


HIGHLIGHTS OF LAST LECTURE :

QUANTUM CIRCUIT

-
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G. CIRCUITS : A WAY TO DESCRIBE QUANTUM EVOLUTIONS

POSTULATES Q -C. ELEMENTS MATH ( LINEAR ALGEBRA)
l
. STATE SPACE QUANTUM REGISTER ¢

""

•

tannin.in#iii::...::::.mw.4. COMPOSITE SYSTEMS QUBIT → REGISTER TENSOR ( KRONECKER ) PRODUCT

QUANTUM CIRCUIT E ONE FIXED FUNCTION IMAP

*

? QUANTUM ALGORITHM ?

*
"

QUANTUM ALGORITHM
"

,
I BELIEVE IS A MISNOMER

.

"

ALGORITHM FOR QUANTUM COMPUTERS
"

IS CORRECT
.



COMPUTABILITY & (COMPUTATIONAL) COMPLEXITY THEORY

° A PROBLEM IS COMPUTABLE IF I A TURING MACHINE THAT SOLVES IT

0 TURING MACHINES
-
*

° BOOLEAN CIRCUITS FORMALIZATIONS - MODELS -
o TWO - STACK AUTOMATA

°

;
MATA / OF COMPUTATION

- ( GENERAL- , U - 7

RECURSIVE FUNCTIONS

ALL CAPABLE OF SOLVING THE SAME SET OF PROBLEMS [ G DEL - TURING - CHURCH]

CHURCH - TURING THESIS

Ei""aY:¥¥Eh%¥:gio÷;n:.¥¥ ← know
""

①



QUANTUM COMPUTATION - CIRCUIT MODEL ( t )
#

① A DEVICE THAT CAN EXECUTE A CIRCUIT En (on IT ) ) &

RETURN MEASUREMENT OUTCOME
q,
I\ "a.c. PROPER

"

";t⇒⇒¥⇒I--¥¥⇒p÷. EI:*!107- =

I

② A CLASSICAL ( QUANTUM ) DEVICE ON WHICH WE CAN

I .÷÷÷÷÷÷i÷÷÷÷÷: comment
-



QUANTUM COMPUTATION - CIRCUIT MODEL (2)

MORE GENERALLY

÷i÷÷÷¥÷÷÷?
.

:÷÷÷÷÷÷÷÷÷÷÷
H
OUTPUT

EVEN MORE GENERALLY i ''TNC

CLASSICACCONTROLUNI.TT④a*wei:÷⇒i÷
.



NOT ALL PROBLEMS ARE COMPUTABLE ( SEE HALTING PROBLEM &

HILBERT (ACKERMANN's
ENTSCHEIDUNGS PROBLEM )

CAN THE QC MODEL DO BETTER ?

4



#
f : doing

*
→ for }

" i

CAN QC 's DO BETTER ?

no

:÷::::÷::÷ii:.iin:iiFURTHERMORE : A QC CAN COMPUTE ALL

FUNCTIONS A CC CAN

t=°*
* ¥.¥:÷÷÷::c

:c,



Soo - - WHY CARE ABOUT QC ? IN A SEC
.

PROOF : PROVE CCEQC & QCECC
.

a) CCZQC
o SIMULATE

"
QC PROPER

"

: ITS JUST MULTIPLICATION OF

MATRICES & VECTORS To GET To [ 1400T )] ( albeit
, large ! )

t

[ • ] := NUMERICAL

0 ONCE GET [ HOUT )] CAN USE REPRESENTATION

OF

REJECTION SAMPLING
,
OR OTHER RANDOMIZED ALGORITHMIC

METHODS TO SAMPLE FROM Piya, > (bn . - bn ) ( need Cgi for this ! )
Randomness

6



|NDETAb) QC Z CC tf classical circuit EG computing f :{0,13
"
-s {913M

F QUANTUM circuit EQ (I) which WHEN Run on
"

QC- PROPER
"www.m.yqggqggouy.ms#e,,,g,,,ingy,,,.gw,,,,ppop

lay -0- la)

ibslq-lb.fi#D=ySET:c=r--s1asMM7faaYYgYYnotangjak) -⑦- IC ⑦Carb))
⇒
-

-1TAKE A CLASSICAL CIRCUIT
,
REPRESENT IN ( NAND t FANOUT ( copy) )

-

• FANout ← CNOT iii. I ⇒ c.NOT laslo) = lalla)f. nano ← toeeouctianc.ua#x.u....,ow..y)!jbimt+I7namow:IFFtM - TOFFOLI

TOFFOLI 1£ A 3- QUBIT UNITARY K - CNOTSg,,#
y



FOR THOSE WHO JUST . - - CRAVE
. . .

MORE INFO :

-

• TOFFOU CAIN BE IMPLEMENTED FROM { CNOT ,

"18
, H }

,1Q⇐÷¥
DH*FtODtfD#D④- - - - -

• BUT CANNOT BE IMPLEMENTED FROM JUST fo & H
.
.

tH)QW9 ,

' Ff is cc - STRONG j tht taunts is

lto
O .a¥÷¥÷.÷tn¥

- - = ⑦ L ( ' ' PARITY - L
" )

g



COMPUTABILITY - WISE
. . .

QC -- CC

WHAT ABOUT HOW FAST
. . .

HOW EFFICIENTLY THEY

COMPUTE ?

ENTER COMPLEXITY THEORY ,

g



COMPLEXITY THEORY

→ COMPLEXITY OF AN A¥"⑦txy=nuttall •

c. f .
"

TIME complexity
" t # gates as a function

of input size

oEExi- ha # Qubits of circuit
•

CATCH = - OFTEN NEED ANCILLA)

- Loc, SPACE !

TIME & SPACE COMPLEXITY LIVE NATURALLY IN THE

TURING MACHINE MODEL OF COMPUTATION . . . BUT MAP EASILY TO CIRCUIT MODELS

to



COMPLEXITY THEORY

→ COMPLEXITY OF AN A¥ "②t
° DEPTH complexity n'→ LAYERS ( tch) ) •

. .
.

MINIMAL NUMBER OF LAYERS .
. COMMUTATIVITY AN ISSUE

-Due

AI
° DEPTH COMPLEXITY A NATIVELY CIRCUIT- MODEL MEASURE

. . .

- HAS TO DO WITH PARALLELIZATION !

DECOHERENCE ?
"
EXPERIMENT COHERENCE TIME

"
Ah



COMPLEXITY THEORY

complexity usually expressed IN
"

BIG - O
"

NOTATION

e. g . o.sn't En' C- Och ' )

DEF : flat c- Olga )) Fk > o tho> o St . th>no lflnllsk - gun ) • ( approx . . . )
M

upper bound

fan) EA ( gem) Fk > 0 74070 St th> no Hnl > K - gcn )

fate ( guy time 0194114 Hnlerlgcnl )

WE WILL MOSTLY CARE ABOUT O(poly (n ) ) & O ( exp (n ) )
T

"
SOME POLYNOMIAL

"

12



COMPLEXITY CLASSES

A COMPLEXITY CLASS C is

o:iI"::::i.ir:6
E Cl . COMPUTABLE-1M

= ALL PROBLEMS SOLVABLE ON A TM

USING f- (n) TIME , FOR Any FUNCTION f : IN -4N

f- can
WE KNOW :

COMPUTABLE
Tm

= COMPUTABLE
c

13



COMPLEXITY CLASSES

SMALL COMMENT - - -

WHAT IS A
"

PROBLEM
"

HERE ?

FOR NOW DECISION PROBLEMS

= PROBLEMS WITH YESHU ANSWER

PROBLEM L
yes I { 0113$

(LANGUAGE ) Luo E {0113" LNO = {913*1 (yes , op
"
PROMISE

"

IE Ly UL no
is XE L

yes ?

14



=A SET OF PROBLEMS (with "SIZE
"
n ) WHICH CAN BE SOLVEDCOMPLEXITY CLASSES %Aneec using 0oFReswmER⑦/1-

SOME FAMOUS EXAMPLES :

PIP = DECISION PROBLEMS ( YES INO ) SOLVABLE ON

ADETERMINisticTURINUMACHI.NL IN 0(p TINEO
Bpp = PROBABILISTIC TM

, Ofpolyln )) ,
TIME

, EDERRoR •

Np - NON-DETERMINISTIC TM
,

O ( Poly (n) ) , TIME •

BQPt-QTRTPT.ME a

15



PSPACE = DETERMINISTIC TM
, Ofpolycn ) ) , STALE

EXP TIME = . . .

COMPUTABLE
EXPTime .

.

-

-

s .

*¥%'in.

ISING GROUND

ENERGY /
✓

JONES Poly - Approximation
16



SOWHATISAHBQPIIPROBCEMEXAC.TL#FEL--Lyes-ULno
E {0113 *

IT ENCODES AN ' STANCE OF YES (NO QUESTION - n . III - h

BQP : I pay- Time Tm .
A : I →#→ Cf

Cn goes INTO
"

QC - PROPER
"

( NOTE / EQ ) C- Ofpocycn ) )

IF FEL THEN

lo?I ⇒→b Pcb -- 1) 3⑤
,

#:¥.⇒*o¥i¥⇒o.__¥ " * . ..eu
107- P(bit) E

( Pcb-- o) >, -3 )
ARBITRARY CONSTANTS

. 1/2 tpyn, is ok;y



CLASSICAL COMPUTERS CAN SIMULATE QUANTUM COMPUTERS

WITH AN EXPONENTIAL SLOWDOWN .

KNOWN : L E P ENP E PSPACE & L C PSPACE

BPP EDQPEPPEPSPACE

BPP EPH

BQP vs PH ? UNLIKELY .
-

NPi-PR0BLEM5VERlFIABLE1NP0Ly-TiME0NDET.TURH Be

° COMPLETE PROBLEMS & REDUCTIONS

18



STRONGLY BELIEVE :

P # NP
.

TRIVIAL : PENP

PEBPPEBQP

BQP # BPP
P vs

.

NP THE BIGGEST ($104

BQP # NP Question IN CT ) Cs

BPP us . BQP . . - IN Q CS

(VERY STRONG EVIDENCE IN BOTH CASES )
ALSO :
e- BUT IT COU# BE P -PSPACE

P=BPP=NP=DQP =PSPACE

it"

POLYNOMIAL HIERARCHY (PH ) DOES NOT COLLAPSE .
'

.
.

PENPENP"eµpN"
"

sup
'

' !
.
. . . ⇒space

NB .
PINP ⇒ FULL COLLAPSE

IMPORTANT IN
"

QUANTUM SUPREMACY
"

Ig



CHURCH - TURING THESIS

=) EXTENDED (STRONG ) CHURCH -TURING THESIS (Bernstein 4 VAURani )

¥÷.tn#:ii:..::::i:::::n::i::n:se*ici":mn⇒
Poly - resources

BQP -4 BPP WOULD VIOLATE THIS

Zo



MUCH OF Q
. COMPLEXITY THEORY USED TO BE ABOUT

DECISION PROBLEMS . . .

- -

- SEARCH (OR FUNCTIONAL ) PROBLEMS

- COUNTING PROBLEMS
- SAMPLING PROBLEM ) ← Strom SEPARATION RESULTS ( com ,

THEO ASSUMPT. )
→

"
QUANTUM SUPREMACY

"

- ORACULAR PROBLEMS ← UNCONDITIONAL SEPARATIONS ( Promise )

21



GETTING "
IN THE GROOVE " WITH BASIC

Q
- AL 405 & MAIN PROPERTIES . .

.

22



EXAMPLE 1
.

DEUTSCH - jozsa
QUANTUM ALGORITHM

INSTANCE SIZE h

f :{ out → foil }

PROMISE : f is CONSTANT OR BALANCED l )- - A

o
::÷÷÷÷: i÷ii÷÷⇒T "
"
BIT -FLIP ORACLE

"

gang:p! |
ONLY A CALL TO Uf

f- → UHH # Dib> -

- IED # toff D

23



QUANTUM ALGORITHM

( instance size n ) .

STATE AFTER ORACLE :

107-④- H -IA
- i CONSTANTht on:O: ⇐zentuih.is#niH7-tO-

DEF : 147 -- ⇐ felt
# '
II >

Q
. ALGO. TRICKS : I const I DAL ?

•i¥ii÷÷ I:÷÷÷÷÷""i÷, ':*.

BBB
"

PHASE KKK- BACK
"

H⇐¥④¥⇐t⇒¥ Davina
! Yagami

O or

⇒ Uf II > f) = ft II > I -7 PHASE trip ⇒ DESTRUCTIVE t n
U IN ORACLE INTERFERENCE !

#

24



H to> = FL ( 107 t les )
H 117 = tr ( lol - 117)

Hot " lo -
- o) =p! ( lost HS )



CLASSICAL LOWER BOUNDS .

° DETERMINISTIC TM / CIRCUIT WORST CASE :S(2
""

) caus

⇒ EXPONENTIAL SEPARATION

o RANDOMIZED (probabilistic) CONSTANT (BOUNDED) ERROR: 011) ⇒ NO SEPARATION
in

(WITHIN E> 0 ERROR
, O( Log (NE)) ) 1

THIS MEANS
"
SOME CONSTANT NUMBER OF CAUS

" E.G. 5

(DEPENDING ON YOUR B.E. Probability )

Zr



EXAMPLE 2
-

SIMON 'S PROBLEM f :{ 0,13
"

-310,13
"

promise F JE { 0,13
"

St
. fix ) - fcj ) Iotas - 5

Cliven Of FIND 5

QUANTUM ftp./I)lb)=lI)lbotffCI ) )OKAELE
POINT - WISE XOR

( xn ,H . . Xn ) Otr ( kik .
- yn ) - ( Xn -091,14092 , . - Mutoh)

26



EXAMPLE 2
-

SIMON 'S PROBLEM f : {0,1/-310,1}" promise F JE {0,13
"/St . fix ) -- fcj ) Iotas - 5

Cliven Of FIND 5
.

QUANTUM ftp./I)lb)=lxyI5qfcxyy COMPLETE ALGORITHM
t

t) REPEtMEWHP028. - -

El
. IT Fe . - Ju- n are LIN INDEP IN Fz

n

-

lo' Dila- 5 [1.5 ) GOTO 1 IF NOT LIN . INDEP
.
OR Goto 1 log (%) time]Mmµ.w?eMt* 2) SIE 'Ii :3 :: niE .

i

5ni

IF 5=0 . -
O 5 is FULLY RANDOM

VER n
.

"

REPEAT UNTIL success
" ( LAS VEGAS )

¥¥:" 5.st.si:*? uerr."¥E!;;÷÷"iiaomeu
O

-27



LET 'S WORK IT OUT
. .

- ASSUME 5-+8

AFTER Hot " : I ¥ II> I O )-

C- 10,13"

AFTER ORACLE : L ¥ II ) If> Inner product of Ditsirings in F (mod 2 )
-

NOTE : HOMIE ) a ⇐ f- i 15 >

AFTER Hoth : a E E C- 1)
I
IF > If II ) )

- yi

28



BEFORE MEASUREMENT : a ¥ §, I- 1)
I
IF > I f- II ) )

y

Funny Panah Eti" 't.fi?ll2alzEp..eiejiittnYiotftEH
'

V

(I -0515=1.505.5

-HEH#5Gt this kill
-

0 UNLESS I . ] O
.

2g



EXAMPLE 2
-

SIMON 'S PROBLEM f : 10,13
"

-310,1 }
"

promise F JE { 0,13
"

St
. fix ) -- fcj ) ⇐ Iotas - 5

Cliven Of FIND 5

THfsiMONJANYCLASSICALALGORITHMNEEDSB.CI/4cA( WITH OR WITHOUT RANDOMNESS ) TO SOLVE 5. P
. WITH

NON - NEGLIGIBLE PROBABILITY ,

QUANTUM : Oln) 1- - - - -
- A CLASSICAL : R ( 2h12 )

EXPONENTIAL
SEPARATION

RELATIVE TO THIS ORACLE (NOT About BRP vs BPP )
30



COMMENT : 015 SIMON 'S ALGORITHM
"

A QUANTUM ALGORITHM
"

o A
" HYBRID ALGORITHM

" ?

→ FOR PRACTICAL PURPOSES WE Like HYBRID ALGO>

WHICH SPECIFY CLASSICAL & QUANTUM PARTS

MORE CLASSICAL IS BETTER
-

→ FOR (Most ) THEORY ,
RECALL CC EQC - - .

I CAN MAKE ALL CLASSICAL PARTS QUANTUM

CF ALSO
"
PRINCIPLE OF DEFERRED (DELAYED MEASUREMENT

"

= ALL MEASUREMENTS CAN BE
"

PUSHED TO THE END
"

31



So FAR ONLY
"
ORACULAR

"

SETTINGS .
. .

CAN WE GET
"
NATURAL

"

,
END - To - END ADVANTAGES .

YES
,

BUT IT IS NOT EASY
.



EXAMPLE 3
. .

. A "
FULLY QUANTUM

"

ALGORITHM

QUANTUM FOURIER TRANSFORM
.

° FOURIER TRANSFORM ( WATCH 3BROWN 1 BLUE ON YOUTUBE ! )

→ EXPRESSING A PERIODIC FUNCTION f- (X)
AS A SERIES IN ¢k(X ) : exp (i k ) ON [-L , L ]

→ INVALUABLE IN THEORY AND APPLICATION .

° DISCRETE F.T
. I = ( Xn . . . Xn )

J -- DFTCI ) DEF WITH Yk=Xeexpf-i2My
e -- O

=3 LINEAR MAP i (DFT)ke=expfiUTk ORTHOGONAL COLUMNS . . .
But NOT ORTHONORMAL

32



DFT CAN BE MADE UNITARY .

'

UDFT - ¥ DFT
CLASSICAL COST : - Native OCN ' )

- FAST FT . OCN Logcn ) )

APPLICATIONS : o SIGNAL PROCESSING

u COMPRESSION

o MACHINE LEARNING ( E.G .
JOHNSON - LINDENSTRAUSS TRANSFORM

AND UNSUPERVISED LEARNING (DIM . REDUCTION) )

° FFT - BASED MULTIPLICATION OF POLYNOMIALS
o FFT - BASED MULTIPLICATION OF INTS ( SCHO" NHAGE - STRASSEN ALGO )

33



- - - BUT UDFT IS Unitary . . VALID QUANTUM OPERATION

⇒ F CIRCUIT . . . LET N -- 2M
.
.
.

QFT

Ibn -DtttB . -- Din- ear flat
"""

m)-

§
-

ibis D-DR . - - FA- th (lost e'"
"""" m ) -

qlbs)#Dtt . - IRI-yr (co> + e'
""" " "

m)
" " ' "

"

:p.
Q'" "" " b"

Ibn- n )#' Fifty- -

Ibn)#Ff-
-

SWAP ORDER

THIS CIRCUIT HAS A NICE
,
INFORMATIVE

RK " ( to e°×pfuTi/zk ) ) construction & conic

SEE NIC OR MY LECTURE NOTES

( LESSON 4)

34



- - - BUT UDFT IS Unitary . . VALID QUANTUM OPERATION .

⇒ F CIRCUIT . . . LET N - 2"
.
.
.

QFT

Ibn -DtttB . -- Din- ear (Ht 'e"" """ m)-

§
-

ibis D-DR . - - FA- th (lost e'"
"""" m ) -

qlbs)#Dtt . - TA-yr (co> + e'
""" " "

m)
" " ' "

:

:p.
Q"" ""

Ibn- n )#' Fifty- -

Ibn)#Ff-
-

SWAP ORDER

QFT TASK : Input : Q
.
STATE 14>

OUTPUT : Q STATE MDFTIY)

IF PERFORMS IMDFT
QFT ALGORITHM 0 ( NZ ) [approx -

- 041094) ) Effort-mint Ed Aigues
CLASSICAL FFT O (24×4) APPLES & ORANGES NOT DIRECTLY ACCESIBLE

Must DESNEA 3T



SNEAK PART 1
.

QUANTUMPTRioDFiNDiN ONLY INTUITION .
-
-

ASSUME f : { 0 , . .
.,L - I } → { 0 , - - . ,L - I } IS PERIODIC ( FT ST tlxttcxtt ) tx

& VALUES BETWEEN DISTINCT . --

FOR TECHNICAL REASONS
,
L=2*

,
TC ¥

° HAVE Mt , tf 1×7197=1×719 teflx))

FIND T in poly ( K ) = polyloyfl ) ( classically ? )

""° "

m prepare µ> =p! lxylfcx ))
,
( HOW ? )

2) (OPTIONAL ) MEASURE REC, 2

3) APPLY QFT ON REG 1

4) APPLY CONTINUED FRACTIONS ALGORITHM TO FIND TT q



1) PREPARE 14) - ¥ 1×7,11×17
,

2) (OPTIONAL ) MEASURE REC, 2 ⇒ GET Ypf (Xo) WITH UNIFORM PROB OVER RANGE

Is smallest x St fcx) -- y

l TEH
140 ) = - Ixottt > If (Xo)) THIS IS A

"

PERIODIC STATE
"

f ¥0 it amplitudes
all x St flxtyo

3) APPLY QFT ON REG l
l l

QFT TRANSFORMS
"PERIODIC STATES

"

#
TO OTHER PERIODIC STATES 9

L K

4) a) IF EXACT :(th) Do twice ; ¥ , #
'

f. Iif: sina.ie.)
" "EI

=

F Fon some k

IF GCD ( k ,
T ) & GCD (K' it ) ARE COPRIME (OFTEN ARE )

F- LCM ( bib' )

b) IF ¥421 THEN APPLY CONTINUED FRACTIONS ALGO DISTILLS EXACT WITH HIGH PROD . Efficiently
37



PERIOD - FINDING ¥ EXPONENTIALLY MORE EFFICIENT

BUT AGAIN ORACULAR - - -

THEOREM ( SHOR )

I÷÷÷÷÷÷÷÷÷:÷÷÷÷÷:÷i:÷:;mi⇒au
ALSO : F EFFICIENT CIRCUIT TO CONSTRUCT Mf for f- Na ,

FOR ANY 9
,
N

.

COR : QC CAN FACTOR NUMBERS EFFICIENTLY

"

ALSO : SHOR 's ALGO IS A DE- ORACULIZATION OF PERIOD- FINDING
"

.
- .
KIND OF . - .

38



THIS WAS ALL RATHER SNEAKY . - .

QFT ⇒ Which oxy woks on AMPLITUDES
,
WHO NEEDS THAT ? !

I
V

PERIOD FINDING =3 WHICH IS AN ORACULAR ACGORITM
,
HOW DO WE Actually

USE THIS ? WHERE IS YOUR ORACLE ?)

↳ SHOR !
FACTORING ⇒ HUH

.

. . This is SNEAKY !

BEST KNOWN CLASSICAL ALGORITHM 8 ( exp ( Fogh) - - - ) LENSTRA !

SHOR : E ( log' N )

BUT - - - FACTORING IN NPA co -NP
. . . NOTHING "WEIRD

"

HAPPENS IF IN BPP . - -

39



OK
.
- . WE GOT INTO THE GOEKE

,

BUT DID NOT DISCUSS GROVER

GROVER 'S SEARCH IS OPTIMAL . . .

r(rn ) vs RCN )
g

c

Look IT up !

Not EXPONENTIAL SEPARATION , BUT GENERICALLY USEFUL
.

40



A WORD ON

o SAMPLING PROBLEMS :

C TASK :

ios -

Hey]
-D=

'
i pfb, . . bn ) GIVEN circuit E Give A CLASSICAL

'

,

y,y, ¥!qa!! ,
"①

; RANDOMIZED ALGO OUTPUTTING bi - - by
WITH PROD P' Cbn - - bn ) WHERE Pl is CLOSE to P

103 -Ff
"

IQP CIRCUITS
"

IF POSSIBLE IN POLY -TIME FOR THE WORST CASE

- - EVEN WITH ADDITIVE CONSTANT ERROR . -
FACTORING IN BPP HASPH - COLLAPSES TO 3RD LEVEL .

NO SUCH REPERCUSSIONS . . .

0 SAMPLING CAN BE PRoVABLYHARD_ ( UP TO SIGNIFICANT complexity - THEORETIC #EPERCVSSIONS)
FOR RELATIVELY SIMPLE COMPUTATIONS / MODELS

0 QUANTUM SUPREMACY : EXHIBITING SUCH A PROVABLY HARD COMPUTATION

NO MATTER HOW USELESS .

41



WE KNOW

FBPP = FBQP ⇒ SAMPBPP -- SAMPBQP

SAMPBPP -- SAMPBQP ⇒ BQP = BPP

But

DQP = DPP ⇒ SAMPBPP -- SAMPBQP

?

Exact SAMPBPP = SAMPBQP ⇒ PH - collapse

4L


