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Notation

Concept Symbol
m Network (graph) G=(V,E)
m Nodes (objects, vertices, ... ) 74
m Links (ties, relationships, ...) E
m Directed — EC V x V — "links"
m Undirected — "edges”
m Number of nodes — |V/| n
m Number of edges — |E]| m
m Degree of node u deg(u)
m Distance from node u to v d(u,v)
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Density

m Maximum number of edges mpax

B Mpax = n(n — 1) for directed graphs
B Mmax = 3n(n — 1) for undirected graphs

m Density: -

Mmax

Potential Edges ———

1000 Actual Edges ——

EI

5 10 15 20 25 30 35 40 45 50

m Real-world networks are typically sparse, i.e., m < mMpmax

m Density is particularly relevant when comparing networks
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Degree distribution
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Giant component

Figure: Each component has its own color.
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Unique properties of real-world networks

m Five interesting metrics that distinguish real-world networks from
trivial graph structures:
Density
Degree
Components
m To be discussed today:

Distance
Clustering coefficient
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Today

m Two additional properties of real-world networks

Distance
Clustering coefficient

Advanced network concepts

Graph traversal

Centrality
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Small world experiment

m Stanley Milgram

m Starts with 96 random people in
Omaha

m Ask them to get a letter to a
stock-broker in Boston by passing it
through to a closer acquaintance.

m How many steps did it take?
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Small world experiment

Stanley Milgram

m Starts with 96 random people in
Omaha

m Ask them to get a letter to a
stock-broker in Boston by passing it
through to a closer acquaintance.

m How many steps did it take?

m Letters arrived after on average 5.9
steps

m Total of 18 chains completed

J. Travers and S. Milgram, " An Experimental Study of the Small World Problem”, Sociometry 32(4): 425-443, 1969
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Yahoo small world experiment
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Hubs

m Hubs are highly connected amongst each other
m Peripheral nodes have a very small distance to the hubs
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Barabasi, Scientific American, May 2003

, Advanced network concepts and Centrality 12 / 71

Frank Takes — SNACS — Lecture 2 — Small world phenom




Distance

m Average distance d = ;15 >, ey d(v, w)
m Distance distribution: how often each distance value occurs
(computed over all node pairs).

Dataset Nodes Links | Average degree | Average distance
ASTROPHYS 17,903 396K 21 4.15
ENRON 33,696 362K 10 4.07
WEB 855,802 8.64M 10 6.30
YouTUBE 1,134,890 | 5.98M 5.3 5.32
SKITTER 1,696,415 | 22.2M 13 5.08
WIKIPEDIA 2,213,236 | 23.5M 11 4.81
ORKUT 3,072,441 | 234M 76 4.16
LIVEJOURNAL 5,189,809 | 97.4M 19 5.48
HyvEs 8,057,981 | 871M 112 4.75

F.W. Takes and W.A. Kosters, Determining the Diameter of Small World Networks, In CIKM, pp. 1191-1196, 2011.
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Distance distribution
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Figure: Distance distribution of the HYVES network (sampled over node pairs).
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Erdos number

m Scientific collaboration network

m Edges between scientists who wrote a paper
together

m Erdés number: the distance of a scientist
(node) to Erdés
B https://mathscinet.ams.org/mathscinet/
collaborationDistance.html Figure: Paul Erdés
(1913-1996)
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Erdos number
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Movie actor network

Source: http://web.stanford.edu/class/cs224w
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Six degrees of Kevin Bacon

m Actor collaboration network based on
co-starring actors

m Variant of “Six degrees of Separation”

m Edges between actors indicate they
played in a movie together

m Try finding a path of length longer than
six at https://oracleofbacon.org

Figure: Kevin Bacon (1958)
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©9Like | E)send [ 11,355 people like this. Be the first of your friends

EXPLORE & RACE THROUGH WIKIPEDIA ARTICLES

GAME

PLAY ANYWHERE WITH THE

IPHONE APP!

(It’s transcendentally exquisite )

Login or Signup now for Uscrname & Stats!

CURRENT GAME

START

BLUE DRAGON

SPEED RACE

32/60

13/20

Small world ph on, Advanced network concepts and Centrality 19 / 71

Frank Takes — SNACS — Lecture 2




Expected number of triangles

m Triangle: for nodes u, v, w € V we have (u,v),(v,w),(w,u) € E
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Expected number of triangles

m Triangle: for nodes u, v, w € V we have (u,v),(v,w),(w,u) € E

m Sets of three nodes that might be a triangle: (5) ~ n*/6
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Expected number of triangles

m Triangle: for nodes u, v, w € V we have (u,v),(v,w),(w,u) € E
m Sets of three nodes that might be a triangle: (5) ~ n*/6
m Probability of an edge in a random graph is m/(5) ~ 2m/n?
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Expected number of triangles

Triangle: for nodes u, v, w € V we have (u,v),(v,w),(w,u) € E
Sets of three nodes that might be a triangle: (3) ~ n*/6
Probability of an edge in a random graph is m/(5) ~ 2m/n?
Probability of one triangle is (2m/n?)3 = 8m3/n®
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Expected number of triangles

Triangle: for nodes u, v, w € V we have (u,v),(v,w),(w,u) € E
Sets of three nodes that might be a triangle: (3) ~ n*/6
Probability of an edge in a random graph is m/(5) ~ 2m/n?
Probability of one triangle is (2m/n?)3 = 8m3/n®

Expected triangles: (8m®/n%)(n3/6) = 3(m/n)3
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Expected number of triangles

Triangle: for nodes u, v, w € V we have (u,v),(v,w),(w,u) € E
Sets of three nodes that might be a triangle: (3) ~ n*/6
Probability of an edge in a random graph is m/(5) ~ 2m/n?
Probability of one triangle is (2m/n?)3 = 8m3/n®

Expected triangles: (8m®/n%)(n3/6) = 3(m/n)3

For n = 1000 and m = 8000, we would expect 683 triangles.
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Triangles

Network Nodes Edges Expected Real Difference
Facebook (WOSN) 63,731 817,035 2,809 3,500,542 1,246 X
Epinions 75,879 508,837 402 162,448 404 x
Amazon (TWEB) 403,394 3,387,388 789 3,986,507 5,049 x
Baidu 415,641 3,284,387 658 14,287,651 21,718
Youtube links 1,138,499 4,942,297 109 3,049,419 27,957 X
Flickr 2,302,925 33,140,017 3,973 837,605,842 210,806 x
LiveJournal links 5,204,176 49,174,464 1,125 310,876,909 276,367 X
Twitter (MPI) 52,579,682 1,963,263,821 69,410 55,428,217,664 798,565 X

Table: Expected vs. real triangle counts in real-world networks.
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Triads and triangles

Figure: Triad/wedge (left) and Triangle (right).

m Structural hole: common neighbors that are not connected to each
other
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Global clustering coefficient
m Global clustering coefficient for a graph G:

cC'(G) = 3 - number of triangles

number of triads
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Global clustering coefficient
m Global clustering coefficient for a graph G:

cC'(G) = 3 - number of triangles

number of triads
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Global clustering coefficient
m Global clustering coefficient for a graph G:

3 - number of triangles

4
cc(e) number of triads
%o °
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Figure: High clustering (left) and lower clustering (right).
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Global clustering coefficient
m Global clustering coefficient for a graph G:

3 - number of triangles

4
cc(e) number of triads
%o °
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Figure: High clustering (left) and lower clustering (right).

m Measure of global transitivity

m Small world networks: high clustering coefficient compared to a
random graph with the same number of nodes
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Local clustering coefficient

m Local clustering coefficient: extent to which a node v forms
triangles with its neighbors

m Node clustering coefficient for a node v € V:

€ E:(uv)e EN(v,w) € E}|
3deg(v) - (deg(v) — 1)

(where deg(v) > 1 is the degree of node v)

edges between neighbors of v

CC(v) =

maximum number of such edges

m Measure of local transitivity

Frank Takes — SNACS — Lecture 2 — Small world pheno n, Advanced network concepts and Centrality
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Local clustering coefficient

O (V) ——(w)
o Lotk
ORI ONE

m Situation A: v has a clustering coefficient of 0

m Situation B: v has a clustering coefficient of 110 =0.7

Image: G.A. Pavlopoulos et al., " Using graph theory to analyze biological networks”, in BioData Mining 4(1), 2011.
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Average local clustering coefficient

m Average local clustering . .
coefficient for a graph G: . . .
CC(G) = % ) CC(v) .

veVv

m Small world networks: high clustering coefficient compared to a
random graph with the same number of nodes
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Real-world networks

m Five interesting properties that distinguish real-world networks from
trivial graph structures:

Sparse networks density
Fat-tailed power-law degree distribution degree
Giant component components
Low pairwise node-to-node distances distance
Many triangles clustering coefficient

m Many examples: social networks, communication networks, citation
networks, collaboration networks (Erdés, Kevin Bacon), protein
interaction networks, information networks (Wikipedia), webgraphs,
financial networks (Bitcoin) ...
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Advanced concepts

Reciprocity

Complete graph, complement of a graph
Planar graph, lattice, regular graph

Tree and dag

Subgraphs

Ego network

Spanning trees

Diameter

Bridges

Frank Takes — SNACS — Lecture 2 — Small world pheno , Advanced network concepts and Centrality 29 / 71



Reciprocity

m Reciprocity: measure of the likelihood of nodes in a directed network
to be mutually linked

Let m._~ be the number of links in the directed network for which
there also exists a symmetric counterpart:

me—s = {(u,v) € E: (v,u) € E}]

Reciprocity r is then the fraction of links that is symmetric:

me_>
m

r =

Measures the extent to which relationships are mutual

Useful to compare between networks
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Simple vs. complex networks

m Simple networks can be fully described analytically, typically using
some formula or definition
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Simple vs. complex networks

m Simple networks can be fully described analytically, typically using
some formula or definition
Not to be confused with the simple graph (yes, this is a bit
confusing, also in the Coscia book)

m Complex networks: topological features cannot be described
analytically, formulas can at best approximate salient characteristics
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Complete graphs

m In complete graphs, all pairs of nodes are connected

m The number of edges m is equal to 2 - n- (n—1)

ONNOS®
\(
oo I

Figure: Complete graphs of size 1, 2, 3 and 4

Image: Zafarani et al., Social Media Mining, 2014.
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Complement of a graph

Figure: A simple graph and its complement.
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Planar graphs

m Planar graphs can be visualized such that no two edges cross each
other

Vs V2

()
) 2 @A@

(a) Planar Graph (b) Non-planar Graph

Image: Zafarani et al., Social Media Mining, 2014.
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Regular graphs and lattices

m Regular graph: graph in which each node has the same degree

m Lattice: graph drawn in an Euclidean space to form a tiling or pattern

(a) (b)

Figure: An infinite and a finite (2D) lattice.
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Regular graphs and lattices

m Regular graph: graph in which each node has the same degree

m Lattice: graph drawn in an Euclidean space to form a tiling or pattern

(a)

-
(=3
=

Figure: An infinite and a finite (2D) lattice.

m Which lattices are regular?
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Other lattices

Figure: 2D triangular and 2D hexagonal lattices, 1D and 3D lattices.
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Other lattices

Figure: 2D triangular and 2D hexagonal lattices, 1D and 3D lattices.

m Which lattices are planar?

Frank Takes — SNACS — Lecture 2 — Small world phenomenon, Advanced network concepts and Centrality
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Trees

m A tree is a connected graph without cycles
m A set of disconnected trees is called a forest

m A tree with n nodes has m = n — 1 edges

®
® ®

/
/
/

/

Image: Zafarani et al., Social Media Mining, 2014.
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Image: M. Lima, Book of trees: Visualizing branches of knowledge, 2014.
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Directed acyclic graph

m An undirected tree has no cycles

m Directed acyclic graph: directed graph which does not contain a
directed cycle (but may have cycles if you ignore edge direction)

Figure: Directed cyclic graph and directed acyclic graph (dag).
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Subgraphs

m Given a graph G = (V/, E), there are two ways in which subgraphs are
commonly studied:
Subgraph G’ = (V/,E’) with V' C V and E' C(EN (V' x V’))
(subset of the nodes and edges of the original network, commonly used
when defining communities or clusters)
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Subgraphs

m Given a graph G = (V/, E), there are two ways in which subgraphs are
commonly studied:

Subgraph G’ = (V/,E’) with V' C V and E' C(EN (V' x V’))
(subset of the nodes and edges of the original network, commonly used
when defining communities or clusters)

Induced subgraph: subgraph with a set of nodes V/ C V and all
edges between these nodes E' = (EN (V' x V')
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Subgraphs

m Given a graph G = (V/, E), there are two ways in which subgraphs are
commonly studied:

Subgraph G’ = (V/,E’) with V' C V and E' C(EN (V' x V’))
(subset of the nodes and edges of the original network, commonly used
when defining communities or clusters)

Induced subgraph: subgraph with a set of nodes V/ C V and all
edges between these nodes E' = (EN (V' x V')

Subgraph G’ = (V,E’) with E' C E
(alternative definition where only edges are left out, commonly used
when modelling network evolution)
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Subgraphs

m Given a graph G = (V/, E), there are two ways in which subgraphs are
commonly studied:

Subgraph G’ = (V/,E’) with V' C V and E' C(EN (V' x V’))
(subset of the nodes and edges of the original network, commonly used
when defining communities or clusters)

Induced subgraph: subgraph with a set of nodes V/ C V and all
edges between these nodes E' = (EN (V' x V')

Subgraph G’ = (V,E’) with E' C E
(alternative definition where only edges are left out, commonly used
when modelling network evolution)

m Special subgraphs:

m Ego network
m Spanning tree
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Ego network

Alter

Ego

Figure: The ego network of a given node in a network consists of the set of
nodes containing that node (“Ego”) and its direct neighbors (“Alters"), and all
edges present between the nodes in this set

Image: Wikipedia " Egocentric network.png”, accessed 2022.
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Spanning trees

m A spanning tree is a tree and subgraph of a graph that covers all
nodes of the graph

m In weighted graphs, a minimal spanning tree is one of minimal edge
weight

Image: Zafarani et al., Social Media Mining, 2014.
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Diameter

m Distance d(u, v) = length of shortest path from u to v

m Diameter D(G) = max, vcv d(u, v) = maximal distance
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Diameter

m Distance d(u, v) = length of shortest path from u to v

m Diameter D(G) = max, vcv d(u, v) = maximal distance

m Eccentricity e(u) = max,cy d(u, v) = length of longest shortest
path from u

Diameter D(G) = max,cv e(u) = maximal eccentricity

Radius R(G) = min,cy e(u) = minimal eccentricity

Frank Takes — SNACS — Lecture 2 — Small world phenomenon, Advanced network concepts and Centrality 43 / 71



Bridges

m Bridge: an edge whose removal will result in an increase in the
number of connected components

m Also called cut edges, with applications in community detection

Image: Zafarani et al., Social Media Mining, 2014.
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Graph traversal
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Graph traversal

Given a network, how can we explore it?

Specifically: exploration starting from a particular source

Node adjacency: two nodes are adjacent if there is an edge
connecting them

Neighborhood: set of nodes adjacent to a node v € V:

N(v)={we V:(v,w)e€ E}

Techniques to iteratively explore neighborhoods: Depth-First Search
(DFS) and Breadth-First Search (BFS)
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Graph traversal: DFS and BFS

Figure: DFS and BFS
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Graph traversal: BFS

m Breadth First Search (BFS)

m From source node, create a rooted spanning tree of the graph
m Graph traversal in level-order

m Often implemented using a queue

m BFS considers traversing each of the m edges once, so O(m)

m Important for computing various centrality measures

your friends

friends of your friends

Image: Zafarani et al., Social Media Mining, 2014.
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Shortest path algorithms

® o
[ ) BFS

o-®

Dijkstra* | Dijkstra*
.7 .7 Floyd- Floyd- Floyd-
Warshall | Warshall | Warshall

Figure: Columns: Undirected, weighted and directed graphs. Rows: single-source

or all-source shortest paths.

(Many faster approaches exist; see Network Science Seminar)
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Centrality
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Centrality

Given a social network, which person is most important?

What is the most important page on the web?

[
[

m Which protein is most vital in a biological network?

m Who is the most respected author in a scientific citation network?
[

What is the most crucial router in an internet topology network?
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Centrality

m Node centrality: the importance of a node with respect to the other
nodes based on the structure of the network

m Centrality measure: computes the centrality value of all nodes in
the graph

m For all v € V a measure M returns a value Cy(v) € [0;1]

m Cy(v) > Cy(w) means that node v is more important than w
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Degree centrality

m Undirected graphs — degree centrality: measure the number of
adjacent nodes

deg(v
Calv) = ng—( 1)
m Directed graphs — indegree centrality and outdegree centrality
m Local measure
m O(1) time to compute
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Degree distribution

frequency

0 500 1000 1500 2000 2500

degree

m Not so many distinct values in the lower ranges
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Degree centrality
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Degree centrality
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Closeness centrality

m Closeness centrality: based on the average distance to all other

nodes 1 -1
C(v) = (n —1 Z d(v, W))

m Global distance-based measure

m O(mn) to compute: one BFS in O(m) for each of the n nodes
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Closeness centrality

m Closeness centrality: based on the average distance to all other

nodes 1 -1

C(v) = | Z d(v,w)

Global distance-based measure
O(mn) to compute: one BFS in O(m) for each of the n nodes

Connected component(s). ..

Harmonic centrality: variant of closeness that can deal with
multiple components (not normalized)

=3 G

wevV

Sabidussi, G., The centrality index of a graph, Psychometrika 31(4): 581-603, 1966.
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Closeness centrality
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Degree vs. closeness centrality
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Betweenness centrality

Betweenness centrality: measure the number of shortest paths that
run through a node

aw= Y e

o(v,w)
v,wevV
VEW,UFV U#W
o(v,w) is the number of shortest paths from v to w
oy(v, w) is the number of such shortest paths that run through u
Divide by largest value to normalize to [0; 1]
Global path-based measure

O(2mn) time to compute (two "BFSes” for each node)

U. Brandes, " A faster algorithm for betweenness centrality”, Journal of Mathematical Sociology 25(2): 163-177, 2001
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Betweenness centrality
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Degree vs. betweenness centrality
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Centrality measures compared

closeness and betweenness centrality

Figure: Degree

by Claudio Rocchini, Wikipedia File:Centrality.svg

" Centrality

Source:
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Eccentricity centrality

m Node eccentricity: length of a longest shortest path (distance to a
node furthest away)

e(v) = max d(v,w)

m Eccentricity centrality:

m Worst-case variant of closeness centrality
m O(mn) to compute: one BFS in O(m) for each of the n nodes
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Eccentricity centrality

m Node eccentricity: length of a longest shortest path (distance to a
node furthest away)

e(v) = max d(v,w)

m Eccentricity centrality:

m Worst-case variant of closeness centrality
m O(mn) to compute: one BFS in O(m) for each of the n nodes

m Large optimizations possible using lower and upper bounds, see
F.W. Takes and W.A. Kosters, Computing the Eccentricity Distribution
of Large Graphs, Algorithms, vol. 6, nr. 1, pp. 100-118, 2013.
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Eccentricity centrality
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Degree vs. eccentricity centrality
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Centrality measures

m Distance/path-based measures:
m Degree centrality O(n)
m Closeness centrality O(mn)
m Betweenness centrality O(mn)
m Eccentricity centrality O(mn)
(complexity is for computing centralities of all n nodes)
m Many more: Eigenvector centrality, Katz centrality, ...
m Approximating these measures is also possible (see, e.g., Network
Science Seminar)
m Also: propagation-based centrality measures like PageRank (coming

in a next lecture)
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Periodic table of centrality
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Upcoming lab session & “Homework” for next week

m Lab session: Introduction to NETWORKX,
then work on Assignment 1

m Ask your questions
m “Homework”: make serious progress with Assignment 1

m Make choice of participation in course explicit. Un-enroll if you wish
to drop the course
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Credits

m Several images are gratefully reused from
Michele Coscia, The Atlas for the Aspiring Network Scientist, v3 of
https://arxiv.org/abs/2101.00863
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