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review of formal languages and automata theory

1.1 Sets

1.2 Symbols, strings, and languages

1.3 Regular expressions and regular languages
1.4 Finite automata

1.5 Context-free grammars and languages

1.6 Turing machines

1.7 Unsolvability

1.8 Complexity theory



1.4 Finite automata



MOVED to Chapter 3



1.5 Context-free grammars and languages



MOVED to Chapter 4



1.6 Turing machines
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Turing machine

M — (Q? Z) I_7 57 QO7 h)

Q states

go € Q initial state

h € Q halting state

[ tape alphabet

2 C I input alphabet Bel — >

transition function (partial)
0: QXTI —=>QxTIx{L,R,S}
(nondet)  C QXTI xQxT x{L,R,S}

wqx configuration w,z €*, g€ Q

aZpXBraqZYB if 6(p,X)=1(qY,L)

apXpFaYqB if 6(p,X) =(q,Y,R)
apX B+ aqY it 4(p,X) =(q,Y,5)
L(M) =

{x € &* | goBx H* ahf for some o, € * }
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TM models
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Turing computations

RE
REC

)

blocks: no move defined no’

move off tape (one-sided) ‘no’

infinite computation ‘loop’ ‘no’ (but we
cannot tell)

halt in state h ‘ves’
recursively enumerable enumerate
recursive — T M always stops decide

REC closed complementation, RE is not

equivalent variants:
multiple tapes

one sided, two sided
two-dimensional tape
nondeterminism



I7 the universal machine

“Itis possible to invent a single machine which
can be used to compute any computable se-
quence. If this machine U is supplied with
a tape on the beginning of which is written
the S.D. [=description] of some computing
machine M, then U will compute the same
sequence as M. a

A.M. Turing, On Computable Numbers, with an Application to
the Entscheidungsproblem. Proc. London Math. Soc. Ser. 2
42, 230-265, 1937. doii10.1112/plms/s2-42.1.230

universal TM My;:
on input e(T)e(x), My simulates T on input
x and halts if and only if T" halts on =x.

Theorem 1.6.1


http://dx.doi.org/10.1112%2Fplms%2Fs2-42.1.230
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coding the TM

I_U — {B — ap,a1,a,... }
QU:{QO7Q17QQ7'”} .
cla) = 0°+1 e(q) = 07+

alphabet >~ = {b4,...,b;}
e(X) =111e(by) le(by) 1---1e(by) 111

e(L) =0, e(R) = 00, e(S) = 000

instruction m: §(q,a) = (p,b, D)
e(m) =11e(q) le(a)le(p) le(b) 1e(D) 11

T™M M with instructions m1q,...,my
e(M) =
1111l e(gp) le(h)le(X)1le(lM)1e(my)1---1e(my) 11111



1.7 Unsolvability
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decision problems

problem = language
Lp = { code(x) | P(x) holds } ‘yes’ instances

P solvable = Lp recursive

halting problem:
given Turing machine 1" and input w, does T
halt on w?

unsolvable (undecidable, uncomputable)

halting language
{e(T)e(w) | T halts on w }
in RE — REC



I 10 undecidable problem

“ We can show further that there can be no
machine £ which, when supplied with the S.D
of an arbitrary machine M, will determine
whether M ever prints a given symbol (0 say). ;



1.8 Complexity theory



Walter J. Savitch Deterministic simulation of non-deterministic turing
machines (Detailed Abstract)

STOC '69 Proceedings of the first annual ACM symposium on Theory
of computing 247 - 248 (1969)

10.1145/800169.805439
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complexity

1.8

time complexity T'(n)
P vs. NP

Karp reduction L1 < Lo
x € L1 iff f(x) € Lo
f computable in polynomial time
NP complete:
L € NP
L' < L for every L' € NP

Savitch
NSPACE(f(n)) C DSPACE(f(n)?)

f(n) > logn
PSPACE = NPSPACE



I12

computation as formula
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at step k
T;.. tape cell ¢ contains symbol a
H;;. read/write head is at tape cell i
Qqr M is in state g

computation M on x <= ¢ sat-
isfiable



Cook, Stephen (1971). "The complex-
ity of theorem proving procedures”. Pro-
ceedings of the Third Annual ACM Sym-
posium on Theory of Computing. pp.

151-158.

Levin, Leonid (1973). " Universal
search problems (in Russian, Univer-
sal'nye perebornye zadachi)”.  Prob-

lems of Information Transmission (Rus-
sian: Problemy Peredachi Informatsii)
9 (3): 265-266.  (Russian), trans-
lated into English by Trakhtenbrot,
B. A (1984). 7"A survey of Rus-
sian approaches to perebor (brute-force
searches) algorithms”.  Annals of the
History of Computing 6 (4): 384-400.
doi:10.1109/MAHC.1984.10036

wikipedia:Cook-Levin Theorem <


http://dx.doi.org/10.1109/MAHC.1984.10036
http://en.wikipedia.org/wiki/Cook-Levin_Theorem

(Q171)(Q2x2) - - - (Qnxn) ¢(x1,22,...,%n)
A=Qrxo - Qnrnd(0,xo,...,2n)

B =Q>x5 - Qnxno(l,xo,...,Tn)

use recursion

stack depth max n

closed formula



I13 Cook-Levin theorem

SAT is NP-hard

variables
T;.. tape cell 2 contains symbol a at step £
H;;. read/write head is at tape cell ¢ at step k
Qqr M is in state g at step &

conjunction of
Tiz[i)0 initial tape x[i] = x; or z[i{] =B
Qg0 initial state
Hgo initial position head
;o — —Lip. ONne symbol per tape cell  a#b
Qpr — Qg One state at a time  p # ¢
H;, — —Hj;, one head position at a time 7%
Tiak N Tip(k+1) — Hip tape changed only if written  a #b
Hi N Qpi N Tiak =V (p,a,qb,d)es Hi+d) (k+1) N Qalh+1) N Tib(k+1)
possible transitions
@pp(n) finish in accepting state h
Theorem 1.8.2



CNF conjunctive normal form

conjunction A clauses (disjunction V/ literals)
(1 Vaa) AN(zo Va3V —xzs) A(—-z1VIrzVzaVes)

a— b < —aV b

aANb—c < —-aV-bVc

and finally

aANbAc— Vici(diNe N f;)) < *

(ma VbV =eV Vierzi) ANier(—zi V di) A Nier(m2 V €;) A Nier (52 V f3)

3SAT is NP-complete

aVbVevdVe < *(avVbVzi)AN(—x1VecVry)A(—xoVdVe)



I 15 formula games

3SAT is NP-complete

Jrq dzo Jxz g i (1 V m23V 2a) A (m22 V 23 V —I4)

TQBF is PSPACE-complete

daxq Voo doxgVaas i (1 V —x3Vxa) A (—mxo V3V —xy)

configuration ¢ (sequence of variables T;,, H;, Qq)

®,.(c1,c0) from ¢1 to cp in (at most) k steps k< 2/«

k=1 see SAT construction

Dsi(c1,c0) = (Fe)( Pr(c1,¢) AN DPr(c,cn) ) idea OK, but doubles size

Pop(c1,c2) = (F)(Ve) (V) ([ (e, ) = (e1,0) V (e,¢) = (¢,c2) | = Pyle1,0))
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