Expressions

4.4 Derivation trees and ambiguity

A derivation. ..

S+alS+5[5xS[(S) T={at.x())

S=S+S=S+(S)=S+(55) =
S+(axS)=a+(axS)=a+(axa)
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Leftmost derivation

Definition

A derivation in a context-free grammar is a leftmost derivation, if at each
step, a production is applied to the leftmost variable-occurrence in the
current string.

A rightmost derivation is defined similarly.

derivation step «a = ajAas =g ar1yar = forA—~e€P
The derivation step is leftmost iff a; € ¥*

. £
We write a = 3
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Expressions

S$—=alS+S5[5xS5|(S) T={a,+*()}

S=>S+5=>S5+(5)=5+(5+5)=>
S+(axS)=a+(axS)=a+(axa)

Derivation tree. . .
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Expressions

S
/N
S + S S—=alS+S5|5«x5[(S) T={a+.x()}
) (/S\) S=5+S5S=5+(8)=S5+(5%xS)= S+ (ax
S)=a+(axS)=a+(axa)
/N
S * S Leftmost derivation. ..
a a
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Expressions

S
/N S—alS+5[SxS[(S) T={a+x()}
S+5 S=54+4S5S=54+(8)=S+(5%xS)= S+ (ax
/N S) = a4 (a%S)= a+(aa)
a (s)

/ ‘ \ Leftmost derivation:

‘ ‘ ¢ ¢ ¢

S * S S=S+S=a+S=a+(S)=>a+(5xS)=>

‘ ‘ a—l—(a*i)z@a—i—(a*a)

a a

One tree <> multiple derivations
Tree — derivation — (same) tree
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Well-formed formula

Yu=pl (=) [ (W AY) [ (V)| (¥ =)

(((=p) A q) = (pA(qV(=r))))

(pA(gV(—r)))

(qV (=)
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Well-formed formula

Su=plalrl(=5)1(SAS)[(SVS)[(S—=5)

parse tree vs.  derivation tree

Lwith all brackets explicit
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Ambiguity

Definition
A context-free grammar G is ambiguous, if for at least one x € L(G), x
has more than one derivation tree.

Otherwise: unambiguous
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Ambiguity (1)

S S
s/*\s s/+\s E={ats ()
71\ ‘ ‘ 71\ S—alS+S5|5«S5]|(5)
S+5a as*s atax*xa
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leftmost derivation <— derivation tree

Theorem

If G is a context-free grammar, then for every x € L(G), these three
statements are equivalent:

D x has more than one derivation tree

2 x has more than one leftmost derivation

3 x has more than one rightmost derivation

Proof. ..
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Ambiguity

leftmost derivation «+— derivation tree

Theorem

If G is a context-free grammar, then for every x € L(G), these three
statements are equivalent:

D x has more than one derivation tree
2 x has more than one leftmost derivation

3 x has more than one rightmost derivation

Definition

A context-free grammar G is ambiguous, if for at least one x € L(G), x
has more than one derivation tree (or, equivalently, more than one
leftmost derivation).

Otherwise: unambiguous
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Ambiguity (1)

Y ={a,+,%()}
S—alS+S|SxS|(S)

S S
JIN /I ataxa
/S\*S 5+/S\ sS4 s+sL 515454 3454524
‘
S 1S a as*sg ataxS=ataxa
‘ ‘ ‘ ‘ s4 S+S £ a+S £ a+SxS £ a+t+axS £
a a a a

at+axa

leftmost derivation <— derivation tree
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Ambiguity (2)

Y ={a,+,%()}
S—alS+S|SxS|(S)

\ at+a-+a
/

Leftmost for 1:
N\ o sAsishtsisisharsish

a+a+5:z>a+a+a

Derivation for 2:
S=S5S+S=S54+5S4+S5=a+5+5=>
ata+S=ata+ta
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Ambiguity (2)
r={a+*()}
S—a|lS+S5|5%xS5]|(S)
atat+a

Leftmost for 1:
S4s+s5s1s+s4arses4

a+a+SSata+a

\ Derivation for 2:
5§5=5+S5S=5+5+S=a+S5+S=
atat+S=ata+ta

v — W0
_l’_
L — W
v — WU
_l’_
L — W

Leftmost for 2:
SL£s+sLars5L5ar5454

a+a+SSatata

leftmost derivation <— derivation tree
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Note

ABOVE
This example is a little weird. In the derivation step S+S=S+5+ S
we cannot really see which S has been rewritten.
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(un)ambiguous grammars

Expr
ambiguous:
S—alS+S5|5«x5](S)

ataxa
unambiguous:
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(un)ambiguous grammars

Expr

ambiguous:
S—alS+S5|5«x5](5)
[M] E 4.20

at+ax*xa

unambiguous:

S—>S+T|T

T—TxF|F

F—al(S)

[M] Thm 4.25

The proof of the unambiguity of this grammar does not have to be known
for the exam
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Expressions

Expression

> Terme >
Terme
Facteur >
Facteur

Variable

Y

(%)
g\
~(7)

http://math.et.info.free.fr/TikZ/index.html

Formele Talen en Berekenbaarheid Context-Free Languages

railroad diagram

right associative
Chapitre 7
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Equal number

AegB = { x € {a,b}* | na(x) = np(x) }
aaabbb, ababab, aababb, . ..

S A|aB|bA
A — aS | bAA A generates n,(x) = np(x) +1
B — bS | aBB B generates n,(x) + 1 = np(x)

Derivation for aababb:
S = aB = aaBB = aabSB = ...  (different options)

(1) aabB = aabaBB = aababSB =- aababB = aababb$S = aababb
(2) aabaBB = aababSB = aababB = aababbS = aababb
(2') aabaBB = aabaBbS = aababSbS = aababSbh = aababb
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Note

ABOVE

When a string has multiple variables, like 2abSB in the above example,
then we are not forced to rewrite the first variable, we can as well rewrite
another one.

Thus we can do aabSB = aabB, but also aabSB = aabSaBB, for
instance.

BELOW

In detail, two different derivation trees for the same string, corresponding
to derivations (1) and (2,2") respectively, together with two associated
leftmost derivations.

Given these two trees we conclude the grammar is ambiguous.
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Derivation tree & leftmost derivations

51
/ N\
a Bg\
/
3{3 Bs
/ \ /7 N\
b 54 3{6 Bg
\ / \ / \
A b S b So
\ \
A A

S = aB = aaBB = aabSB =
aabB = aabaBB = aababSB =
aababB = aababbS = aababb
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S = aB = aaBB = aabSB =
aabaBB = aababSB = aababB =
aababbS = aababb
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Dangling else

S—if (E)S | if(E)SelseS | ...
if (E)if (E)SelseS
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Dangling else

5—>if(E)5 | if (E)SelseS | ...

//\\\

it (
//\\\5\1 s
i f /(/5\\\5\1 S

//\\\

if
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Dangling else

ambiguous:
S—if (E)S | if(E)SelseS | A |
unambiguous. . .
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Dangling else

ambiguous:

S—if (E)S | if(E)SelseS | A |

unambiguous:

S — 51 ‘ 52

S > if (E)SielseS; | A | ... (matched)
So—if (E)S | if (E) S1else S (open)
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(un)ambiguous grammars

Balanced
ambiguous:
S—=SS|(S)|N (more or less the definition of balanced)

unambiguous:

S (S)S|A
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Ambiguous

Some cf languages are inherently ambiguous

Ambiguity is undecidable
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Normal form

unwanted in CFG:
— variables not used in successful derivations S =* xe& X*
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Useful etc.

cr6 G = (V,X,S,P)

Definition
variable A is live if A =* x for some x € ¥*.
variable A is reachable if S =* aAp for some o, € (X U V)*.

variable A is useful if there is a derivation of the form S =* aAS =* x for
some string x € ¥*.

useful implies live and reachable.
conversely, ...
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Useful etc.

cr6 G = (V,X,S,P)

Definition
variable A is live if A =* x for some x € ¥*.
variable A is reachable if S =* aAp for some o, € (X U V)*.

variable A is useful if there is a derivation of the form S =* aAS =* x for
some string x € ¥*.

useful implies live and reachable.
For S — AB | b and A — a, variable A is live and reachable, not useful.
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Recursion, and an algorithm

Live variables

Construction
= NOZQ
- Nig1=NU{AceV|A—= ain P, witha e (N;UX)*}

Ni={AeV|A— xinP, withxeX*}
NoC N CNpC---CV

there exists a k such that Ny = Ny

Alis live iff A€ Upag Ny = N

(minimal) depth of derivation tree A =* x
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Recursion, and an algorithm

Live variables

Construction

—N():@
ir1i=NU{AcV|A—=ain P, withae (N;UX)*}

Exercise 4.53(c_i).
S — ABC | BaB A — aA| BaC | aaa
B — bBb| a C— CA|AC
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Algorithm, ctd.

Reachable variables

Construction
- No = {S}
= ,'+1:N,'U{AE V| B — ajAas in P, with BEN,'}

NoCNCNC---CV

there exists a k such that Ny = Ny

A is reachable iff A € | J;~o Ni = Ni
(minimal) length of derivation S =* aAB
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Algorithm, ctd.

Reachable variables

Construction
- No = {S}
= ;+1:N,'U{A€ V‘ B — ai1Aas in P, with BEN,‘}

NoCN CNC---CV

there exists a k such that Ny = Ny
Ais reachable iff A € |J;~o Ni = Ni
(minimal) length of derivation S =* aAB

— remove all non-live variables (and productions that contain them)
— remove all unreachable variables (and their productions)

then all variables are useful
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Algorithm, ctd.

Reachable variables

Construction
- No = {S}
~Nijy1=NU{A€V|B—= a1Aaz in P, with B € N; }

Exercise 4.53(c.i)., ctd
S — BaB A — aA| aaa B — bBb| a
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Algorithm, ctd.

— remove all non-live variables (and productions that contain them)
— remove all unreachable variables (and productions)

then all variables are useful

does not work the other way around ...

Exercise 4.53(c_i)., revisited
S — ABC | BaB A — aA| BaC | aaa
B — bBb| a C— CA|AC
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