


QUANTUM ALGORITHMS FOR
"

BIG DATA MACHINE LEARNING
"

¥H QUANTUM LINEAR-ALGEBRAIC SUBROUTINES

⇒B THE Q - DATABASE ( QRAM) Assumption

Hao APPLICATIONS i Q
.
SVM ( 2013 ) 1 RECOMMENDER SYSTEM)

↳ Q
.
DATA FITTING 12012



FROM PREVIOUS 2 lessons

① Hamiltonian simulation ( Trotter ) : Given sparse oracle to MELCH) Mint)
can implement im #t - -

Um -
- e ; Let MIN - NN

+ Q
. PHASE Estimation t II> l " it" ) m II > I ''d" ) ( FH) lo) t ftp..TK > I

mean;
"
O
"

final " X''s HAIR)
. .

e-AMPUTUDEIMPR.INT#T

⇒ can implement 14) # f- ( Mlk)
, e.g . f- Ext -- x

"



② Other methods f LIN . COMB .
UNITARIES

, QUBITRATION , Q . SINGULAR VALUE TRANSFORM )

allow directly to implement 14 > i→ffMHY)
( INTUITION :

"

BLOCK ENCODING
"

i put M in A BLOCK OF A KARGER ) U )

v. = f."HI, * Him, -- ft'"¥:* )* *

Ii:÷iiii÷÷÷::÷:"



② Other methods f LIN . COMB .
UNITARIES

, QUBITRATION , Q . SINGULAR VALUE TRANSFORM )

allow directly to implement 14 > i→ffM)lY)
( INTUITION :

"

BLOCK ENCODING
"

i put M in A BLOCK OF A KARGER ) U )

WHY is THIS WHAT I WANT ?

(tutti )
.

loslxs. ("H://ftp.t.tl* * *

Got e) f-t.IT#I--HI,olf.tt*KI=fIMlI



7. Topological data analysis ? - - -
- -s estimating Betti numbers

- . - .> estimating kernel dimension of ( large ) MATRIX M

with SPARSE ACCESS (OR via DATA GRAPH )

Nullity ? - ( kernel dim .

estimation )

How?

Mat
DO QPE ON e

"

y
on a RANDOMEIGENVEC.TO# of M

⇒ COUNT ZERO PHASES us
,

total count : PCO) = d-tm
))

dim (M )



? Topological data analysis ? - - -
- -s estimating Betti numbers

- . - .> estimating kernel dimension of ( large ) MATRIX M

with SPARSE ACCESS FOR via DATA GRAPH )

Nullity ? - ( kernel dim .

estimation )

How? .

BUT HOW DO I GET A RANDOM EIGENVECTOR OF M ?

DON'T NEED TO :

My, = Efi NiMH =

For ant

11/24 = UHH Ut = Eat 14×41 ← orthon . basis



POWER OF SAMPLING FROM QUANTUM COMPUTATIONS

NB : CAN
"

purify
"

ALL
. . -



SOMEUNEARALGEBRAOUANTUMSVBRov-i.NL
N N

Let Itai ) EIR , F. Cy
;
) EIR for CIN )

→ Access ehlrywie ,
not sparse

non - normal.-red states

L

→ what is the cost of approximating It
. g- = LEI 5) = § xixj ?



SOMELINEARALGEBRAOUANTUMSVBRov-i.NL
N N

Let Itai ) EIR , F. Cy
;
) EIR for CIN )

Assume 11 Ill - a
,
ltylkb known

,
access to U

,
V
,
Ut
,
Vt
,

Uto) -- II) ( II ta Exilis) [ " AMPLITUDE ENCODING OF I
"]

✓ 105=157 ( 15g f Egil ))

NB
.

II ) is a Toga (N )) - qubit state
Without loss of generality 14=2

"

.



Consider 0000

to ) -117-171-121 else

PCE ) = KEI Vtv to > I
'

-

- KILO > I
'

= X

REPEAT → ESTIMATE I → compute Fx-a ⇒

in 1
reps . this is Ofc ) - error estimate of Its .

C l

⇒ SEE :
" STANDARD ERROR

"

"
ERROR UNCERTAINTY PROPAGATION "

"
CHERNOFF BOUNDS "

"

HOEFDING 'S INEQUALITIES"



Cost of E- approximation ? 01% ) x cost of generating U EV .

If U & V are poly logarithmic circuits ( in N
,
poly in n )

⇒ of poly log IN)/e ) E vs O (N) classically , naively ]

CAVEAT
=



Cost of E- approximation ? 01% ) x cost of generating U EV .

If U & V are poly logarithmic circuits ( in N
,
poly in n )

⇒ of poly log IN)/e ) E vs O (N) classically , naively ]

CAVEAT
=

Icily > 1--145157
-eitl to

.
. .

Esp . 4-15 > I - LIIJS magmata cot
.

÷:":* teen -steen"
→ f :

XN HE



II ) -

- II. Kilis → II 's -- tht fix >

KEITH -

- Ift -1451551 K
- X,

Norm - n
- city's taxis ,

⇒ Do this By MODIFYING VIV , or using Ctr - V

E 4 .

It) -g
- Stl

lo) - FA- = £10710) t MII ) → if lost -fdI ) with const .

prob ,

→ Fixed point amplitude amplification will do the job . . .



SUPPOSE YOU DO NOT HAVE Ut
,
V
t

.
.

.

ok just HAVE
II )

⑨ k

,
15 )

"

. - -

WHAT THEN ?



" SWAP TEST
"

Buhrman '

,
Cleve

,
Watrous

,
de Wolf ( zool )

,

"
QUANTUM FINGERPRINTING

"

SWAP = : I = ,T¥f ; Ctrl - swap = Tz¥
"
SWAP TEST

"

its -9 III- ID1471¥
i. ÷.



"
SWAP TEST

"

it> -q :

"

a

197 I

i.

In 10714719) t 11714714) →

outcome = ( Col H ④A) ( - H - ) = (Kt I ④1)f-It)

-
- H -1147147 t -1147147kHz (147197+147147)/12=-1111-1414717

-

-HI4119 - 1471471112=-1 ( t - 1914114



FROM # ( 11-19144 ' ) To 1541971 . . .

21-11 -

- Po =3 taxi = Po - I =) x' = Ipo - n ⇒ x i TE
.
-
n

SWAP TEST & QUANTUM PROGRAMS

- - - Almost like
- simulating projective measurement

onto 14) given A REGISTER 14 )
k

.



QUANTUM DENSITY MATRIX EXPONENTIATION .

#

DENSITY MATRIX FORMALISM i
' HAMILTONIAN SIMULATION

14) → 14×41 C- LCH ) '

"

I
'

Given HEATH )
Positive - semidefinite ,

'

y in
Vector (Hilbert

) space
Hermitian Matri h l matrix l

l operator

S - §pjI4jXYjl it His Hermitian ( Htt't ,

p
' it is A Hamiltonian ,

Trfg) -- 1 & Sis PSD
,
→

1%+2 , ei
Hat

140)
⇐ S is a STATE i

• ignorance I

• randomness
• subsystem . . .

'



QUANTUM DENSITY MATRIX EXPONENTIATION .

#

DENSITY MATRIX FORMALISM : HAMILTONIAN SIMULATION

14) → 14×41 C- LCH )
i

*

I
1 Given HEATH )

Positive - semidefinite ,
l T tumor (Hilbert) SMA

Hermitian Matri h ,
matrix 1

operator

S - ft,-l4jXYjl
I itHialH - Htt

,

i it is A Hamiltonian ,

T

TRISHA &D → lyoty.leiH.tt/4o)
⇐ sis a state IIYIi:nreFEI÷, is a valid representation of an

' evolution generator 1 dynamics



For Ham simulation
, usually

H is given as a sparse ( access ) ORACLE . - -

- let H be a PSD Hamiltonian

H
- Let s = -

Tr CH ) .

- .

DENSITY MATRIX EXPONENTIATION :

I give you a register in state S
k

.
. .
and input state 147

. -
.

can you return exp (i Sat ) 14 ) back ? hatin
f

d

⇒ Trivial : k→ a
, tomography ,

reconstruct [ S)

→ make circuit . . . exponential effort in logdd.hu )



Lloyd ,
Mosheni

,
Rebentost (2013 ) "

Quantum Principal COMPONENT Analysis
"

.

" Partial swap "
.

s= ( too
.
:&! ! ) . . .

UNITARY

→ HERMITIAN !

- is .at
E .

. .

A PARTIAL SWAP . . . ( @ # t -- Tf. - - iswar
. )

"

program
" s

k

→ input 6 ( think 6=14×41 )

EE÷t I



U ut

d l

treeisatfs.o.co/eisat--.shYuYtIapproximation of ei jisat

- - - repetition
. . Using smaller At ( recall Lrotterization trick )

ist
to realize e 14) within e - error

,

O ( Eye ) copies (steps



①RAM : Last piece of puzzle . . .

RAM address -3 → value @ address

QRAM : ?



" Linear
,
reversible extension of RAM

"

QRAM : lad d.) 107 → THE → ladd
.) / Value @ address )

Eg .
Fe Cxi ) i = 0 .

. .
2
"
- n -- N - a

light's list xi ) But also

✓ RAM -
{ di lillo) → Zhili ) Hi)

CAN BE REALIZED USING Of poly boy ( N) ) Interactions



① AMPLITUDE ENCODING PIP . To

ftp.lillos-sE-fnlilkil-sE-puliskisfxilostfxihy
Lol
-

Until it xili )→ 2-fnxilixxis-t.rs
⇒ CAN TAKE O( rn) ! By GROVER OPTIMALITY

↳ "
QUANTUM RECOMMENDER SYSTEMS

"

↳ Zhao
, Fitzsimons , Rebatos , VD, Fitzsimons . .

"

smooth preparation
"



Bottom line : DATABASE
=

Ii fi - I is

Ij> to> → Ij > txt )
Y

x.Exilis
i

1h pdyloyln ) ! ! ! ( IF DATABASE ALREADY LOADED )



APPLICATIONS IN BIG DATA
# 1

QUANTUM SUPPORT VECTOR MACHINE

INPUT : M x N- dimensional (teal ) vector , fin QRAM )

,

l

l A
* I ¥80 O → "

Maximum MARGIN SEPARATING HYPERPLANE
"

*
H H ! → , a defined by N - coordinates

*
+
*, |w*§ , o

on . . .
da, of new

*
, I DATA POINT
← → Ii



CLASSICALLY : ( Ii
,
Yi )

A

min Hull
Point "

labile { -yr)

subject to

Yilwxi - b) 71 Hi

DUAL FORMULATION : maximise I - (xn - - dm )
B
.

LCE ) -

- II. Yin - I tikjkxk ; kjk-KKIH-ik-i.in)
subject to -24=0 , Yuki > o



Classical cost . - quadratic program less than 0h31

Of M
'

( Ntm) log 1%1 ) .

-

note * has MIMI " inner ponds ,
#stON
INNER PRODUCT TRICK

.

.

Given QRAM ( containing llxjll & II;) 's )
Estimate all inner products in time O( Login) XM

' ) t Program

EXPONENTIAL IMPROVEMENT

= 0 (log (KIM't M" log (Nya) IN N
=

Exponentially worse in

C . -
IT'S ML , WHO CARES

,

SET C - lo-2 !



MUCH BETTER IMPROVEMENTS POSSIBLE
. . .

FOR LEAST-SQUARES SIMI

:*:÷÷:÷•.. .=

=#
slack

d

Yjlwxjtb) > I → yilw.ly?tb)7t-ei-yiwxjb=ze, .

Penalty 8/2 Eef ← SQUARED Distance
↳ - SVM



⇒ ESSENTIALLY LEAST SQUARES FIT

theirs -- E. rixi
Error = ri = yi - ffxi

,
B )

minimize Eri *Bii= matrix of datapoints

⇒ minimise IAMB - 51

Solution i fo = TIME tty j MOORE - PENROSE PSEUDOINVERE



⇒ More powerful than may seem
.

tcxiii.E.riq.uy-diw.co:÷÷÷?
'

÷
"

Error = ri -- Yi - f- Hi ,
B )

minimize Eri' *Bii=0jHi)

⇒ minimise IAMB - 51

Solution i F = GI tty j MOORE - PENROSE PSEUDOINVENT



⇒ More powerful than may seem
.

Non - linear

fixing -- E. rid ;
oiiuixi *: ¥: !! .

Yi :{ B- xd. =3 polynomial fit . . .



Ft = ( FAF)
- n Ft (when Etf is invertible )

otherwise F-- U Dvt → VD
"

ut
p

with t 0

IDEA : GIVEN ACCESS TO F AS A QUANTUM
DATABASE . . . IT is JUST APPLYING MATRICES

+ ONE MATRIX INVERSION - n



LS - SVM : min -41Wh t V Ee'

subject to yifw.li + b) = A-Ci

⇒ Lagrangian form leads to just a linear system

TURNS OUT . .
LS - SVM solution REDUCES

TO FOLLOWING SYSTEM
w -- Ex ,- xi

i
q

F- ( 3) = fits .ua/lbal--ff/aLnostcamieurner--W.I'--ExiCxlx' )
. . .

bit t (Ktrk)I=5



SUPPOSE HAVE SOLUTION VIA QL#

⇒ Ib = ¥( blot ¥7 aili ) )
To classify II ) ,

First construct Ing = ( blog lost he HIIIKHXI))
T
possible it using
lb , I > in Query !



IN ) = # ( blotto) t ,¥.dk/xI/lk7lxI))

Next construct II )= talk> lost ¥7,11511141157)
Estimate KIIM > I

'

via SWAP TEST

(efficient when

=÷m- ( b t.IM di Kiel III LXIII ) ) a- not sina.nl
"I

'

Impresses hyperplane normal vector



= bt ( w ,E ) → estimate sign .
done

.-

Remaining . unknown
I

FC2.tl: 't:*.mil:14 : )
p t

sparse access
! data vector in

pot ! !
database V

t



Ki; Xi .
x ; . . .

IDEA : construct Quantum state

S - K ( note K is GRAMMIAN
,
so PSD )

ikat
And do k→ e → suffices for Q.L.si
How ? Use QRAh



M

1×72-2 Hillis, lxisz
in 9 In

norm normalised

cost of log (MN ) )

→ TRACE OUT d ?

=÷Eisih"" 'alien
* man.

-
- I

value trlk)



Complexity :

OCK:# loglm.nl/e3 ) o

"

⇒ Non - liheanlies : K -- otfxilaolxic )

lol 5=1 HIS - ' Kis
e-

⇒ Lol lol Ha) = HIT -Hell ⇒ can be used

to construct polynomial kernels -
-.



→ Regression ⇒ QUANTUM L - S . FIT Approximation

→ QUANTUM RECCOMENDER SYSTEMS :

Pdyloy appoxiuultou of low - Rank matrix

of data
.

→ Quantum K - means

→ Quantum KRI GING f GAUSSIAN PROCESS REGRESSION )

→ QUANTUM PCA

ALL IN POLY LOG (N) . . .



. . . ( 2018) . -
Erwin Tang

. .
et al .

ALL THESE ALGORITMS IN

CLASSICAL P0L4w4 (N )
.
. .

-

But Of n
" ) vs Oln ' ) .

.
- - for now .

Still AMAZING . .
BUT

.
.

HAVE YOU SEEN ANY Q-DATABASES AROUND ?
TDA'T . - .



QUANTUM LINEAR ALGEBRA

WITH APPLICATIONS IN

BIG DATA MACH'RE LEARNING



BIG PICTURE IDEA : FERN
,
Cxi) I

° An (very - high N- dimensional vector ( data - point ) can be "stored
"

in just hetogafnll
qubit States

, up
to norm . I " = " HII , xftxs-c.IT ,

lis) ⇒
"amplitude encoding

"

° THEY CAN BE MANIPULATED IN poly log tire . .

which is actually Polynomial time in
h = size of Quantum register .

° GENERATING I→ II ) otc . Costs OCN) but with a
" Quantum database

"

framework

once the database is filled f = this counts as a
"

one - off
" overhead )

Preparing II ) from the
"
Quantum database

"

can be done in Ofpdylog Call time

⇒ Superpositions over exponentially exponentially AMPUTUDEEXODEDDHA.VE#SCAN BE PREPARED

efficiently - r . =) to> ⇒ i⇐
'

Ii) lxiii )
,
M -- expert , Ii is in CIN

. . .
in poly log (MN)

.
-



MANIPULATING AMPLITUDE ENCODED DATA

⇒ inner products in Ofpdyloycntq, ) via swampiest , ordirectly
Uto) -- II)

error no, . ,g, } Kowtow> I
'

= KEMAL . -

⇒ data can be
"loaded in operations

"
: can do unitarily

defined by data . . . Let s c- LCH ) be a ( P.s.is .) quantum (mixed ) state
⇒ can generate U = exAt) via DENSITY MATRIX EXPONENTIATION

Also : Block encoding ⇒ V 's [¥]
i.

⇒ Gram matrix of data ( covariance matrix esieiylially same thing ) in a

state : 107,101 → Eli)
,
III} ÷

,

stilt > lixjl -- S ⇐ Gramm !



WHY MATTERS ? E.9 . Training LS- SVM ( least - square support vector Machin)
involves computing inverses like 5-115 ) ( actually
pseudo inverses .

.
.)

FOR THIS USE : 1 ) Q- database to load superpositions of all amplitude encoded state)

t trace -out encodes GRAMMatrix in Quantum density matrix

c) Density matrix exponentiation to
"
load

"

GRAM -math - state

into unitary Uc
,

3) Quentin Linear algebra on Vc
,
allows

Alot of stuff in polyloyrm
WARNING '

- A LOT OF FINE - PRINT COST .


