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A slide from lecture 11

Definition 7.1. Turing machines

A Turing machine (TM) is a 5-tuple T = (Q, X, T, qo, d), where

Q is a finite set of states. The two halt states h, and h, are not elements
of Q.

Y, the input alphabet, and I, the tape alphabet, are both finite sets, with
> CT. The blank symbol A is not an element of I'.

go, the initial state, is an element of Q.

¢ is the transition function:

0:Qx (Tu{A}) = (QU{hs h}) x (TU{A}) x{R,L,S}
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A slide from lecture 11
Example 7.7. Accepting L = {a'ba/ | 0 < i < j}
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A slide from lecture 11
Example 7.7. Accepting L = {a'ba/ | 0 < i < j}

Aaabaa a a
AAabaa a a
AAabAa a a
AAAbAa a a
AAADAA a a
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A slide from lecture 11
Example 7.7. Accepting L = {a'ba/ | 0 < i < j}

a/a,L
a/a,R a/aR b/b,L

What if x ¢ L 7
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A slide from lecture 11

Example 7.7. Accepting L = {a'ba’ | 0 < i < j}

To illustrate that a Turing machine T may run forever for an input that is
not in L(T). No problem!

No problem?
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Notation:
configuration. . .
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Notation:

description of tape contents: xgy or xy
xy = xyA = xyAA B
ifiy = A, then ;A
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Notation:

description of tape contents: xoy or xy
xy = xyA = xyAA B
if y = A, then xA

configuration xqy = xqyA = xqyAA
if y =A, then xgA

(QU{ha hr}) N (TU{A}) =0
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Notation:
description of tape contents: xgy or xy
xy = xyA = xyAA B
if y = A, then xA
configuration xqy = xqyA = xqyAA
if y = A, then xgA

move: xqy 1 zrw  xqy 7 zrw

xqy b zrw  xqy F* zrw

example: configuration aabgala and §(q,a) = (r,A,L) ...
initial configuration corresponding to input x: ...
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Notation:
description of tape contents: xgy or xy
xy = xyA = xyAA B
if y = A, then xA
configuration xqy = xqyA = xqyAA
if y =A, then xgA

move: xqy b1 zrw  xqy Y zrw

xqy = zrw  xqy F* zrw

example: configuration aabgala and (g, a) = (r, A, L)
aabgalal- aarbAAa
initial configuration corresponding to input x: qoAx
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A slide from lecture 11
Example 7.3. A TM Accepting a Regular Language

L= {a, b}*{ab}{a, b}* U{a, b}*{ba}
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Example 7.3. A TM Accepting a Regular Language
L ={a,b}*{ab}{a, b} U {a, b}*{ba}

a/a
a/a,R b/b,

a/a,R b/b, R

Formele Talen en Berekenbaarheid Turing Machines Turing Machines as Language Acceptors 406 / 428



Example 7.3. A TM Accepting a Regular Language

a/a
a/a,R b/b,

a/a,R

golQaaba - Apaaba - Aagaba - Aaagba - Aaabrat- AaabarA = AaabalAh,/
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Example 7.3. A TM Accepting a Regular Language

a/a
a/a,R b/b,

a/a,R

goAbbaa - Apbbaat- Absbaa - Abbsaa - Abbata - AbbaagA F Abbaah,A

Formele Talen en Berekenbaarheid Turing Machines Turing Machines as Language Acceptors 408 / 428



Properties of notation xqy

all information about configuration in one string

move TM yields only local change

Useful, when ...
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Definition 7.2. Acceptance by a TM
If T=(Q,%,l,qo,0)isa TM and x € ¥,
X is accepted by T if

qoAx F3 whay

for some strings w,y € (T U {A})*

(i.e., if, starting in the initial configuration corresponding to input x, T
eventually halts in the accepting state).

N.B.: sequence of moves leading to h, is unique

A language L C Y* is accepted by T if L = L(T), where

L(T)={xeX*| xis accepted by T }

If x ¢ L(T), ...
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7.3. Turing Machines
That Compute Partial Functions

f(x,y) =x/y
with real numbers
Partial function:
f(x,y) is not defined if y =0,
i.e., if y =0, then (x,y) is not in domain of f
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Example 7.10. The Reverse of a String

Aaabab
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Example 7.10. The Reverse of a String

Aaabab
AAabab
AAabaA
ABabaA
ABAbaA
ABAbAA
ABAbAA
ABABAA
Ababaa
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Definition 7.1. Turing machines

A Turing machine (TM) is a 5-tuple T = (Q, X, I, qo, d), where

Q is a finite set of states. The two halt states h, and h, are not elements
of Q.

Y, the input alphabet, and I, the tape alphabet, are both finite sets, with
> CT. The blank symbol A is not an element of .

go, the initial state, is an element of Q.

¢ is the transition function:

§:Qx (TU{AY) = (QU {ha h}) x (TU{A}) x {R, L, S}
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Simple version of:
Definition 7.9. A Turing Machine Computing a Function
Let T =(Q,X%,T,qo,d) be a Turing machine, and f a partial function on
> * with values in ['*. We say that T computes f if for every x in the
domain of f,

qoAx F3 haAf(x)

and no other input string is accepted by T.
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Definition 7.9. A Turing Machine Computing a Function

Let T =(Q,%,I, qo,0) be a Turing machine, k a natural number, and f a
partial function on (X*)* with values in I'*. We say that T computes f if
for every (x1,x2,...,xk) in the domain of f,

quxlAXQA ce AXk Fi}- haAf(Xl, X2, ... ,Xk)
and no other input that is a k-tuple of strings is accepted by T.

A partial function f : (¥*)k — I'* is Turing-computable, or simply
computable, if there is a TM that computes f.

k can be 0. ..
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Functions on natural numbers. ..
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Example 7.12. The Quotient and Remainder Mod 2

Formele Talen en Berekenbaarheid Turing Machines Turing Machines That Compute Partial Functions 418 / 428



Example.
Dividing by 3
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Example.
Accepting {xyx | x,y € {a,b}* and |x| = |y|}
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Exercise.
Draw a TM that computes the function f(x,y) = x mod y

Hint: implement the following algorithm:

while (x > y)
X=Xx-y;

Make this exercise yourself.
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Example 7.3. A TM Accepting a Regular Language
L ={a,b}*{ab}{a, b} U {a, b}*{ba}

a/a
a/a,R b/b,

a/a,R b/b, R
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Example 7.14. The Characteristic Function of a Set

L= {a,b}*{ab}{a, b}* U{a, b}*{ba}
xt : {a, b}* — {0, 1}, defined by

Gy 1 ifxetl
XPI=V 0 ifxé¢l
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Example 7.3. A TM Accepting a Regular Language
L ={a,b}*{ab}{a, b} U {a, b}*{ba}

a/a
a/a,R b/b,

a/a,R b/b, R
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Example 7.14. The Characteristic Function of a Set
L ={a,b}*{ab}{a, b}* U{a, b}*{ba}

a/a,R
a/a,R b/b, R
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golQaabat- Apaabat- Aagabat- Aaagbat- Aaabrat AaabarA
Aaabuat Aaaubt Aauat Auat uA+ AvAF hAL
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Example 7.14. The Characteristic Function of a Set

(x) = 1 ifxel
XI= 0 ifxel

From computing x; to accepting L
From accepting L to computing x
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Een Intermezzo

http://www.youtube.com/watch?v=E3keLeMwfHY
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