


SOLUTIONS TO

TAKE HOME ASSIGNMENTS



PROBLEM 1.1
.

14in

→

(a) Matrix : (A Z) (NOT ( H 11 ) 14mg NOTE ORDER .
c-

In block FORM

u -- troll ! :L til to :D 1. Itf# ¥1
zx= (I f )

(b) U lol) = U [ ! ) = 2nd column of U = ¥ (fo )

cc ) koowlhnkfluo.nl?)T-- I



PROBLEM 1.2
.

14 His hermitian & unitary ⇒ eigenvalues must be th
,
-1 ! proof ..

'

n'll ' 'T) : If " f
(' IM ,
until ' infill HenryEigenvectors of H = Ivo > = y

l

l

Z is diagonal , ev -ev pairs are Hot -- (f) j n j ius - 19) ; -1 .

↳ diag⇒ eras are canonical ( comp . basis)
⇒ eva's arc on the diagonal

1

By bi linearity & mixed - product property
Eves of HOH are {Nii Nr)} { 147,147} (para )
Evas are corresponding products
-

SO
. for bribe C- Lol )

.
the (babe), eigenvector

of H ④2 is 14 babe) =L Vba) ⑤ tube)

with eigenvalues fyyb' . fyyb'

The EVs of CNOT (Ha 2) CNOT are then

C.NOT 144 be) ; conjugational so i

bribe 0,0 0,1

to:b ; rye ; in ; y .
.

I 0 I
0



PROBLEM 1.2 continued

( b) v -
- H 2in H2 ; Note H2 Hex .

I conjugate V. by H
.
U → HUH =

= Zithx - kill : : ) -- fi ! )
e- values :

-

'E'
= -TI re -

-

EI
R2 E NB:

I f ti't. -E
F

e. vectors :afn) ft'
"

) -- ui
It

fits
"

with: -- f ?÷7; ) - fiery - fin.
-ray

vi. tin " f- fiery -filing



NB : many different - looking ( ill = Iz (HII ( Irae )
expressions are

equal filing. -E HII Hara )
-

PROBLEM 1.3
.

(a) Kata = 1 ; RE en Calb) = -7 - -7=0 .

(b) Kbl H 2% H to> II
141511-712 = E

K- ISH) 12 =L

I CHSHH 's l flat ill? I? I
IC - Ish-712 -- I -1ft - ill ' - - =L

(C)

Kall "t lost in > I
'

=/ Iq (HR th -Ni ) It

= a' tummy -- I .
Since la) & lb) are the complete basis

the other inner product must be ¥ as Well ,



PROBLEM 2

Full credit was given for any solution
, only mistales penalized

A more general statement proven below FYI :

Cal A General statement ( not required for credit )
Let 147,14) be any two n-qubit stales

M m

and let { vi. . V; :3 ,
- - { Va , - - Vj. }

be m sets of iinituries s.t.tt taken

V :* . - ④ Vj! acts on u qubits ,
and let { ai . . o; :3 ,

.
. { ai - - Gi 's

e
Q ; C- taut ] be (arbitrary ) phases .

Then keltoi.eitiv.it - - to
.eitiv.it/yy=/eiE&iiticeltoiii.v.it--toiii.viIl4> I

#
i

-

- likelier.it . - tie.in:11471
'

→ leiexl-leiulkl-kl.tt 9 . . .



(b) Full credit was given for any solution
, only mistales penalized

A more general statement proven below FYI :

GENERIC RESULT : DETECTABILITY OF LOCAL PHASE
,

WITH CONSTRUCTION ( not needed for take-home assignment)

Let W -- II ⑤V -

- [At]
and U -

- A W B
,
A
,
W
, B unitaries

,

let IV ) an eihl - eigenstate of V
.

Then Wzfflo> Iv ) t le > Iv ) ) = lol teith ) ) IV ) .

Let Wo -
- Ito eitv

Wtf flow) thx) ) : tr ( lost e'
'

4th)) 1h>
assume 0--4 IT .

now note ktl ( lost e'
'

4h>1/4/41 fate '
'

Html

tf 4
,
tf 04h .

Then measuring with respet any basis which includes

the rec
. Att It>Ivy

, starting from Bt HH )



detects ( inferences outcome probabilities ) between
AWB & A WEB

.

if f - th
,
Pick ¥ ( lo) t

'

e'
'

Y
117 ) i

in place of It)
.

The objective of the task was to

- further evaluate capacity to evaluate circuits
- make you think about how phases multiplying
Uhitaries percolate into amplitudes of g . states

- make you note how measurement bases

attest what aspects of amplitudes
can be detected .

- develop a feeling
'
for the "over completeness

"

of basic linear algebra description of QM .



PROBLEM 3

(al
-

in:¥÷¥÷107- c

d-Ot- d ① fan bro )

( by naively from K - l to k
y k -I ancilla s

-9.2-7 will do
.

K - A {#
. - induction

l l
ios E-got
-

lost
.

g-
#

Much more space - efficient schemes possible
utilizing Phases ( think : Tottoli circuit does



a similar thing . )

IMPORTANTVVHYis :

a - q-
b
-do-
10k¥-

g-c-q-hotavahdsoluh.vn#
in -0T

( construction 1)

Answeri.TT/lSDOESNoTlMPLEmENTtheuni-ta1114 ④ X = !:f on wires a ,b, c .

How to see this
,

1.) Set It) all )b 111103in on input .
After evaluation

,
observe ancilla :

it is entangled to a . If you trow it

away , superposition is broken
.
ok :



2) Ctrl - Tottoli is SELF- inverse . The construction 1

suggests a new ancilla per call ( it is set to los)

a
-FT--
b-9--4-10
>a ,-01M-10in- - -

- -
- - -€¥q-c
--97
-

in-0-0-

This is net 11 on a ,b,c , in ,
and it must

set Hall ) b Indo) in to see . . .

But then the construction is Not ctr- Toffli

. . .
not a

"dirty trick
"

. . you were advised to

"
see page 183 of NEC

"

. . .

LESSON : GARBAGE collection ( Uhcoprputing
ancilla qubits ) is necessary for Q . C .



PROBLEM 4

" ii:÷÷÷s
t

i:÷①¥¥¥
Ri- lo
' il

Notice , QFT is symmetric in comp basis

so QFT t -- QFT
't
,
so i can just conjugate R2 !

( inversing circuit and conjugating all is also ok . )

2.) Computed before

"

I?E÷÷aE¥
4) I-7 is an e

"
- eigenvector of U !

i -- exp ( 'Thi ) -- exp ( 0.01 Uti )
⇒ By correctness of QPE , output is 1031Mt-S =



= Not :3 oath ]

"" n

NB : it was only asked to produce the outputs
in vector form - r .

5)
1071071-7 ⇒ It7 It) I-7 ⇒

felt> (lo) t ill) ) t) t

tf lo) - H)) (lo) t ill) ) t) -D QFT property

⇒ 1071171-)



PROBLEM 5
.

1

FOR PART IN THE POINT WAS

a) to OBSERVE That Grover Cain be applied ,
i.e . that the "database " is the list of integers up to w,
and to recall that given k "marked elements"

the complexity is TE j

b) to show that for W - smooth SQUARE FREE numbers

(N is square tree if all prime factors occur at most once )

the number of divisors below w must be logon. . -
since we forgot to specify square -tree -ness ,
full credit was given for a) alone

Proof . let N=f Pj , B- tie kite , Pj prime .

claim :
. K > logw N .

Proof? ksdogtwnf ⇒ Newtown fwlo9wN=N
so Ns N Y Y

.

Note log w N =
#

. Also note Pjtw , so
loylw'

⇒ ONE ) -- OlF¥iI )



PROBLEM 5 . A . per def -off .
-

'
- Eli>→ Effi) Ii ) = n' zfeycih -Gl nod ' Ii >
Rn rn

The claim is that for 141=-1 Efe,
"'im mod '

Ii >
fu

'

Ksl H" 14451 .

Note Hi Ht
. If suffices to prove Hats) - 147

.

Hls) = ④ X
"

it> ya:{ N si-- o

l X si-- I

× ( lo) tensing)
=

; !
- n
"" thigh . - - in

"
lies . - tin > 1*1

Why ? because

C - A ) appears only if both jet
AND Sk - A
"
x
" is boolean AND . .-

note fyj"'s" = f. if
""" "d '

⇒ = § tips 1J) as claimed to

Note (* I is the only non -Hiv observation. . .


