Equal number

AEqB = { x € {a,b}* | na(x) = np(x) }
aaabbb, ababab, aababb, . ..

S—AN|aB|bA

A — aS | bAA A generates n,(x) = np(x) +1

B — bS | aBB B generates n,(x) + 1 = np(x)
S = aB = aaBB = aabSB = ...  (different options)

(1) aabB = aabaBB = aababSB = aababB = aababbS = aababb
(2) ... (ambiguous, later)
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Note

ABOVE

When a string has multiple variables, like 2aabSB in the above example,
then we are not forced to rewrite the first variable, we can as well rewrite
another one.

Thus we can do aabSB = aabB, but also aabSB = aabSaBB, for
instance.
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Equal number

AEqB = { x € {a,b}" | na(x) = mp(x) }

S—A|aSb|bSa|SS

S = 5SS = a315bgS = a1a,5b35bS = . ..
S=a1Shig=...
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Ly ={abck|i=j+k}
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i=j+kvsj=i+k

Ly ={abck|i=j+k} aaabcc
generate as  akt bl ck = ak I b/ K
~—

—
S—aSc| T

T —aTb|A

S = aSc = aaScc = aaTcc = aaaTbcc = aaabcc
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i=j+kvsj=i+k

Ly ={abck|i=j+k} aaabcc

generate as  akt b ¢k = ak o b K
~—
—_———
S—aSc| T

T —aTb| A
S = aSc = aaScc = aaTcc = aaaTbcc = aaabcc

Ly={ablck|j=i+k} abbbcc
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i=jt+kvsj=i+k
Ly ={a'blck|i=j+k} aaabcc
generate as ¥t b ck = ak g bl c*
~

——
S—aSc| T

T —aTb|A
S = aSc = aaScc = aaTcc = aaaTbcc = aaabcc
Ly={ablck|j=i+k} abbbcc
generate as  a' btk ck = o' b pk &
~
S — XY  (concatenate)

X s aXb| A
Y — bYc| A

S=XY=aXbY = abY = abbYc = abbbYcc = abbbcc
S= XY= XbYc= aXbbYc = aXbbbYcc = abbbY cc =
abbbcc

(a priori there is no prescribed order rewriting X or Y)
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Regular operations and CFL

Using building blocks

Theorem
If L1, Ly are CFL, then so are Ly U Ly, LiLy and L].
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Regular operations and CFL

Using building blocks

Theorem
If L1, L> are CFL, then so are L1 U Ly, L1L> and L7.

G = (V;,%,S;, P;), having no variables in common.
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Regular operations and CFL

Using building blocks

Theorem

If L1, Ly are CFL, then so are L1 U Ly, LiL> and L].
G, = (V,,%,S;, P;), having no variables in common.

Construction

G=(VWUWU{S}, %,5 P), newaxiom$S
—P=P1UP2U{S—>51,S—>52} L(G):L(GI)UL(Gz)
= P:P1UP2U{S—>5152} L(G):L(Gl)L(GQ)

G=(VWU{S}, X, 5 P), newaxiom$S
—P:P1U{5—>551,5—>/\} L(G):L(Gl)*

Proof. ..
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Example a'bick j#i+k

Lo={abcr|j=i+k}={abThck|ik>0}
={ab pck|ik>01

So—=» XY X —=aXb|N Y — bYc|A

L={abck|j4i+k}
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Example a'bick j#i+k

Lo={abck|j=i+k}={abtkck|ik>0}
={ab pck|ik>0}
~— "~~~
So—= XY X —=aXb|AN Y = bYc|A
L={abck|j#i+k}=L1UL
5—)51‘52

Ly ={abck|j>i+k}
Ly={abck|j<i+k}
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Example a'bick j#i+k

Lo={abck|j=i+k}={abThkek|i k>0}
={ab pck|ik>01
~— =~
So—=» XY X —=aXb|N Y — bYc|A
L={abck|j#i+k}=LUL
S=S51S%

Ly ={abck|j>i+k}
51—>X1bY1
X1—>3X1b’X1b’/\
Y1—>bY1C|bY1|/\

Ly={abck|j<i+k}
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Example a'bick j#i+k

Lo={abck|j=i+k}={abtkck|ik>0}
—{ab’bk “lik>0}

So—= XY X —=aXb|N Y —bYc|A

L={abck|j#4i+k}=L1UL

5—)51‘52

Ly ={abck|j>i+k}
51—>X1bY1
X1—>aX1b|X1b|/\
Y1—>bY1C’bY1|/\

Ly={abck|j<i+k}
52—>3X2Y2|X2Y2C
X2—>aX2b|aX2]/\
Y2—>bY2C’ Y2C’A
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Note

ABOVE
The solution in the book for j # i 4+ k is a bit complex. We have made it
shorter here.
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Regular operations and CFL

Using building blocks

Theorem

If L1, Ly are CFL, then so are L1 U Ly, LiL> and L].
G, = (V,,%,S;, P;), having no variables in common.

Construction

G=(VWUWU{S}, %,5 P), newaxiom$S
—P=P1UP2U{S—>51,S—>52} L(G):L(GI)UL(Gz)
= P:P1UP2U{S—>5152} L(G):L(Gl)L(GQ)

G=(VWU{S}, X, 5 P), newaxiom$S
—P:P1U{5—>551,5—>/\} L(G):L(Gl)*

Proof. ..
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Closure

Regular languages are closed under
— Boolean operations  (complement, union, intersection, minus)

— Regular operations  (union, concatenation, star)

— Reverse (mirror)
— [inverse] Homomorphism
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Non-context-free languages

Fact, proof follows < later

Theorem

the languages

— AnBnCn={ a"b"c" | n>0} and
- XX ={xx|x € {a b}*}

are not context-free

AnBnChn is the intersection of two context-free languages

The complement of both AnBnCn and XX is context-free.

Hence, CFL is not closed under intersection, complement
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Regular languages and CF grammars

S—51|S2 union
S$—+55 concatenation
S— S5 |\ star

CFG for @. ..
CFG for {c}...

Example
L = bba(ab)* + (ab + ba*b)*ba
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Regular languages and CF grammars

S—5 ]S union
S—+55 concatenation
S— S5 |\ star

Example

L = bba(ab)* + (ab + ba*b)*ba

S — 51 ’ 52

S1 — Siab | bba

So— TSy |ba T —ab|bUb U-—aU]|A
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Note

ABOVE

We have seen constructions to apply the regular operations (union,
concatenation and star) to context-free grammars. These we can now use
to build CFG for regular expressions.

There is a better way to build CFG for regular languages. Use finite
automata, and simulate these using a very simple type of context-free
grammar. These simple grammars are called regular.
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Regular languages and CF grammars

systematic approach

Example

Eerbte
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Regular languages and CF grammars

systematic approach

Example

a b

g b 8/3\
— b

a

path / derivation for bbaaba. ..
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axiom S initial state
S — bA|aS transitions
A— bA | aB
B — bA | aS
B — A accepting state
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Definition
regular grammar (or right-linear grammar)
productions are of the form

— A— 0B variables A, B, terminal o
- A— A variable A

Special type of context-free grammar

Theorem

A language L is regular,
if and only if there is a regular grammar generating L.

Proof. ..
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Expressions

4.4 Derivation trees and ambiguity

A derivation. ..

S+alS+5[5xS[(S) T={at.x())

S=S+S=S+(S)=S+(55) =
S+(axS)=a+(axS)=a+(axa)
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Leftmost derivation

Definition

A derivation in a context-free grammar is a leftmost derivation, if at each
step, a production is applied to the leftmost variable-occurrence in the
current string.

A rightmost derivation is defined similarly.

derivation step «a = ajAas =g ar1yar = forA—~e€P
The derivation step is leftmost iff a; € ¥*

. £
We write a = 3
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Expressions

S$—=alS+S5[5xS5|(S) T={a,+*()}

S=>S+5=>S5+(5)=5+(5+5)=>
S+(axS)=a+(axS)=a+(axa)

Derivation tree. . .
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