

productions

So — 151 ’ 252
51 — 152 | 253
52 — 153 | 254
S3— 154 | 2505
54 — 1505 ‘ 2515
50 — =
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Definition
context-free grammar (CFG)
— V alphabet
— 2 alphabet
-SeV
— P finite set

of the form A — q,

terminals

derivation step

Definition
language generated by G
L(G)={xeX*|S=:x}

Formele Talen en Berekenbaarheid Context-Free Languages

variables / nonterminals
disjoint VNX =9
axiom, start symbol

rules, productions

AeV, ae(VUL)*

a=aiAay =¢ aryax =

Context-free languages

4-tuple G = (V, %, S, P)

for A>~yeP
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Example

NonPal, its grammar components

S — aAb| bAa | aSa | bSb
A= N|aA|bA

variables V ={S,A}
terminals X ={a,b}
axiom S

productions
P={A—NA— aA A— bA,S — aAb,S — bAa,S — aSa,S — bSb}
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=7 is the transitive and reflexive closure of =g
zero, one or more steps

generalcase a=q=>a1=>...>a,=0

a = [ iff there are strings ag, a1, ..., ap such that
-—ap =«
- Qp = B

- Qf = Q41 for0<i<n.

specialcase n=0 a=qay=p0
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Why ‘context-free'

Variables can be rewritten regardless of context

Lemma
If u1 =* v1 and uy =* vy, then uiuy =* vivs.

Lemma
If u="* vivwo and v =* w, then u =" viwv,.

Lemma
Ifu=*v and u= uyup,
then v = viv» such that uy =* v and up, =* vs.
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Equal number

AEqB = { x € {a,b}" | na(x) = np(x) }
aaabbb, ababab, aababb, . ..

From lecture 5:

— Even number of both a and b

two letters together

aa and bb keep both numbers even [odd]

ab and ba switch between even and odd, for both numbers

(aa+ bb+ (ab+ ba)(aa+ bb)*(ab+ ba) )*
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Equal number

AEqB = { x € {a,b}" | na(x) = np(x) }
aaabbb, ababab, aababb, . ..
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AEqB = { x € {a,b}" | na(x) = ny(x) }
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Equal number

AEqB = { x € {a,b}* | na(x) = np(x) }
aaabbb, ababab, aababb, . ..

S—AN|aB|bA

A — aS | bAA A generates n,(x) = np(x) +1

B — bS | aBB B generates n,(x) + 1 = np(x)
S = aB = aaBB = aabSB = ...  (different options)

(1) aabB = aabaBB = aababSB = aababB = aababbS = aababb
(2) ... (ambiguous, later)
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Note

ABOVE

When a string has multiple variables, like 2aabSB in the above example,
then we are not forced to rewrite the first variable, we can as well rewrite
another one.

Thus we can do aabSB = aabB, but also aabSB = aabSaBB, for
instance.
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Equal number

AEqB = { x € {a,b}" | na(x) = mp(x) }

S—A|aSb|bSa|SS

S = 5SS = a315bgS = a1a,5b35bS = . ..
S=a1Shig=...
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Ly ={abck|i=j+k}
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aaabcc

Examples: recursion
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i=j+kvsj=i+k

Ly ={abck|i=j+k} aaabcc
generate as  akt bl ck = ak I b/ K
~—

—
S—aSc| T

T —aTb|A

S = aSc = aaScc = aaTcc = aaaTbcc = aaabcc
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i=j+kvsj=i+k

Ly ={abck|i=j+k} aaabcc

generate as  akt b ¢k = ak o b K
~—
—_———
S—aSc| T

T —aTb| A
S = aSc = aaScc = aaTcc = aaaTbcc = aaabcc

Ly={ablck|j=i+k} abbbcc
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i=jt+kvsj=i+k
Ly ={a'blck|i=j+k} aaabcc
generate as ¥t b ck = ak g bl c*
~

——
S—aSc| T

T —aTb|A
S = aSc = aaScc = aaTcc = aaaTbcc = aaabcc
Ly={ablck|j=i+k} abbbcc
generate as  a' btk ck = o' b pk &
~
S — XY  (concatenate)

X s aXb| A
Y — bYc| A

S=XY=aXbY = abY = abbYc = abbbYcc = abbbcc
S= XY= XbYc= aXbbYc = aXbbbYcc = abbbY cc =
abbbcc

(a priori there is no prescribed order rewriting X or Y)
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Regular operations and CFL

Using building blocks

Theorem
If L1, Ly are CFL, then so are Ly U Ly, LiLy and L].
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Regular operations and CFL

Using building blocks

Theorem
If L1, L> are CFL, then so are L1 U Ly, L1L> and L7.

G = (V;,%,S;, P;), having no variables in common.
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Regular operations and CFL

Using building blocks

Theorem

If L1, Ly are CFL, then so are L1 U Ly, LiL> and L].
G, = (V,,%,S;, P;), having no variables in common.

Construction

G=(VWUWU{S}, %,5 P), newaxiom$S
—P=P1UP2U{S—>51,S—>52} L(G):L(GI)UL(Gz)
= P:P1UP2U{S—>5152} L(G):L(Gl)L(GQ)

G=(VWU{S}, X, 5 P), newaxiom$S
—P:P1U{5—>551,5—>/\} L(G):L(Gl)*

Proof. ..
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Example a'bick j#i+k

Lo={abcr|j=i+k}={abThck|ik>0}
={ab pck|ik>01

So—=» XY X —=aXb|N Y — bYc|A

L={abck|j4i+k}
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Example a'bick j#i+k

Lo={abck|j=i+k}={abtkck|ik>0}
={ab pck|ik>0}
~— "~~~
So—= XY X —=aXb|AN Y = bYc|A
L={abck|j#i+k}=L1UL
5—)51‘52

Ly ={abck|j>i+k}
Ly={abck|j<i+k}
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Example a'bick j#i+k

Lo={abck|j=i+k}={abThkek|i k>0}
={ab pck|ik>01
~— =~
So—=» XY X —=aXb|N Y — bYc|A
L={abck|j#i+k}=LUL
S=S51S%

Ly ={abck|j>i+k}
51—>X1bY1
X1—>3X1b’X1b’/\
Y1—>bY1C|bY1|/\

Ly={abck|j<i+k}
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Example a'bick j#i+k

Lo={abck|j=i+k}={abtkck|ik>0}
—{ab’bk “lik>0}

So—= XY X —=aXb|N Y —bYc|A

L={abck|j#4i+k}=L1UL

5—)51‘52

Ly ={abck|j>i+k}
51—>X1bY1
X1—>aX1b|X1b|/\
Y1—>bY1C’bY1|/\

Ly={abck|j<i+k}
52—>3X2Y2|X2Y2C
X2—>aX2b|aX2]/\
Y2—>bY2C’ Y2C’A
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Note

ABOVE
The solution in the book for j # i 4+ k is a bit complex. We have made it
shorter here.
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Regular operations and CFL

Using building blocks

Theorem

If L1, Ly are CFL, then so are L1 U Ly, LiL> and L].
G, = (V,,%,S;, P;), having no variables in common.

Construction

G=(VWUWU{S}, %,5 P), newaxiom$S
—P=P1UP2U{S—>51,S—>52} L(G):L(GI)UL(Gz)
= P:P1UP2U{S—>5152} L(G):L(Gl)L(GQ)

G=(VWU{S}, X, 5 P), newaxiom$S
—P:P1U{5—>551,5—>/\} L(G):L(Gl)*

Proof. ..
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Closure

Regular languages are closed under
— Boolean operations  (complement, union, intersection, minus)

— Regular operations  (union, concatenation, star)

— Reverse (mirror)
— [inverse] Homomorphism

Regular operations 221 / 289
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Non-context-free languages

Fact, proof follows < later

Theorem

the languages

— AnBnCn={ a"b"c" | n>0} and
- XX ={xx|x € {a b}*}

are not context-free

AnBnChn is the intersection of two context-free languages

The complement of both AnBnCn and XX is context-free.

Hence, CFL is not closed under intersection, complement

Formele Talen en Berekenbaarheid Context-Free Languages Regular operations 222 / 289



Regular languages and CF grammars

S—51|S2 union
S$—+55 concatenation
S— S5 |\ star

CFG for @. ..
CFG for {c}...

Example
L = bba(ab)* + (ab + ba*b)*ba
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Regular languages and CF grammars

S—5 ]S union
S—+55 concatenation
S— S5 |\ star

Example

L = bba(ab)* + (ab + ba*b)*ba

S — 51 ’ 52

S1 — Siab | bba

So— TSy |ba T —ab|bUb U-—aU]|A
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Note

ABOVE

We have seen constructions to apply the regular operations (union,
concatenation and star) to context-free grammars. These we can now use
to build CFG for regular expressions.

There is a better way to build CFG for regular languages. Use finite
automata, and simulate these using a very simple type of context-free
grammar. These simple grammars are called regular.
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Regular languages and CF grammars

systematic approach

Example

Eerbte
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Regular languages and CF grammars

systematic approach

Example

a b

g b 8/3\
— b

a

path / derivation for bbaaba. ..
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axiom S initial state
S — bA|aS transitions
A— bA | aB
B — bA | aS
B — A accepting state

Regular grammars
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Definition
regular grammar (or right-linear grammar)
productions are of the form

— A— 0B variables A, B, terminal o
- A— A variable A

Special type of context-free grammar

Theorem

A language L is regular,
if and only if there is a regular grammar generating L.

Proof. ..
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