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Networks
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Notation

Concept Symbol

Network (graph) G = (V ,E )

Nodes (objects, vertices, . . . ) V

Links (ties, relationships, . . . ) E

Directed — E ⊆ V × V — “links”
Undirected — “edges”

Number of nodes — |V | n

Number of edges — |E | m

Degree of node u deg(u)

Distance from node u to v d(u, v)
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Real-world networks

1 Sparse networks density

2 Fat-tailed power-law degree distribution degree

3 Giant component components

4 Low pairwise node-to-node distances distance

5 Many triangles clustering coefficient

Many examples: social networks, communication networks, citation
networks, collaboration networks, protein interaction networks,
information networks, webgraphs, financial networks, . . .
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Advanced concepts

Reciprocity

Complete graph, complement of a graph

Planar graph, lattice, regular graph

Tree and dag

Subgraphs

Ego network

Spanning trees

Diameter

Bridges
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Centrality measures

Figure: Degree, closeness and betweenness centrality

Source: “Centrality” by Claudio Rocchini, Wikipedia File:Centrality.svg
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Degree distributions
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Power law degree distribution?

Figure: This is “just” degree vs. frequency, also called a degree scatter plot.

Source: http://konect.cc/networks/citeseer/
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Degree scatter plot: degree vs. frequency142 the atlas for the aspiring network scientist
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Figure 9.8: The degree scatter
plot (left) of the graph on the
right.

20 Holger Ebel, Lutz-Ingo Mielsch, and
Stefan Bornholdt. Scale-free topology of
e-mail networks. Physical review E, 66(3):
035103, 2002
21 Victor M Eguiluz, Dante R Chialvo,
Guillermo A Cecchi, Marwan Baliki,
and A Vania Apkarian. Scale-free brain
functional networks. Physical review
letters, 94(1):018102, 2005
22 Reka Albert. Scale-free networks in
cell biology. Journal of cell science, 118(21):
4947–4957, 2005

nodes in the network. At this point, the y axis is the probability of
a node to have a degree equal to k, not simply the node count. That
makes it easier to compare two networks with a different node count.

Figure 9.9(a) shows you the degree distribution of protein-protein
interaction for the Saccharomyces Cerevisiae, the beer bug. An inter-
esting pattern is that there are lots of nodes with few interactions,
and few nodes with many. As a consequence, we end up with all our
datapoints concentrated in the same part of the plot, and it’s difficult
to appreciate both the low- and the high-degree structure. These
degree patterns are more evident and easy to see when represented
on a log-log scale, as Figure 9.9(b) shows, which stretches out the
low-degree area while compressing the high-degree one.
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Figure 9.9: The degree distri-
bution of the protein-protein
interaction network. The distri-
butions are the same, but in (a)
we have a linear scale for the x
and y axes, which is replaced in
(b) by a log-log scale.

So, we just discovered that this protein-protein interaction network
has something peculiar. The baseline assumption would be that
nodes connect at random. If that were the case, we would expect the
degree to distribute normally, in a nice bell-shape – see Chapter 16.
But Figure 9.9(b) is not what a normal distribution looks like. The
vast majority of nodes have a very low degree, and a few giant hubs
have a degree much larger than average. Is this common?

Yes it is. Most real world networks would show such a broad
distribution: email exchanges20, synapses in the brain21, internal cell
interactions22. Take a look at the degree distribution zoo in Figure
9.10. To put it simply: in most networks we have many orders of

Figure: The degree scatter plot (left) of the graph on the right.
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Degree distribution

142 the atlas for the aspiring network scientist
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So, we just discovered that this protein-protein interaction network
has something peculiar. The baseline assumption would be that
nodes connect at random. If that were the case, we would expect the
degree to distribute normally, in a nice bell-shape – see Chapter 16.
But Figure 9.9(b) is not what a normal distribution looks like. The
vast majority of nodes have a very low degree, and a few giant hubs
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Figure: Degree distribution (degree k vs. its probability p(k)) of a protein–protein
interaction network, on a linear scale (left) and a log-log scale (right).
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Power law exponent in undirected networks

The probability p(k) of a node having degree k depends on the
power law exponent α:

p(k) ∼ k−α

This means that
log p(k) ∼ −α log k

And as such, the straight line in log-log scale plots is observed.

In real-world networks, α has a value of around 2 to 3

Useful to compare between similar networks
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From degree distribution to CCDF

144 the atlas for the aspiring network scientist
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Figure 9.11: The degree dis-
tribution of the PGP trust
network.
24 An example of power binning,
starting with size 1 and increas-
ing the bin size by 10% at each
step: [1, 2, 3, 5, 6, 8, 9, 11, 14, ...,
1410, 1552, 1709, 1881, 2070, 2278, ...]

portion of your space24. A good power bin choice can make the plot
clearer, as the one in Figure 9.11(c). In Figure 9.11(c) we saved the
head of the distribution and further reduced the fat tail.

One can do better than Figure 9.11(c), that’s why in network
papers you rarely see power-binned distributions. An issue of power-
binning is that it forces you to make a choice: to determine the bin
size function. Having a choice is a double-edged sword: it opens you
to the possibility of tricking yourself into seeing a pattern that is not
there.

The most common way to visualize degrees is by drawing cumula-
tive distributions (CDF), or – to be more aligned with the convention
you’ll see everywhere – the complement of a cumulative distribution
(CCDF). We can transform a degree histogram into a CCDF by chang-
ing the meaning of the y-axis. Rather than being the probability of
finding a node of degree equal to k, in a CCDF this is the probability
of finding a node of degree k or higher. This is not a scattergram any
more, but a function, which helps us when we need to fit it. Figure
9.12 shows an example, where we go from a degree histogram to its
equivalent CCDF.

p(k>=x)

xDegree

# Nodes

Figure 9.12: The degree scatter
plot (left) and its corresponding
complement of the cumulative
distribution (CCDF).

We can see the relationship of our protein-protein network more
clearly in Figure 9.13. It appears that, in log-log space, the relation-
ship between degree and the number of nodes with a given degree
is fixed. This relationship can be approximated with a straight line
– at least asymptotically: in Figure 9.13(b) you can see that the head

Figure: The degree scatter plot (left) and its complement of the cumulative
distribution (CCDF, right): the probability of finding a node of degree k or higher.
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Degree distribution and CCDF degree 145
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Figure 9.13: The degree distri-
bution of the protein-protein
interaction network. The distri-
butions are the same and are
both in log-log scale, but in (a)
we have the degree histogram,
and in (b) we show the CCDF
version (with the best fit in
blue).

25 Mark EJ Newman. Power laws,
pareto distributions and zipf’s law.
Contemporary physics, 46(5):323–351,
2005b

doesn’t really fit. Is this a coincidence, or does it have meaning? To
answer this question we need to enter in the wonderful world of
power-law degree distributions and scale free networks.

9.3 Power Laws and Scale Free Networks

In statistics, a power law is a functional relationship between two
quantities, where a relative change in one quantity results in a pro-
portional relative change in the other quantity. The relation is inde-
pendent of the initial size of those quantities: one quantity varies as a
power of another. I show what I mean in Figure 9.14: each time you
move on the x-axis by a specific increment, you also always move on
the y-axis by a fixed function of that x increment, no matter where
you are in the distribution (head, tail, or middle).
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Figure 9.14: An example of
power law, showing how the
red line always goes down by
the same proportion as its right
movement, no matter if we look
a head, middle or tail.

You can find power laws in nature in many places: the frequencies
of words in written texts, the distribution of earthquake intensities,
etc... To grasp the concept you need a visual example, and my fa-
vorite is moon craters25. You can see in Figure 9.15 there are a lot of
tiny craters caused by small debris and a huge one. This is fractal
self-similarity: if the moon were an infinite plane, you could zoom
in and out the picture and the size distributions would be the same.
This is the scale invariance I’m talking about: no matter the zoom, the

Figure: The same protein–protein interaction network in log-log scale: degree
histogram (left) and CCDF with the best fit in blue (right).
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Power law

degree 145
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doesn’t really fit. Is this a coincidence, or does it have meaning? To
answer this question we need to enter in the wonderful world of
power-law degree distributions and scale free networks.

9.3 Power Laws and Scale Free Networks

In statistics, a power law is a functional relationship between two
quantities, where a relative change in one quantity results in a pro-
portional relative change in the other quantity. The relation is inde-
pendent of the initial size of those quantities: one quantity varies as a
power of another. I show what I mean in Figure 9.14: each time you
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Figure 9.14: An example of
power law, showing how the
red line always goes down by
the same proportion as its right
movement, no matter if we look
a head, middle or tail.

You can find power laws in nature in many places: the frequencies
of words in written texts, the distribution of earthquake intensities,
etc... To grasp the concept you need a visual example, and my fa-
vorite is moon craters25. You can see in Figure 9.15 there are a lot of
tiny craters caused by small debris and a huge one. This is fractal
self-similarity: if the moon were an infinite plane, you could zoom
in and out the picture and the size distributions would be the same.
This is the scale invariance I’m talking about: no matter the zoom, the

Figure: Every step of the same size along the horizontal axis gives the same
proportional drop along the vertical axis, in the head, the middle and the tail.
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Comparing power law exponents

degree 147

if a real world network has a power law degree distribution, α tends
to be low (α ∼ 2, and for a majority α < 3, although you can find
networks with higher αs). This is rather unfortunate, because it
means that the degree distribution has a well defined mean, but not
a well defined variance (Section 3.4). This implies that the average
degree has meaning, but it’s not very useful to do anything more
than a superficial description of the network.
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Figure 9.17: The CCDF degree
distributions of two random
networks with different α expo-
nents.

This is all well and good, but what does it mean exactly to have
α = 2 or α = 3? How do two networks with these two different coeffi-
cients look like? I provide an example of their degree distributions in
Figure 9.17, and I show two very simple random networks with such
degree distributions in Figure 9.18 – obviously, systems this small
are a very rough approximation. From Figure 9.17 you see that α

determines the slope of the degree distribution, with a steeper slope
for α = 3. This means that the hubs in α = 3 are “smaller”, they do
not have a ridiculously high degree.

Figure 9.18 confirms this: in Figure 9.18(a) you see that, for α = 2,
you have only one obvious hub that is head and shoulders above the

(a) α = 2 (b) α = 3

Figure 9.18: An example of two
networks with scale free degree
distributions, with different α

exponents.

Figure: CCDF degree distributions of two random networks with a different power
law exponent; a larger exponent gives a steeper slope and thus smaller hubs.
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Power law exponent in directed networks

Figure: Instead of α, this figure uses γ.

Source: A. Barabasi, Network Science, 2016.
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Applied network concepts
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Applied network concepts

Operationalization: linking real-world (applied) concepts to concrete
quantitative measures

Applied concepts:

Cohesion and fragmentation clustering
Strength of weak ties neighborhood
Social capital: bonding and bridging neighborhood
Homophily, segregation assortativity

Examples often from computational social science, an
interdisciplinary field at the intersection of computer science and
social science
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Remember the clustering coefficient?

Figure: High clustering (left) and lower clustering (right).

Local clustering coefficient CC (v) is the extent to which a node v
forms triangles with its neighbors. For a node v ∈ V :

CC (v) =
|{(u,w) ∈ E : (u, v) ∈ E ∧ (v ,w) ∈ E}|

1
2deg(v) · (deg(v)− 1)

CC (v) =
edges between neighbors of v

maximum number of such edges
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Social cohesion

Social circle: your connections (network neighbors)

In your social circles, are you alone, or surrounded by familiar faces?

Social cohesion: strength of local social connectedness

Captures embeddedness within tightly connected groups

Operationalized by triadic closure

Measured by the clustering coefficient

Good: it fosters trust, shared norms, and collective identity

But potentially also echo chambers; will you still know different
others?
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Looking for a job?

Imagine you are looking for a job. Who do you ask?

Your parents?
Your best friend?
A distant friend?

Strong tie: a relationship between individuals whose social circles
overlap substantially; embedded within the same community.

Weak tie: a relationship between individuals whose social circles
overlap little; often connecting otherwise separate communities,
providing access to novel information.

Note: here, “community” is a somewhat loose term for a group of
nodes only used here; later we give a different definition
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Strength of weak ties

Figure: The red tie is a weak tie.

Source: F. van Tubergen, Utrecht University
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Social capital

Social capital refers to the resources and benefits individuals can
access through their social relationships and network position.

Includes access to information, support, trust, and opportunities

Depends not only on who you know, but also on how your contacts
are connected

Bonding social capital: resources from dense, cohesive groups

Bridging social capital: resources from ties connecting different
groups
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Bonding and bridging

Source: F. van Tubergen, Utrecht University
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Assortativity

Assortativity: extent to which “similar” nodes attract each other
Value close to -1 if dissimilar nodes more often attract each other
Value close to 1 if similar nodes more often attract each other

Degree assortativity: nodes with a similar degree connect more
frequently

Attribute assortativity: nodes with similar attributes attract each
other (also called categorical homophily)

Social networks terminology: homophily

Complex networks terminology: mixing patterns
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Attribute assortativity

Figure: Attribute assortativity

Image: Moya-Garćıa, A. et al. Identification of New Toxicity Mechanisms ... Genes, 13(7), 1292, 2022.
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Computing assortativity

Attribute assortativity coefficient (Newman)

r =

∑
i
eii −

∑
i
aibi

1−∑
i
aibi

Value of −1 indicates perfect disassortativity and 1 is perfect
assortativity (each attribute value a separate component)

eii = probability that an edge connects two nodes that both have
attribute value i

ai = probability that an edge has a node with attribute value i as
origin

bi = probability that an edge has a node with attribute value i as
destination

In undirected networks ai = bi
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Computing attribute assortativity

434 the atlas for the aspiring network scientist

21 Mark EJ Newman. Assortative mixing
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same technique to estimate the degree assortativity, which we cover
in the next chapter.

Here we focus on the case of a qualitative attribute. Let’s start by
making a simple scenario: biological sex. In humans, this is – barring
rare and exceptional cases – a categorical binary attribute.

Figure 30.5: A toy example to
test our measures of homophily.
We represent the categorical
binary attribute with node color,
with two possible values: red
and green.

In this scenario, you can estimate the probability of an edge to
connect alike nodes, and compare it to the probability of connection
in the network. Consider Figure 30.5. We have 20 edges connecting
nodes with the same color over 22 total edges in the graph. Therefore,
the observed probability of edges between alike nodes is 20/22. In
the graph we have 11 nodes, thus the number of possible edges is
|V|(|V| − 1)/2 = 55 (with |V| = 11). So the probability of having
a connection between any node pair is 22/55. Thus we see that the
probability of an edge being between alike nodes is more than twice
what we would have expected: (20/22)/(22/55) ∼ 2.27. Values
higher than one imply homophily, while values lower than one mean
that nodes tend to connect with similar nodes less than we expect
– i.e. the network is disassortative, nodes don’t like to connect to
similar nodes, another totally valid thing that can happen often in
social networks (in Section 30.4 I call this concept “heterophily”).

This approach breaks down if you have more than two possible
values for your attribute, and also if some values are more popular
than others. In these cases, you might conclude that there is assorta-
tivity in a non-assortative network, simply because you’re assuming
the incorrect null model of equal attribute value popularity.

In this case, you should use a different approach21,22. You want to
look at the probability of edges connecting alike nodes per attribute
value i, and then compare it to the probability of an edge to have at
least one node with attribute value i. The formula is:

r =
∑
i

eii − ∑
i

aibi

1 − ∑
i

aibi
,

where eii is the probability of an edge to connect two nodes which
both have value i, ai is the probability that an edge has as origin a

Figure: A rather assortative network
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Figure: Computing r for that same network: r ≈ 0.766.
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A disassortative network

homophily 437

26 Kristina Lerman, Xiaoran Yan, and
Xin-Zeng Wu. The" majority illusion" in
social networks. PloS one, 11(2):e0147617,
2016

30.4 Social Contagion

Homophily can lead to a surprising number of counter-intuitive
social dynamics. This section is intimately linked with Part VI, where
we looked at spreading events in networks. Here, we explore some
more social explanations behind behavioral change in networks,
mostly fueled by the right combination of homophily and heterophily
(the love of the different).

Figure 30.8: A dating network.
The node color encodes the
gender (red = female, blue =
male).

What’s heterophily? Some things in social networks are very dis-
assortative. For instance, consider sexual partners. When looking
at some attributes, it is a network driven by homophily: people try
to find mates with similar characteristics. They like the same music,
movies, food. On the other hand, other attributes are very disassor-
tative, for instance gender. Notwithstanding notable exceptions, the
majority of edges in this network are between unlike genders – as
Figure 30.8 shows.

If we live in a network governed by homophily, we know that
connections are driven by the characteristics of the nodes. In some
cases that is the only possible explanation. For instance, race is given:
one cannot change their race and race homophily means that one’s
race influences which social connections are more or less likely to be
established.

But consider the other side of the coin: if we observe a strong
homophily, it could be because our social connections are influencing
us into adopting behaviors we would not otherwise. For instance,
drug use. One can decide whether to use drugs, and will be more
likely to do so if the majority of their friends are drug users. It turns
out that the right network topology can create an illusion of majority.
Even if the majority of people do not use drugs, we can draw a
network in which everybody thinks that the opposite is true26!

You can look at Figure 30.9 to see an example of this counter
intuitive result. Or, you can play a simple game showing how to
build networks fooling people into thinking everybody is binge-

Figure: Dating network (red = female, blue = male)
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Figure 30.9: The majority illu-
sion in a toy network. Nodes
in red are drug users, nodes in
green are not. For every node,
its neighbors include a majority
of drug users.

27 http://ncase.me/crowds-prototype/

28 Nicholas A Christakis and James H
Fowler. The spread of obesity in a
large social network over 32 years.
New England journal of medicine, 357(4):
370–379, 2007

29 Nicholas A Christakis and James H
Fowler. The collective dynamics of
smoking in a large social network. New
England journal of medicine, 358(21):
2249–2258, 2008

30 Lada A Adamic and Natalie Glance.
The political blogosphere and the
2004 us election: divided they blog.
In Proceedings of the 3rd international
workshop on Link discovery, pages 36–43.
ACM, 2005

drinking27.
Since humans are social animals and tend to succumb to peer

pressure, homophily can be a channel for behavioral changes. In a
health study, researchers looked at health indicators from thousands
of people in a community over 32 years. They saw that behavior
and health risks that should not be contagious actually are. For
instance obesity: if you have an obese friend, the likelihood of you
becoming obese increases by 57% in the short term28. This is like the
Susceptible-Infected epidemic models we saw, even if obesity is not a
biological virus. It is rather a social type of virus.

Same with smoking, although in this case it worked the opposite:
people were quitting in droves29. This is due to social pressure and
homophily: a behavior you might not adopt by yourself is brokered
by your social circle, which you trust because it is made by people
like you – it speaks to your identity.

Figure 30.10: The network of
political blogs. Each node is a
blog. Node’s color encodes its
political leaning (blue = demo-
crat, red = republican). Two
nodes are connected if either
blog links to the other.

Another paper shows strong homophily in political blogs30. In
Figure 30.10 we see a visualization of how people writing online
about politics connect to each other. A common political vision is the
clear driving force behind the creation of an hyperlink from one blog
to another.

Figure: Links between political blogs (blue = democrat, red = republican)

Assortativity fosters the formation of echo chambers.

(Social) segregation can be measured through assortativity, we speak
of integration if there is disassortative mixing
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Degree assortativity

Figure: Degree assortativity (left) and degree disassortativity (right)

Image: Estrada et al., Clumpiness mixing in complex networks, J. Stat. Mech. Theor. Exp. P03008 (2008).
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Visualizing degree assortativity

Figure: Assortativity plot: degree vs. average neighbor degree.
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Visualizing degree assortativity

Figure: Assortativity plots of four real-world networks.
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Friendship paradox

Do someone’s friends in a social network typically have fewer, an
equal number, or more friends?

446 the atlas for the aspiring network scientist

cients: in-degree with in-degree, in-degree with out-degree (and vice
versa), and out-degree with out-degree.

Obviously, everything I wrote so far on degree assortativity also
applies to any other quantitative attribute you might have on your
nodes. For instance, if you have a social network, it applies to a
person’s age, height, weight, and so on. You can build the scatter-
grams and calculate the best fit to figure out if your social circle sort
themselves according to their height or income.

31.2 Friendship Paradox

You might want to make a double take on Figure 31.4, because it
contains a not-so-obvious but intriguing – and enraging – message.
In Figure 31.6 I focus on one of those assortativity plots, the one
about scientific collaborations. I add an additional line to the plot:
the identity line. This line runs through the part of the plane where
the x axis and the y axis have the same value.

Identity Line

I have fewer 
friends than my 
average neighbor

I have more 
friends than my 

average neighbor

Way more nodes here than here

100
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Figure 31.6: The friendship
paradox. The plot shows a
node’s degree (x axis) against
the average degree of its neigh-
bors (y axis). The blue line
is the best fit, while the gray
line is the identity line. Nodes
above the identity line have
fewer friends than their friends’
average.

In other words, the identity line divides the space in two. Above
the identity line we have all the nodes for which, on average, the
neighbor degree is higher than the node’s degree. Below the identity
line it’s the opposite: the node’s degree is higher than the neighbors
degree.

At first glance, the situation seems balanced. There are as many
points above the identity line as there are below. However, remember
that we’re aggregating all nodes with the same degree value in a sin-
gle point. We know that the degree has a broad distribution, because
we visualized it for the co-authorship network before. Therefore,
there are way more nodes above the identity line than below.

That’s the friendship paradox: your friends are, on average, more

Figure: Degree distribution (left) and degree assortativity plot (right) of the same
scientific co-authorship network.

When we average over people’s friends, nodes are not counted
equally. A node of degree k appears in k different friend lists, so
high-degree nodes are counted more often. Relative to a typical
node, whose degree is ⟨k⟩, a degree-k node is weighted by k/⟨k⟩.
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Bipartite graphs

7

Extended Graphs

The world of simple graphs is... well... simple. The only thing com-
plicating it a bit so far was adding some information on the edges:
whether they are asymmetric – meaning (u, v) ̸= (v, u) – and whether
they are strong or weak. Unfortunately, that’s not enough to deal
with everything reality can throw your way. In this chapter, I present
even more graph models, which go beyond the simple addition of
edge information.

7.1 Bipartite Graphs

So far we have talked about networks in which relations run between
peers: nodes are all the same to us. But nodes might belong to two
distinct classes. And connections can only be established between
members of different classes. Figure 7.1 provides an example. In
a social network without node attributes nor types, anybody can
be friend with anybody else and there isn’t much to distinguish
two nodes. But if we want to connect cops with the thieves they
catch, then we are establishing additional connecting rules. Thieves
don’t catch each other. And, hopefully, cops aren’t thieves. Another
example could be connecting workers to the buildings hosting their
offices.

Stripping down the model to a minimum, bipartite networks are

(a) (b)

Figure 7.1: (a) A simple graph
representing a social network
with no additional constraints.
(b) A cop-thief bipartite net-
work: nodes can be either a cop
or a thief, and cops can only
catch (connect to) thieves.

Figure: Unipartite graph (left) and bipartite graph (right) /
One-mode network (left) and two-mode network (right)
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(a) (b)

Figure 7.2: (a) An example of
a bipartite network. (b) An
example of a tripartite network.
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networks in which nodes must be part of either of two classes (V1

and V2) and edges can only be established between nodes of unlike
type1,2. Formally, we would say that G = (V1, V2, E), and that E can
only contain edges like (v1, v2), with v1 ∈ V1 and v2 ∈ V2. Figure
7.2(a) depicts an example.

Bipartite networks are used for countless things, connecting:
countries to the products they export3, hosts to guest in symbiotic
relationships4, users to the social media items they tag5, bank-firm
relationships in financial networks6, players-bands in jazz7, listener-
band in music consumption8, plant-pollinators in ecosystems9, and
more. You get the idea. Bipartite networks pop up everywhere.

However, by a curious twist of fate, the algorithms able to work di-
rectly on bipartite structures are less studied than their non-bipartite
counterparts. For instance, for every community discovery algorithm
that works on bipartite networks you have a hundred working on
non-bipartite ones. The distinction is important, because the standard
assumptions of non-bipartite community discovery do not hold in
bipartite networks, as we will see in Part X.

Why would that be the case? Because practically everyone who
works on bipartite networks projects them. Most of the times, you
are interested only in one of the two node types. So you create a
unipartite version of the network connecting all nodes in V1 to each
other, using some criteria to make the V2 count. The trivial way is
to connect all V1 nodes with at least a common V2 neighbor. This
is so widely done and so wrong that I like to call it the Mercator
bipartite projection, in honor of the most used and misunderstood
map projection of all times. We’ll see in Chapter 26 why that’s not
very smart, and the different ways to do a better job.

Why stopping at bipartite? Why not go full n-partite? For instance,
a paper I cited before actually builds a tri-partite network (Figure

Figure: Bipartite graph (left) and tripartite graph (right)
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Bipartite graphs

In bipartite graphs the set of nodes V can be split into two node
sets VL and VR such that all edges in E have their endpoints in
different node sets. Specifically:

V = VL ∪ VR

VL ∩ VR = ∅
E ⊆ VL × VR

Also called two-mode networks or heterogenic networks
(as opposed to one-mode networks or homogenic networks)

Called affiliation networks in a social network context

So, two different types of nodes . . .
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Bipartite graphs

Image: Zafarani et al., Social Media Mining, 2014.
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Representing bipartite graphs
122 the atlas for the aspiring network scientist

(a)

3 4 61 52 97 8 10

24 15 3 6

(b)

Figure 8.4: (a) A non-square
adjacency matrix. (b) The corre-
sponding bipartite graph.

Of course, it’s possible to have a square adjacency matrix for a
bipartite network if |V1| = |V2|. You can also “squarify” a bipartite
adjacency matrix by dividing it in four blocks. The blocks on the
main diagonal contain zeros, while the blocks in the other diagonal
contain the original adjacency matrix. Such a construct is a (|V1| +
|V2|)× (|V1|+ |V2|) matrix, and they can be useful. Figure 8.5 shows
an example. Note that transposing the adjacency matrix of a bipartite
network with V1 and V2 node types will change its shape, from being
a |V1| × |V2| matrix to a |V2| × |V1| matrix.

0 A

AT 0

|V1|

|V1| |V2|

|V2|

Figure 8.5: A way to build a
(|V1| + |V2|) × (|V1| + |V2|)
square matrix starting from
A, a non-square bipartite adja-
cency matrix.

Multilayer Adjacency

Finally we can – and do – represent even multilayer networks with
matrices. We have two options to do so. We can either use tensors or
the supra adjacency matrix.

I introduced tensors in Section 5.3 as generalized vectors. As a
refresher, a vector can be seen as a monodimensional array: a list
of values. A matrix could be said to be a two-dimensional array. A
tensor is a multidimensional array: we can have as many dimensions
as we want.

A one-to-one coupled multilayer network can be represented
with a three-dimensional vector. The first two dimensions – rows
and columns – are the nodes, and the third dimension is the layers.
Mathematically, the Auvl entry in the tensor tells you the relationship
between nodes u and v in layer l. Figure 8.6 provides an intuitive
example. Note that we are assuming that the nodes are sorted in the
same way across the third dimension, thus the inter-layer couplings

Figure: Bipartite adjacency matrix and corresponding graph
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Projecting networks

Image: http://toreopsahl.com/
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Weighted projection

→

Image: http://toreopsahl.com
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Weighted projection

→
Image: http://toreopsahl.com
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Projection algorithm

Given a bipartite graph G = (VL ∪ VR ,E ) with E ⊆ VL × VR ,
generate the projected graph G ′ = (VL,E

′)

Initialize G ′ = (VL,E
′) with E ′ = ∅

For each node v ∈ VR , determine its neighborhood N(v) ⊆ VL

For each distinct node pair vi , vj ∈ N(v), add the edge (vi , vj) to E ′

Optionally, assign a weight to edge (vi , vj) based on how often it occurs

Analogously, the projection from G = (VL ∪ VR ,E ) to G ′′ = (VR ,E
′′)

can be made
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Network analysis on (almost) any dataset

Different data objects typically have attributes with identical values

The unique object identifier and the common attribute value are the
two node types in a two-mode network representing the data

The two-mode network can be converted into a one-mode network
based on the common attribute

Many projections of a dataset to a network are possible

Consider a two-mode network in which actors and movies are
connected if the actor plays in the movie . . .
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Choosing the right representation

370 the atlas for the aspiring network scientist

6 Note that, hereafter, I ignore the fact
that in Netflix you could also rate the
movie, i.e. that the bipartite network
is weighted. In my example, I treat the
bipartite network as unweighted.
7 Mark EJ Newman. Scientific collabora-
tion networks. i. network construction
and fundamental results. Physical review
E, 64(1):016131, 2001b

focuses on the problem of network sampling: if you have a huge
network in front of you, how do you extract a part of it so that your
sample is representative?

Here, we start by tackling the first problem: how to deal with
indirectly observed networks. Most of the times, you want to connect
things because they are somehow similar, or they do similar things,
or they relate to similar things. For instance, you want to connect
users because they watch the same movies on Netflix. The most
natural way to represent these cases is with bipartite networks (see
Section 7.1): in my example, a network connecting each user to the
movie they watched. However, you don’t want a bipartite network,
you want a normal, down-to-earth, honest-to-god unipartite network.
What can you do in this case?

Project! Bipartite projection means that you have a bipartite net-
work with nodes of type V1 and V2, and you want to create a uni-
partite network with only nodes of type V1 (or V2). In my Netflix
example, all you observe is people watching movies. As I said before,
this is a bipartite network: nodes of type V1 are people, nodes of type
V2 are movies, and edges go from a person to a movie if the person
watched the movie. However, the holy grail is to know which movies
are similar, to make recommendations to similar users.

In the following sections we explore the different ways in which
one can project a bipartite network. They all boil down to the same
strategy: we use a different criterion to give the projected edges
a weight, we establish a threshold, and drop the edges below this
minimum acceptable weight.

26.1 Simple Weights

Let’s stick with our Netflix example6. Naively, you might think that
you can connect movies because the same people watched them7 – as
in Figure 26.4. The problem is that – as we saw – degree distributions

Users Movies

“Connecting movies 
because the same 
users watch them”

4

3

2

1

7

6

5

8

7

6

5

4

83

1

2

Figure 26.4: An example of
naive bipartite projection,
where we connect nodes of one
type if they have a common
neighbor.

Figure: ...actor played in it. Unweighted bipartite projection.
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Choosing the right representation

bipartite projections 371

8 Fabio Saracco, Mika J Straka, Riccardo
Di Clemente, Andrea Gabrielli, Guido
Caldarelli, and Tiziano Squartini.
Inferring monopartite projections of
bipartite networks: an entropy-based
approach. New Journal of Physics, 19(5):
053022, 2017

are broad. This means that there are going to be some users in your
bipartite user-movie network with a very high degree. These are
power users, people who watched everything. They are a problem:
under the rule we just gave to project the bipartite networks, you’ll
end up with all movies connected to each other. A hairball. The key
lies in recognizing that not all edges have the same importance. Two
movies that are watched by three common users are more related to
each other than two movies that only have one common spectator.

W
u,v 

= |N
u
∩ N

v
|

4

3

2

1

7

6

5

8

7

6

5

4

83

1

2

2 2

2

2

3

Figure 26.5: An example of Sim-
ple Weight bipartite projection,
where we connect nodes of one
type with the number of their
common neighbors.

The easiest way to take this information into account is to perform
simple weighting. For each pair of nodes you identify the number
of common neighbors they have, and that’s the weight of the edge
– see Figure 26.5. In practice, you don’t simply require that movies
are connected if there is at least one person who has watched both of
them. You connect movies with a weighted link, and the weight is the
number of people who watched them both: wu,v = |Nu ∩ Nv|. This
weighting scheme is similar to Common Neighbors in link prediction
(Section 23.2), and of course you can do a Jaccard correction by
normalizing it with the size of the union of the neighbor sets: wu,v =

|Nu ∩ Nv|/|Nu ∪ Nv|.
If you like to think in terms of matrices (Chapter 8), this is equiva-

lent to multiplying the bipartite adjacency matrix with its transpose.
Of course, you need to pay attention to the dimension onto which
you’re projecting. If A is a |V1| × |V2| matrix, then AAT is a |V1| × |V1|
matrix, while AT A is a |V2| × |V2| one. When multiplying binary
matrices, the result in cell Auv is the number of common entries set to
one between the uth and the vth rows, which is exactly the number
of common neighbors between nodes u and v. The diagonal will tell
you the degree of the node, which you can simply set to zero.

This approach can be integrated with a second step8. In this
second step, one wants to evaluate the statistical significance of the
edge weights you obtained by counting the number of common
neighbors. This is sort of the same thing as first projecting and then
performing network backboning – a task we’ll see in Chapter 27.

Figure: Simple weighted bipartite projection. No weight is weight 1.
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Criminal networks
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Example: Criminal networks

Data science project with Dutch National Police

Gain insight in social networks of soccer fans, group formation and
organization

Dataset: all entries in police systems of law violations of a particular
group of people involved in soccer violence

Frank Takes — SNACS — Lecture 3 — Applied network concepts and Network projection 51 / 67





Criminal networks

Person ID Incident ID Incident Type
P000001 X00011 Straatroof/diefstal
P000001 X00014 Eenv. Mishandeling
P000002 X00011 Straatroof/diefstal
P000002 X00012 Eenv. Mishandeling
P000003 X00012 Eenv. Mishandeling
P000003 X00016 Bedreiging
P000004 X00012 Eenv. Mishandeling
P000004 X00017 Eenv. Mishandeling
P000005 X00013 Bedreiging
P000005 X00014 Eenv. Mishandeling
P000005 X00015 Straatroof/diefstal
P000006 X00013 Bedreiging
P000007 X00013 Bedreiging
P000008 X00013 Bedreiging
P000009 X00015 Straatroof/diefstal
P000010 X00016 Bedreiging
P000010 X00017 Eenv. Mishandeling
P000011 X00016 Bedreiging

Table: Data on suspects involved in incidents
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Network formation

P00001

P00002

P00003

P00004

P00005

P00006

P00007

P00008

P00009

P00010

P00011

Figure: Suspects are nodes
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Two-mode criminal network

P000001
X00011

X00014

P000002

X00012 P000003

X00016

P000004

X00017

P000005X00013

X00015
P000006

P000007

P000008

P000009

P000010

P000011
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Network formation

P00001

P00002
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Figure: Edges are based on common involvement as a suspect
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Network visualization

P00001
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Figure: Force-directed visualization algorithm reveals structure
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Network analysis: Centrality

P00001

P00002

P00003

P00004

P00005

P00006

P00007

P00008

P00009

P00010

P00011

Figure: Degree centrality finds locally important nodes
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Network analysis: Centrality
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Figure: Betweenness centrality reveals globally important nodes
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Network analysis: Community detection

P00001
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Figure: Community detection finds groups of tightly connected nodes
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Community detection

Figure: Communities: node subsets connected more strongly with each other.
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Community detection

Figure: Communities: node subsets connected more strongly with each other.
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Upcoming lab session and “homework”

Today: practice with theoretical/non-programming questions in ANS

Goal is to test the system; bear with us should things go wrong

Recall that these practice sessions are not a graded component, but
that they are useful practice for the exam

Advance substantially with Assignment 1
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Credits

Several images are gratefully reused from
Michele Coscia, The Atlas for the Aspiring Network Scientist, v3 of
https://arxiv.org/abs/2101.00863
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