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(assignment) ::= (variable) = (expression)
(statement) ::= (assignment) |

(compound-statement) |

(if-statement) |

(while-statement) | . ..
(if-statement) 1=

if (test) then (statement) |

if (test) then (statement) else (statement)
(while-statement) ::=

while (test) do (statement)

Automata Theory Examples: recursion

Syntax: statements
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Propositional logic as a formal language

Definition (well-formed formulas)
... by using the construction rules below, and only those, finitely many times:

— every propositional atom p, g, r, ... is a wff
—if ¢ is a wff, then so is (—¢)
—if ¢ and 1 are wff, then so are (¢ AYP), (b V), (¢ — ),

BNF  Backus Naur form
Yu=pl() | (bAY) [PV (=)

M.Huet & M.Ryan, Logic in Computer Science
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AnBn

Example

- A€ AnBn (basis)
— for every x € AnBn, also axb € AnBn (induction)
S—A

S — aSb

S = aSb = aaSbb = aabb
S = aSb = aaSbb = aaaSbbb = aaa bbb

if S =* x then also S =* axb
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Palindromes

Example

- A abe Pal
— for every x € Pal, also axa, bxb € Pal

S—Alalb
S — aSa
S — bSh

S = aSa = aaSaa = aabSbaa = aababaa
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Variants

AnBn={a"b"|n>0}
variants

{a”b"+1|n20}
S — b (end with extra b)
S — aSb

{abi<j}
S—A
S — aSb|Sb (free b's)

{a't]i#j}
S— A|B (choice!)
A—aAblaAla (i>))
B —aBb|Bb|b (i<})
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Balanced

Balanced C {(,)}": A, (), (0), 00, ((0)), (DO, ...

Example

— A € Balanced

— for every x, y € Balanced, also xy € Balanced
— for every x € Balanced, also (x) € Balanced

S—A[SS|(S)

5=55=(55=05=0(5=005)=0(0)
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Expressions

Example
—a € Expr

— for every x,y € Expr, also x + y € Expr and x x y € Expr
— for every x € Expr, also (x) € Expr

S—al| S+S | S«S | (5)

S=54+5—-5+5%S5
S5=5+«5—-5+5%S

ambiguity. ..
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Non palindromes

NonPal C {a, b}*
x = abbbaaba € NonPal

Example

— for every A € {a, b}*, aAb and bAa are elements of NonPal
— for every S in NonPal, aSa, bSbh are in NonPal

A— A|aA|bA
S — aAb | bAa| aSa| bSb
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Coin exchange language

alphabet {1,2,5, =}
{x=y | xe{l,2}",y € {5}, ni(x) + 2n2(x) =5ns(y) }
ng(x) number of o occurrences in x

212=5  22222=b5 121221221222=5555

variables S;, 0 < i < 4
axiom Sy

productions

50 — 151 | 252
51 — 152 | 253
52 — 153 | 254
53 — 154 | 2505
54 — 1505 | 2515
50 — =
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Context-free languages

Definition

context-free grammar (CFG)  4-tuple G = (V, %, S, P)
— V alphabet  variables / nonterminals

— X alphabet terminals disjoint VNYL =g

- S eV axiom, start symbol

— P finite set  rules, productions
of thefom A—«, AeV,aec(VUI)*

derivation step o= xjAc0p =g oy =0 forA—vyeP

Definition
language generated by G
L(G)={xeX*|S=¢x}
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Example

NonPal, its grammar components

A— A|aA| bA
S — aAb | bAa| aSa| bSb

variables V ={S A}
terminals X ={a b}
axiom S

productions
P={A— A A— aA A— bA 'S — aAb,S — bAa, S — aSa,S — bSh}
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Derivation

= Iis the transitive and reflexive closure of = ¢
zero, one or more steps

generalcase a=xy=>01=...=>x,=p

o =7 [ iff there are strings xg, 1, . .., &, such that
—Xg =&
—an =P

- = jyr1 for0<i<n.

specialcase n=0 oa=c0xy=9p
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Why ‘context-free'

Variables can be rewritten regardless of context

Lemma
If uu =™ vi and uy =* v, then urur =* vivs.

Lemma
If u=*vivwy and v =* w, then u =" viwwv,.

Lemma
If u=*v and u= ujup,
then v = viv» such that u; =* vi and u, =* vs.
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Equal number

AegB = { x € {a, b}* | na(x) = np(x) }
aaabbb, ababab, aababb, . . .

S— Al|aB|bA

A — aS | bAA A generates n,(x) = np(x) +1

B — bS | aBB B generates n,(x) +1 = np(x)
S = aB = aaBB = aabSB = ...  (different options)

...aabB = aabaBB = aababSB = aababB = aababbS = aababb
...aabSaBB = aabSabSB = aabSabB = aabS5abbS = aabSabb =
aababb

Automata Theory Examples: recursion 15 /17



I=j+kvsj=i+k
[y ={abck|i=j+k} aaabcc
generate as  akti bl ck = ak o b K
<~

—
S—aSc| T

T —aTb| A
S = aSc = aaScc = aaTcc = aaaTbcc = aaabcc
Lo ={abck|j=i+k} abbbcc
generate as  a' btk ck = b pk ck
—~—
S — XY  (concatenate)

X —=aXb|A
Y = bYc| A

S=XY=aXbY =abY = abbYc = abbbY cc = abbbcc
S= XY= XbYc= aXbbYc = aXbbbYcc = abbbYcc =
abbbcc
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Regular operations and CFL

Using building blocks

Theorem
If Ly, Ly are CFL, then so are L1 U Ly, LiLy and Lj.

G = (V;, L, S;, P;), having no variables in common.

Construction

G=(ViUWU{SLZX S P), newaxiom S
—-P=PiUPU{S — 5,5 = S} L(G)=L(G)UL(Gy)
—P=PiUPU{S — 55} L(G)=L(G)L(Gy)
G=(VyU{S}, X, 5 P), newaxiom$S
—P=P,U{S =+ 55,5~ A} L(G)=L(G)*

Automata Theory Regular operations
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