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1.31 Let L be a language. By definition, L* = (J,»o L' = L° U U, L =
{AYUL-J;5o L' = {A}ULL*. Hence, it is clear that LL* C L*. Moreover,
we see immediately that L* = LL* if and only if A € LL*. We claim that
A e LL* if and only if A € L.

This can be proved as follows:

Clearly, if A € L, then A € LL*.

Now assume that A € LL*. Thus there exist strings x € L and y € L*, such
that A = xy. The only strings = and y such that A = zy are z = A and
y=A. Hence, z = A € L.

The claim being proved, we have L* = LL* if and only if A € L.

e Find a language L over {a,b} that is neither {A} nor {a,b}* and satisfies
L=1L"

First of all observe that L = L* implies that A € L. Moreover, in combina-
tion with L # {A} it follows that L must be an infinite language.

A good example is {a}*, because {a}* # {A} and ({a}*)* = {a}*, since
{a}{a}* = {a}*.

Another example is {x € {a,b}* | |z| is even}.

e Find an infinite language L over { a,b} for which L # L*.

Observe that each finite language such that L # {A} has the property that
L # L*, even (* = {A} # (. This follows from the fact that A € L* whatever
L. Similarly: for very infinite language L such that A & L, we have L # L*.
Consequently, example languages as requested are, e.g., {a}", {a,b}", and
{z € {a,b}" | |z| is odd}; observe that {x € {a,b}* | |z| is odd}* contains
not only A, but actually all even words: {x € {a,b}* | |z| is odd}* = {a,b}*.



o Give examples of languages L1 and Lo such that L1Lo = Lol and
a. Ly # {A} # Lo and neither language contains the other one:
Take L; = {a}, and Ly = {aa}.

b. 0 # Ly C Ly and Ly # {A}:

Take L; = {a} and Ly = {A,a}.

e Show that for any language L, L* = (L*)* = (L*)* = (L*)*.

Whatever the language L, it always holds that L C L™ C L*, by the defini-
tion of + and *.

Then exercise 1.33(a) implies that L* C (L1)* C (L*)*.

Moreover, L* C (L*)* C (L*)*.

Now assume that the inclusion (L*)* C L* is always true. Then L* = (L*)*
and all inclusions above are equalities: L* = (LT)* = (L*)* = (L*)*.

Thus the only thing left to prove is that the inclusion (L*)* C L* is al-
ways true. Consider w € (L*)*. Thus there exist a £k > 0 and words
V1,...,U0% € L* such that w = vy --- v (note that w = A if k = 0). Thus w
is a concatenation of 0 or more words from L, in other words: w € L*.

1.32 If L is a finite set, then |L| denotes the number of elements (the car-
dinality) of L.

Let L; and Lg be two finite languages. Then, clearly, |LiLa| < |L1||Lo|
because every element of LiLs is obtained by combining an element from
L; with one from Lo and there are |Li| X |Lo| ways to do this. It is
however not necessarily the case that |LiLo| = |L1||L2|, because differ-
ent choices may still yield the same result. Let L; = Ly = {a,a®} then
LiLy = {aa,aaa,aaaa} and |LiLs| = 3 # 4.

Another example are Ly = {a, ab}, Ly = {a,ba}. Then L1 Ly = {aa, aba, abba}.

1.33 Let Ly, Ly C {a,b}*.

a. Assume L; € Lo. Then L1 = [, C LiLy C L2 and in general
Lk Lk r, C Lk lr, C Lk 1Ly = Lk for all k¥ > 1. Consequently,
L*_{A}UL1UL2 UL’“ Q{A}ULQULQ WUIkU... =1L
b. L7ULs C (L4 ULg) always holds since L1 C I UL2 which implies that
L C (LW U Lg) (see item a. above) and similarly L5 C (L; U La)*.

c. The inclusion Ly U L; C (L U L2)* may be strict: for Ly = {a} and
Ly = {b} we have {a}* U {b}* # {a,b}*.

d. If L7 C L5 then L7 U LY = L} and since L; C L} C L5 also (L1 U Lg)* C
(L5UL9)* = L3. Slmllarly, L3 C L7 implies that L* UL; = L7 = (L1ULg)".
Next consider L1 = {a a5} and Ly = {a3,a°}.

Then L} = {A,a?,a* a’,...} = {a}* — {a,a®} and



Ly ={A, a3 a’ a% a® a’, ...} = {a}*—{a,a® a* a’}. Thus neither L} C L}
nor Ly C L. However, LT U L5 = {a}* — {a} and also (L1 U Lg)* =
{a%,a3,a°} = {A,a%,a3,a%,d®,.. .} = {a}* — {a}.

e List some elements of {a,ab}* and give a proposition describing all and
only these elements. Further try to find a procedure to test if a word x
satisfies your proposition.

{a,ab}* contains (among others) the following words: A, a, ab, aab, aba, aa,
abab, aaa, aaab, aaba, etc.

a. {a,ab}* is precisely the set of strings in which every b is preceded by at
least one a or —alternatively— {a, ab}* is precisely the set of strings which
do not start with b and do not have a subword bb.

b. Hence a procedure to test whether a word belongs to {a, ab}* is to simply
go from left to right through the string, symbol by symbol: it should not
begin with b and after every occurrence of b either the next letter is an a or
the end of the string has been reached.

1.36 L consists of all strings from {a, b}* that do not end with b and do not
have a subword bb.

a. L ={a,ba}*.

b. Consider now the language K consisting of all strings from {a,b}* that
do not have a subword bb. Assume that K = S* for a finite set S. Then
b e K =85* Since §* = §*5*, it follows that bb € S*S* = S* = K, a
contradiction. Hence there cannot exist a finite S such that K = S*.

1.37 Let Ly, Lo, Ly C ¥* for some alphabet 3.

a. L1(LaNL3) C LiLaNLyL3, because w € Ly(LaNL3) implies that w = zy
with « € Ly and y € Lo N Ly. Consequently, w € L1Lo and w € L1Ls.
Equality does not necessarily hold. Let L; = {a,ab}, Ly = {ba}, and
Ls = {a}. Then Li(L2 N L3) = 0 # {aba} = {aba,abba} N {aa,aba} =
LiLosNLiLs,

b. LN L O (L1 N Ly)*, because w € (L1 N Lg)* implies that w is a
concatenation of 0 or more words from L; N Le. Consequently, w € L] and
w e L3.

Equality does not necessarily hold. Let L; = {a} and Ly = {aa}. Then
Lin Ly ={a}* Nn{aa}* = {aa}* # {A} = 0* = (L1 N Ly)*.

c. LiL% and (LjL2)* are not necessarily included in one another.

Let Ly = {a} and Ly = {b}. Then L{L5 = {a}*{b}* consisting of words
with a number of a’s followed by some number of b’s and (LiLg)* = {ab}*
consisting of words with alternating a’s and b’s. These two languages are
incomparable: aab € LYL5 — (L1L2)* and abab € (L1L9)* — LTL3.



e Same question as in Exercise 1.37, but then for Ly(LoL3)* and (L7 L2)*L;.
The equality Lj(LoL7})* = (LjL2)* L holds always: in both languages every
word is a concatenation of 0 or more words from L; interspersed with 0 or
more words from Lo: Li(LoL})* = (L{L2)*L} = (L1 U La)*.

o Let x,y € X* for some alphabet 3. Whereas in general xy and yx are two
different words, equality is possible, for instance if x = A ory = A. Can
this still happen if x and y are both nonnull? Describe the precise conditions
when this can happen.

Assume that x # A and y # A and xzy = yx holds. Before giving a character-
ization of the conditions allowing this situation, we first informally explore
what is going on.

If |z| = |y|, then it must be the case that x = y.

If |z| # |y| we may assume that |x| > |y|; the other case follows by symmetry.
|z| > |y| in combination with zy = yx implies that there exists a non-empty
word z such that z = yz = zy. Since y # A, we have |yz| = |z| < |yz| and
we may use induction to prove the following

Claim For all s,t € ¥* such that s # A # t: st = ts if and only if there
exists a word u and natural numbers p, ¢ such that s = u? and ¢ = u9.
Proof of claimThe if-direction is obvious: st = uPu? = uPT4 = yuP = ts.
For the only-if-direction we use induction on |st|:

If |s|] =1 = |t|, then s = a and ¢t = b for some a,b € 3. From st = st it
follows that a = b. Hence we let © = a and p = ¢ = 1 and we are done.
Next assume that |s| > [t| > 1. Then as argued above, there exists a word
z such that s = tz = zt. Since |tz]| = |tz| < |st| = |ts| we can apply the
induction hypothesis: there exists a word v and natural numbers r, ¢ such
that z = 4" and t = u9. Consequently, s = 4”9 and we are done with
p=r-+gq.

e Show that there is no language L so that L* = {aa,bb}*{ab,ba}*.

We prove by contradiction that exists no language L such that
L* = {aa,bb}*{ab, ba}*.

Suppose that L is such that L* = {aa, bb}*{ab, ba}*. Consequently, aa € L*
and ab € L* which implies that abaa € L*. However, abaa is not an element

of {aa, bb}*{ab, ba}*.

o Let L = {x € {0,1}* | x = yy for some string y}. Prove or disprove that
there exist two languages L1 # {A} and La # {A} such that LiLy = L.

We prove by contradiction that the statement is not true:

Suppose L; and L9 are such that L; Ly = L. Observe that {00}* and {11}*



are both subsets of L = L1Ls.

If 0 € Ly and 17 € Ly for some 1,7 > 1, then 017 € L1Ls = L, a contradic-
tion. Similarly, we arrive at a contradiction if 1 € Ly and 07 € Lo for some
i,5 > 1.

Hence it must be the case that either L or Lo contains only “mixed” strings
with at least one occurrence of a 0 and at least one occurrence of a 1. We
only consider the case that L; has this property. The case that it would be
Lo is symmetrical.

Let w = x10z91z3 be such a word. Consider 17 € Ly with j > |w|. Then
2102212317 € L1 Lo, but it cannot be an element of L, a contradiction.

The remaining case (w = x1lz90x3) is dealt with in an analogous way.
Hence we arrive in all cases at a contradiction and the assumed languaes
L+, Lo cannot exist.
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