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Definition 7.1. Turing machines
A Turing machine (TM) is a 5-tuple T'= (Q, =, I, qp,d), where

Q@ is a finite set of states. The two halt states hq, and h, are not
elements of Q.

3, the input alphabet, and I, the tape alphabet, are both finite
sets, with X C I'. The blank symbol A is not an element of I".

qo, the initial state, is an element of Q.

§ is the transition function:
§:Qx (Tu{A}) = (QU{ha,hr}) x (TU{A}) x {R, L, S}
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Example 7.28. The Set of Composite Natural Numbers.

NB — G2 - NB - G2 - PB - M — PB — Equal

Take z = 115

7.8. Universal Turing Machines

7.7. Nondeterministic Turing Machines

Nondeterministic Turing machine.

There may be more than one move for a state-symbol pair.

Same notation:
wpazx by ygbz  wpaz i ygbz
A string z is accepted by T if
Az Hp whaey
for some strings w,y € (T U{A})*.

NTM useful for producing output,
but not for computing function.

Theorem 7.31.

For every nondeterministich TM T = (Q, >, T, qo,9),

there is an ordinary (deterministic) TM 77 = (Q1,%,71,q1,01)
with L(Ty) = L(T).

Proof. ..

Definition 7.32. Universal Turing Machines

A universal Turing machine is a Turing machine Ty that works
as follows. It is assumed to receive an input string of the form
e(T)e(z), where

e T is an arbitrary TM,

e 2 is a string over the input alphabet of T,

e and e is an encoding function whose values are strings in {0, 1}*.

The computation performed by T3 on this input string satisfies
these two properties:

1. T, accepts the string e(T)e(z) if and only if T" accepts z.

2. If T accepts z and produces output y, then T}, produces output

e(y).



Crucial features of any encoding function

1. It should be possible to decide algorithmically, for any string
w € {0,1}*, whether w is a legitimate value of e.

2. A string w should represent at most one Turing machine, or
at most one string z.

3. If w = e(T) or w = e(z), there should be an algorithm for
decoding w.

Definition 7.33. An Encoding Function

Assign numbers to each state:
n(he) = 1, n(hr) = 2, n(qo) = 3, n(q) > 4 for other g € Q.

Assign numbers to each tape symbol:

n(a;) = i.

Assign numbers to each tape head direction:
n(R) =1, n(L) =2, n(S) =3.

Example 7.34. A Sample Encoding of a TM

Theorem 7.36. Let E = {e(T") | T is a Turing machine}. Then
for every z € {0,1}*, € E if and only if all these conditions are
satisfied:

1. & matches the regular expression (11*0)50((11*0)%0)* so that
it can be viewed as a sequence of one or more 5-tuples.

2. No two substrings of z representing 5-tuples can have the
same first two parts (no move can appear twice, and there can't
be two different moves for a given combination of state and tape
symbol).

3. None of the 5-tuples can have first part 1 or 11 (there can
be no moves from a halting state).

4. The last part of each 5-tuple must be 1, 11, or 111 (it must
represent a direction).

Assumptions:
1. Names of the states are irrelevant.

2. Tape alphabet I' of every Turing machine T is subset
of infinite set S = {a1,ap,as,...}, where a; = A.
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Definition 7.33. An Encoding Function (continued)

For each move m of T of the form §(p,o) = (q,7, D)
e(m) = 17Po17(0)g17(Dg17(M1(P)g

We list the moves of 7' in some order as my,mo,...,my, and we
define

e(T) = e(m1)0e(m2)0...0e(my)0
If 2 = 2125...2; is a string, where each z; € S,

e(z) = 01"(1)1(=2)0 .. 017(=)o
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Theorem 7.36. Let E = {e(T) | T is a Turing machine}. Then
for every z € {0,1}*, € E if and only if all these conditions are
satisfied:

1. x matches the regular expression
(11*0)%0((11*0)%0)*

so that it can be viewed as a sequence of one or more 5-tuples.
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8. Recursively Enumerable Languages

8.1. Recursively Enumerable and Recursive
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Definition 8.1. Accepting a Language and Deciding a Language

A Turing machine T" with input alphabet X accepts a language
LC3¥x,
if L(T) = L.
Theorem 8.2.
T decides L, Every recursive language is recursively enumerable.
if T computes the characteristic function x : =* — {0,1}
Proof. ..
A language L is recursively enumerable,
if there is a TM that accepts L,

and L is recursive,
if there is a TM that decides L.

Morgen publicatie Huiswerkopgave 3
Theorem 8.3.

If L C =* is accepted by a TM T that halts on every input string, Volgende week maandag 9 april 2012: geen college (tweede paas-

then L is recursive. dag)

Proof. .. Volgende week dinsdag 10 april 2012: 1 uur hoorcollege, 1 uur
werkcollege



