Equal number

From lecture 7:
AeqB = { x € {a,b}" | na(x) = ns(x) }

aaabbb, ababab, aababb, . ..
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From exercise class 9:

Exercise.

Let G be a context-free grammar with start variable S and the following
productions:

S —aSbS | bSaS | A

a. Show that L(G) = AEqB = {x € {a,b}* | ns(x) = np(x)}. That is,
argue why L(G) C AEgB and why AEqB C L(G). You do not have to
give formal proofs.

b. Show that G is ambiguous, by giving a string x € L(G) and two
different derivation trees for x in G.

c. Give an unambiguous context-free grammar for AEgB.
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AeqB = { x € {a, b}" | na(x) = my(x) }
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Equal number

AeqB = { x € {a, b} | ny(x) = ne(x) }
aaabbb, ababab, aababb, . ..

S—AN|aB|bA

A — aS | bAA A generates n,(x) = np(x) +1

B — bS | aBB B generates n,(x) + 1 = np(x)
S = aB = aaBB = aabSB = ...  (different options)

(1) aabB = aabaBB = aababSB = aababB = aababbS = aababb
(2) ... (ambiguous, later)
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From lecture 8:

Definition

regular grammar (or right-linear grammar)
productions are of the form

— A— 0B variables A, B, terminal o
- A— A variable A

Theorem
A language L is regular,

if and only if there is a regular grammar generating L.

Proof. ..

Automata Theory Context-Free Languages Chomsky normal form
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From lecture 10:

Definition

CFG in Chomsky normal form
productions are of the form

— A— BC variables A, B, C
— A— o variable A, terminal o
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Chomsky NF for pumping lemma (later)

Automata Theory Context-Free Languages

Chomsky normal form
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Operations on languages

even(L)={weL||w|even}

idea: new variables for even/odd length strings

Chomsky normal form to reduce number of possibilities.

grammar G = (V, X, P,S) for L, in ChNF

new grammar G = (V/, X, P', S’) for even(L)

variables: V' ={X¢, X, | X € V}

axiom: $' =S,

productions: — for every A — BC in P we have in P’
Ae = BeCe | BoCo Ao — BeCo | BoCe

— for every A — o in P we have in P": A, — o

Automata Theory Context-Free Languages Chomsky normal form
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ABOVE

We consider closure properties: given an operation X show that when-
ever L is regular/context-free, then also X(L) is regular/context-free.
This is done as follows: if L is regular/context-free, then we know
there is a regular/context-free grammar G for L, and we show how to
construct a new grammar G’ (of the same type) for X(L), in terms of
the original grammar G.



Even/odd markings
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Operations on languages (2)

L C{a, b}*, chop(L)={xy|xay € L} remove some a in each string
idea: new variables for the task of removing letter a

grammar G = (V,{a, b}, P,S) for L, in ChNF
new grammar G = (V/ {a, b}, P’, S’) for chop(L)
variables: V' = VU{X | X e V}

axiom: §'=§

productions: keep all productions from P, and

— for every A— BC add A — BC | BC

—foreveryA—)aadd/A4—>/\

Automata Theory Context-Free Languages Chomsky normal form 310 / 362



Chop markings
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Attribute grammars

E-E+T|T

T—TxF|F

F— (E)|int
E— E;+T1 E.val =Ej.val + Tj.val
E—T E.val = Ty.val
T — TyxF  T.al=Tj.val-Fy.val
T—F T .val = Fy.val
F—(E) F.val = E;.val
F — int F.val = IntVal(int)

D.E. Knuth. Semantics of Context-Free Languages.
Math. Systems Theory (1968) 127-145 doi:10.1007/BF01692511
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Box grammar

©(1,3)
4.—4.4 &—l I

((LHo2)o(1)o1,3))o(1,1)022)

production semantic rule

R— (£, E) R.b= E .val R.h=E;.val

R%(Rl(DRz) Rb:R1b+ Rgb
R.h = max{Ry.h, R>.h}
Rix=Rx R.x=Rx-+Ry.b
Ri.y=Ry R,y=R.y

R— (Ri©R) R.b=max{Ry.b,R>.b}
R.h=Ri.h+ Rs.h
Rix=Rx R,x=R.x
Ri.y=Ry Roy=R.y-+Ri.h

Automata Theory Context-Free Languages Attribute grammars 313 / 362




Evaluating attributes

R — (Rl 0] R2) Rb=R.b+ Ry.b
Rix=Rx Ryx=Rx+ Ry.b
R — (R1@R2) R.b= max{Rl.b, sz}
Rix=Rx Ryx=R.x

|
bRx 4aR0” o 3R0

synthesized
inherited /2;6\: /2 2\ 144/0%?5}1
TRO@ 0 1!@6%%% <T1,1> <L,2>

1,

2R
1
(2,1) (1,1) (1,3)
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Section 4

Automata Theory Pushdown Automata

<

315 / 362

3



Chapter

4) Pushdown Automata
Deterministic PDA
From CFG to PDA
From PDA to CFG

Automata Theory Pushdown Automata
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Overview

reg. languages FA reg. grammar reg. expression
determ. cf. languages | DPDA
cf. languages PDA cf. grammar

Automata Theory Pushdown Automata
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just like FA, PDA accepts strings / language

just like FA, PDA has states

just like FA, PDA reads input one letter at a time
unlike FA, PDA has auxiliary memory: a stack

unlike FA, by default PDA is nondeterministic

unlike FA, by default A-transitions are allowed in PDA
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Why a stack?

AnBn = {a'b' | i > 0}

with x = aaabbb

SimplePal = {xcx" | x € {a, b}*}

with x = aabcbaa
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Stack in PDA contains symbols from certain alphabet.
Usual stack operations: pop, top, push
Extra possiblity: replace top element X by string «
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AnBn={a"b"|n>0}
initial qo, Zp

PDA...
[M] E53

«E)»
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AnBn={a"b"|n>0}
initial qo, Zo, accept A = {qo, g3}

a,a/aa b,a/N\

@, Zo/azg b, a//\ o /\,Zo/Zo

Automata Theory Pushdown Automata
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Stack in PDA contains symbols from certain alphabet.
Usual stack operations: pop, top, push
Extra possiblity: replace top element X by string «

Notation:
If stack contents is X1 X>X3Xs, then top element

is Xl.
If we replace X by string «, then first symbol of «
ends up at top of stack.

a=AN pop
a=X top
a =YX push
a= X push*
a=...

Top element X is required to do a move!
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AnBn

AnBn={a"b"|n>0}
initial qo, Zo, accept A = {qo, g3}

a,a/aa b,a/N\
4@,20/82% b,a//\ o /\,Zo/Zo

d, Zo/aZO
a,a/aa b,a/N

8 A, Zo/z0
/\ 20/ 2o

A a/a
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Using a stack/pushdown

SimplePal =
{xex" | x € {a, b}* } m
a a
a,+a aa/A a a

b,+b  b,b/A 2| PAIPA4)

b b
8 8AZO/20©000011112

(@)
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Regular languages and CF grammars

From lecture 8:
systematic approach

Example
a b axiom S initial state
. 8/1\ S — bA|aS transitions
(E; . A — bA | aB
— b
B — bA | aS
a B — A accepting state
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finite
control

state

a

input tape

Automata Theory Pushdown Automata

top

stack

Intuition
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Formalism

From lecture 2:

Definition (FA)

[deterministic| finite automaton  5-tuple M = (Q, X, qo, A, ),
— @ finite set  states;

— Y finite input alphabet;

—qgo € @ initial state;

— AC @ accepting states;

—0:Q XX —= @ transition function.
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Pushdown automaton

Definition

PDA 7-tuple M = (Q,%, T, qo, 2o, A, )
Q states p,q
> input alphabet a,b W, X
r stack alphabet a,bA,B «

go € Q initial state
Zy € I initial stack symbol
AC @ accepting states

O:...— ...
transition function

from to

( p a2 X q a )
read pop push
—_— —

before after
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Pushdown automaton

Definition

PDA 7-tuple M = (Q,%,T,qo, Zp, A, 0)
Q states p,q
> input alphabet a,b w, X
r stack alphabet a,b,A,B «

go € Q initial state
Zy € I initial stack symbol
AC @ accepting states

§:Qx (ZU{A}) x T — 2QxI"
transition function  (finite)

In principle, Zy may be removed from the stack,
but often it isn't.
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SimplePal Transition table:

{xex" | x € {a,b}*" }

State | Input | Stack Symbol | Move(s)

p o X 5(p, o, X)

a,+a a, a//\ 0 a ZO (O’aZO)
b,+b b,b/A 0 a a (0, aa)

0 a b (0, ab)

N, 2o/ 2o 0 b Zy (0, bZp)
ﬂ&& 0 | b . (0,b2)
0 b b (0, bb)

0 C Zo (1, Zo)
Q=1{0,1,2} 0 c a (1,a)
r={a,b,c} 0 c b (1,b)
r={a, b, 2o} 1 a a gl,/\g
G =0 1 b b 1,A
Zo=2o 1 A Zo (2, 20)
A= {2} (all other combinations) none
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Pushing and popping

a,Ala

transition (g, ) € d(p, a, A) <> @

(p;a,A) = (q,a)
p,geQ,actU{A}, AcTl, aerl™

intuitive formalized as convention
a, A/

pop A (q,N) €d(p,a,A) a=NA @’—’@

a,+A
push A (gq,AX) € d(p,a,X) forall X el <> @
a
read a (g,X)€do(p,a,X) forall X el <> @
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Differences in dialect

a,+a a, 3//\
b,+b  b,b/A

WOTRG &L

b, Zo/bZo c.a/a

a, ZO/aZO a, 3/33 c, b/b

¢, 2/ 2o N, 2o/ 2y
(1

a,a/N

a,b/ab b, b/bb
b,a/ba b, b/
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ABOVE
The same PDA twice.
First our version, where we allow some shortcuts in notation.

Second as depicted in the book.



Notation

Incorrect notations:

. o, N« .
0 e top stack symbol required
. o, XY /a .
Q e remove/consider one stack symbol at a time
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Computation and language

M=(Q,X,T,qo, 2o, A,0)
configuration (g,x,a) g€ Q,x€X*, ael™

state, remaining input, stack with top left

step (p, ax, Ba) Fpm (g, x, 5a)  when (g, 3) € 6(p, a, B)
= -, - - -

Definition

String x accepted by M (by final state), if

(g0, x, Z0) F* (g, \, ) for some g € A, and some o € [*

Language accepted by M (by final state)
L(M) = { x € ¥* | x accepted by M }

read complete input, end in accepting state, some path

Automata Theory Pushdown Automata
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b[b]

Using a stack/pushdown

a
S a
implePal = @ ZolZo
{XCXR’XE{a,b}*} aabc b aa
000011112
ota 23/ Qastctan, ) +
b,+b  b,b/\ (0, bcbaa, aaZy) F
i (0, cbaa,baazy) F
agi, A, ZO/ZO (1, baa,baaZy) +
(1, aa, aaZy) F
(].7 d, 0) l_
(1, A, ZO) F
(27 /\a ZO)

Automata Theory Pushdown Automata
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A\ computations
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ABOVE
A-computations can be very long in PDA, they can even loop.

In the example the input is read and stored on the tape, and at the
end of the input it is verified that the string contains an even number

of a’s.
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Pal
a,+a a,a/N\
b,+b b, b/A
A Zo/Zo

Hg a,b,\ 8 O
Q@=1{0,1,2}
Y ={a, b}
r:{a,b,ZO}
qgo=0
Zo = 2o
A={2}

Automata Theory Pushdown Automata

{ye{ab}ly=y"}

339 / 362



Computation tree

(0, baab, Zp)

e

(0, aab, bZy) (1, aab, Zy) ~ (1, baab, Zp)

T | |

(0,ab,abZy) (1,ab,bZy) (1,aab,bZy) (2,aab,Zy) (2, baab,Zp)

N

(0, b,aabZy) (1, b, abZp) (1, ab, abZp)

T |

(0, A, baabZy) (1,A,aabZy) (1,b,aabzy) (1,b,bZy)

(1, A, baabZy) (1,N\, Zp)
final state, input read

(27 A, ZO)
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ABOVE

Non-determinism at work. The PDA for palindromes cannot see what
is the middle of the input string, and has to guess. Only one of the
guesses leads to an accepting configuration.



Deterministic PDA

for each state and stack symbol
— on each symbol /A at most one transition
— not both symbol and A-transition

Definition
DPDA
0(g,0,X)Ud(q,A\, X) at most one element foreach g€ Q,0 € X, X €T

DPDA =~ DCFL = class of deterministic context-free languages
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DPDA for Balanced

Balanced = {balanced strings of brackets [ and |}
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[M] E5.13
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a,a/aa
a, Zo/aZo b, a/A
b, Zy/bZy

N, 2o/ Zo
a,b/N\
b, b/ bb

Without A-transitions. ..

Automata Theory Pushdown Automata

Deterministic PDA

DPDA for AeqB
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DPDA for AeqB

a,a/aa a,a/aa
a,Zy/aZy b,a/A a, Zy/A b,a/N
b, Zo/bZo b, Zy/B
a,A/aA
b, B/bB
/\,Zo/ZQ d, B/Zo
a,b/N\ b, Al Z a,b/A\
b, b/bb b, b/bb

Some nondeterminism. . .
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a,a/aa a,+a
a, Zo/aZy b,a/\ a,Zo/aZo b,a/\
b, Zo/bZo b, Zo/bZo
N, 20/ 20 A, Zo/ Zy
a, b//\ a, b//\
b, b/ bb b,+b

Computations for x = abbaab. ..

Automata Theory Pushdown Automata Deterministic PDA
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Pal
a,+a a,a/N\
b,+b b, b/A
8 /\ Zo/Zo
a,b,\ O
Q@=1{0,1,2}
Y ={a,b,c}
M= {a, b, Zo}
qgo=0
Zo = 2o
A={2}

Automata Theory Pushdown Automata

Deterministic PDA
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Theorem

The language Pal cannot be accepted by a deterministic pushdown
automaton.

Proof. ..
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Distinguishing strings

From lecture 3:
Definition
Let L be language over ¥, and let x,y € ¥*.
Then x, y are distinguishable wrt L (L-distinguishable),
if there exists z € ¥* with

xz€landyz¢ L or xz¢Landyzel
Such z distinguishes x and y wrt L.
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Pal

From lecture 3:
Pal = {x € {a,b}* | x=x"}

For Every Pair x, y of Distinct Strings in {a, b}*, x and y Are
Distinghuishable with Respect to Pal.
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Theorem

The language Pal cannot be accepted by a deterministic pushdown
automaton.

Proof.

Assume M is DPDA for Pal.

No assumption on form transitions M.

M reads every string x € {a, b}* completely, with one path.

There exist different strings r,s € {a, b}*, such that for every z € {a, b}*,
M treats rz and sz the same way.

Automata Theory Pushdown Automata Deterministic PDA 351 / 362



For a string x € {a, b}*, let yx be a string such that height of stack after
Xyx is minimal.

Let ax be stack after xyx.

(state, top stack symbol) determines how suffix z is treated.

Infinitely many strings xy,. Why?

Finitely many pairs (g, X)

Different r = uy, and s = vy, arrive at same pair (q, A).

For any suffix z, rz and sz are treated the same:

rz € Pal < sz € Pal.

Contradiction.
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abick j=i+k

S—> AB
A — aAb | A
B — bBc | A

a,+A b,A/A b,+A ¢ ,A/N

; /\ ; /\,Zo/Zo ; /\ /\,Zo/ZQ

a,AJAA  b,A/A b,AJAA ¢, A/N

a'b'

A
\ & Zo /Azg b, A/A g/\, Z /Z@, Zo /Azg c, A/A g/\, Z /zo<C5>
b, Zo/AZs

T b
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AnB-not-n

{ab[i#])}
last b?

/
’

a,AJAA b A/A

a, ZO/AZ(Q b, A/
@
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amp"am

bY/Y
a, X/XA A Y/A
AX/Y  a A/A

N, 2o/ X2y N, 2o/ 2o
~(1 >

—©

®

/\7 ZO/ZO

®

b,A/A a, A/N

Automata Theory Pushdown Automata Deterministic PDA
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ABOVE

The first PDA is not deterministic. Actually it is working like a gram-
mar: in state 1 the following productions are simulated:

X = aXAlY

Y = bY | A

A—a

The second automaton is deterministic. We have to distinguish the
cases where m = 0 (state 5) and n = 0 (states le and lo).



Special closure

pre(L) ={ x#y |xe€lLand xy € L}

L = Pal = {A,a, b, aa, bb, aaa, aba, bab, bbb, aaaa, abba, . . .}
pre(L) = ...

L={a'b/ | i < j} = {b, bb,abb, bbb, abbb, bbbb, aabbb, abbbb, . . .}
pre(L) = ...
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Special closure

pre(L) ={ x#y |x€Lland xy € L }

CFL not closed under pre
DCFL is closed under pre

CFL not closed under complement
DCFL is closed under complement
(the obvious proof does not work)

CFL is closed under regular operations U, -, *
DCFL is not closed under either of these
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language L xe L, xyel

x A0
—O
¥ >0

K={a"b"|n>1}uU{a"b"c" |mn>1}
a" b"  a" b ¢ different behaviour on b's

pre(K) = ...

X

-0 @/y‘@

Automata Theory Pushdown Automata Deterministic PDA
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Construction pre

DCFL is closed under pre
pre(L) = { x#y | x,xy € L }

o, X/« o, X/a
i

M:(Q,Z, r7 q07ZOaA,5) with L = L(M)
construct My = (Q1, X U {#}, T, q1,21,A1,01)  with L(My) = pre(L)

- =QUQ where @ ={q¢ |qeQ} primed copy

—q=q. 4L =%

-Ai=A={qd |qgeA} accepting states in copy

-61(p,0,X)={(qd,a) | (gq,a) € 6(p, 0, X)} two copies
forall pe A, X eT: 61(p, #,X) ={(p', X)} move to primed copy
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Better construction pre
DCFL is closed under pre
pre(L) = { x#y | x,xy € L }
/\7 Zl/ZOZI

ORI 5

o, X/ o, X/a
e
7*

M:(Q’za r, q07207A,5) with L:L(M)
construct My = (Ql, > U {#}, I'U{Zl}, q1, Zl,A1,51) with L(/\/ll) = pre(L)

- Q1 =QUQU{gi} where ' ={qd |qg€Q} primed copy
-Al=A={qd|qgeA} accepting states in copy
-0(p,0,X)={(¢,a) | (q,a) € 6(p,0,X)} two copies
(51(q17 /\7 Zl) = {(Clm Z()Zl)} Zl under Zo
forall pe A, X eTl1: 61(p,#,X) = {(p’, X)} move to primed copy
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ABOVE
For K={a"b"|n>1}U{a"b"c" | mn>1}
we have pre(K) = K# U {a"b"#bkc" | n > 1,k > 0}.
This language is not context-free, but K is, and thus the context-free
languages are not closed under pre.

Again, this construction works because (for deterministic automata)
the computation on uv must extend the computation on u.

Note the resulting PDA might not be deterministic at accepting states
in original Q (like node 1 in the diagram), if that node has an outgoing
A-transition.

There is however a method that avoids A-transitions at accepting states.

Whenever (g, a) € §(p, A, A) for an accepting state p, just ‘predict’ the
next letter o read, add a new state (g,0), add ((g, o), a) to 6(p, o, A)
(which was empty beforehand, why?). Do this for every o, and remove
the A-transition. Then keep simulating A-transitions, until ¢ is read.



