


PART 1 : SHOR 'S ALGORITHM
. . . IN TWO DIFF

, WAYS . .

PART 2 : course planning mini- topics

Ltkoscfaiiher : "

classical processing
"

in Shor

is voluminous
. . .

"under rug swept
"

.
.
.



PREREQUISITES / REMINDER

i÷÷÷÷÷
.

Emi"" ""
÷
: "÷ . .

Trick : E fun ¥ ( lo) t exp [2 hike ) 11 ) )
• EASY CIRCUIT ( 01h21

, approx .
O ( n log h )



QUANTUM PHASE ESTIMATION . ( KITAEV 1995 )

Input : Ctrl - b"
,
Id) sat . Uld) = did> = e' " it IX)

output : 1471N ,
sit . 4410-7/70.4 with IE -HEE

using 01%1 calls to U

Trick
" YB-g- tnllostexifliii Dm)
Id) - l④ - IX ) phase kick-back in essence . - .

I
because eigenvector



In other words
, outputs logf %) digits of Q

with high probability , using 01%1 calls to ctrl - V

Efficiency important ,
I trivial solutions via

"

process tomography
"



Applicationorder-findingfa.be21
,
a Eb (mod N ) it N/a - b

⇒ a & b have the same remainder
when divided by N .

ORDER FINDING .

INPUT : X
,
N C- IN

ou-iekismgYI.tarm.at
Note : by Euler 's theorem I r ( namely ¢lN ) )

St xd 'm 1 (mod N ) T X
, god Cx ,MY



Skip
Group & Number -theoretic background .

In = { O , . . . , N- 1 } ( group w.r.tt , in general not Wrt x )

*
Za -- {a c- 21N I g.c.d la , N )

-

- l } ⇒ field !

( group wrt both )

41N) -- 12/91 "

Euler tout function
'

hot
,
all operation , are Moten

(2MW
,
x ) : axb :-c ab mod N

since group : t a F a
"

aa
'

A mod N
.



/

Euler 's theorem : allMEA (mod N )
good to know .



Skip

why ? A is co-prine to N .

⇒ Loi , a moan ,
a' nod N . . a

" modal
. .
} = : La )

is a fmnltipticatie ) subgroup of X*n

I call = Oca) - im I am -- n
-

By Lagrange's Theorem MINN) ⇒ 41M ' gin

4cm am
= 1k -- y .⇒ a -

- a



Baoktoreality
No classical algorithm for order - findinginpdylt.gr#

arginine ,µ x 1 (mod N )

d) 7 efficient quantum algorithm .

Two ways of understanding .

2.) It suffices for Factoring .



Shor : the classical bits :

TALK : Find (non - trivial ) tailors of N'

Steph , check PRIMALITY ( 2002 , AEK
.

"
PRIMES is in T

"

)

Step : check prime powers .

i. e .
N -- Pk ,

k > e
.

How ? let N -- pk
,
note ke log IN)

→ compute N
,
Tu , NI , . . . N M

-

log CM operations .



Not prime power or prime ?

Steps ( N is not a prime power )

1.) choose an arbitrary as N

2.) compute gcd ( a ,N ) using Euclid's
↳ pdyhN .

gcdla ,N) 71 =) Factor of N , done .

g) [ a,
N are co- prime] Find order r

,

a ,
N



so r is smallest IN st

ar El (mod N )

41 IE r is odd
, goto IN [ tappet ]

Under rug swept . . .

Else 42 C- IN .

Spoiler : TEA (mod N ) ⇒ (AE )
'

-1=0 @odd )
⇒ NICE - 1) ( Uk -11 ) ;⇒p- g --an ⇒ gedling)
TT y or gcd ( NiP )



Almost . can be that

are = - t ( mod N ) . . .

5) check ak=
.
- n fmodn )

it yes goto n f happily )

else
under rug swept

61 Nfca' - plain )
⇒ god ( N , a

"
-al or gcdfmak.in/isafad#



Quautumordcrtinding.TN
, a given on input , god lain)=r .

consider unitary on n qubits 2
" 's NET

,

performing :

Ual x ) =/ x. a (mod N ) ) t XEN

-

basis States
.

for X EN .
We do not care beyond .



Claim 1
. .

Such VI Z .

why ? X its a . X (mod N )

ti is inventive ii""÷i÷÷÷f
' '

: yrs a-
'

y (mod
N )

stain mourn
.

⇒ f is a permutation ⇒ 3- unitary
-

Note : not difficult to construct ; classical circuit → Tottori . . .



*rsiona÷I÷÷÷ii
⇒ can construct

IX )↳ la
"
(Mod N ) )
#

Assure keto; - n, NZ -D



Who cares?? We need order finding ! fargminar-hm.am/
1- ( x) = a'' mod N

Let Tst THI - f-Htt ) K X

specially Hot -- tht

⇒ AT mod N = a° mod N

=) AT E h
.
@od N ) V SAME THING



Finding period enough . constructing I F) 11 ) → IF ) tar moan )

Let I = bean bear . - bo NB : Hak In) -- tagger lmodn))
Ib ka-tbh)

¥y{Yes-be

inii¥¥÷in

Hsiu!
""

ki
" Illit: "

us ..

=p about.ci
"
! ai

"

"
1 (moan )) -- Ha" mod N )



⇒ ixr.IM
IN - I - lax mod N )
-

Next : period Finding 1 without detail )

Under rag swept : efficient modular exponentiation.

We can compute
"

al x mod N more efficiently than 2k
compositions of t :X -7 at mod N . . .



Steed . Do it on uniform superposition of all inputs
UP to NZ

¥÷ 1×710) {Ix ) la" mod
.

N) ( ignoring normalization )I I I I
to

step 2 . Measure Register I ; get some k
, randomly

-

=

⇒ E IN Ik)
. . .

X st

a'' I k mod N



Analyzing the "

remaining state
"

14k) IK) -- X E IX) Ik) period

X St t

a
"
mod Nik ( note a

"
mod N = at " mod N

-

14k)
: ? ? ? ?

.

tm
. .Ya be 43 KEI



11"

spiketain

Suppose I had 2 copies of 14k) . . . could get
ye & yet , etc

'

( very likely )

⇒ (Ye - Ye' ) : RT for some newt

⇒ possible to get T efficiently .

twice .
.

But to
"

see
"

same k twice ( 14k) Y ,
need

=

ofay samples . . . otherwise classical algo .

could do it .



Solution : be sneaky & treat 14k) as a signal
with f- regency If ( period T ) .

Fourier analysis :

If f is periodic with peril- T frfflcxl is periodic with IT

⇒ QFT 14,7 is not too far from a spike train .

in mi

MIT Eg .
- ETI



Measurement reveals x c- to . . I ]

St ¥ I For some S

Under rug swept :
⇒ can obtain T efficiently "

continued fractious algorithm
"

Recall : smallest period T of x → a
" mod N

is the order of a in ZE
.

⇒ arr.gyyh ar - l Koda) Done .



Shor ( version l )

→ make sure not prime power

→ do period finding on a
"
mean via QFT

.

→ reveals approximation of E for some S

→ sufficient . .



Aditterentperspect.ve

⇒ need argmin are 1 mod CN )

req

order finding directly

have Ualx) - I axfmodn ) )

what are the EIGENVECTORS of Va ? ?



140) -- ft ( Il ) t la) t la' ) t . .
I am > )

1. l l
U
a Mo) -- la) t lay t . - - 11 )

Huh . . .

114 ) -- fr l H) t wi
'

la) t wi
'
lay - t w

-""
la
" '

) )

Ua 14 .) : Wr 14) !



Let

1457 -- fr ful t w last .
- w
"

tar -s)

⇒ Ma 14,7 -

- wink; )

[ recall Wr -- expluitilr ) )



⇒ QUANTUM PHASE ESTIMATION

ON Ma
, given Me )

,

will reveal by
-

⇒ continued fractions gives r.



Don't have Met ?

Not a problem :

check :

-A

1- ⇐ He> = In t ( Ee w
""" ) la) tf fi"

"" ) kilt .
- f 11am,

r

- -

sums of all powers of roots of unity
⇒ all zero



V. 7

It> = Elute)
e-no

⇒ QPE on Ua starting

From H ) generates
r- n

E lphaseot wer> He>
e-- o

= EYE
"

> Me)



⇒ I will measure one of them
.

reveal some
I ⇒ can obtain r
r

via Continued Fractions . . .



Via Period finding Via Order finding
- Do QPE on 117

,
Ma :

- Let x = bian blah - - bo
.

- n

Ibis 147 ) /
V

-*iii: ÷
. :/ :÷i÷÷÷¥÷÷:M - III. TUI . . . - 141 - ha Tut IA

r
- -

i i

↳ implements la" mod N ) , it is the same algorithm .

'

.

-
i

- take as input Fix)=H lo) - lo) measurements ?
XIO r

- do QFI
"

on output .

-
- - -

-

-

-

-



Note
, again we learn some ( spectral ) property

of a unitary . . . ( Ma → w
.? )
cigar phase



RELEVANCE OF SHOR
. .
-

- Factoring & discrete logarithm at

basis of RSA & Diffie-Hellman , I r
i r
' in
- - f - tY v Factoring . . .

" practical " conceded
p not up non

BAP .
↳NP complete

- runtime i Oln
'

login) vs exp ( e.grits )
( sub) exponential separation

→ AND WE REALLY TRIED

( Many other algo, with exp . separation
but we did not try as hard - a



WHERE TO NEXT
. .
.

In 5 lectures : Basics
,
Deutsch - Jozef , Grover t application

,
QPE & QFT

.

Shor

G lectures remaining ( will steal 1 from Casper )

Will cover :
a Hamiltonian simulation t Quantum LINEAR ACGEBRA

• QUANTUM TOPOLOGICAL DATA Analysis ( Q . Machine learning 1)

• QUANTUM APPROXIMATE OPTIMIZATION ALGORITHM (Q AOA )
• QUANTUM WALKS For QUANTUM BACKTRACKING

• QUANTUM MACHINE LEARNING 2



1

TWO SLOTS OPEN

• Simon's problem , Bernstein - Vazivani , Hidden subgroup Problem Bulow -

• On classical Quantum separations + Quantum complexity Theory YAY

• Quantum supremacy
t Q

. complexity theory Buu -

-19 o Quantum error correction t Q . Fault tolerance & a bit yay)about implementations & physics

• Alternative models of Quantum computation & applications yay
-④ a Quantum cryptography & Quantum information YAY

D. m - tomlin t DD 8h t MDQLT D.QC
.



A bit of Math we skipped :
- Density matrix formalism ,

- Partial trace

- Quantum channels

→ Stinespring dilation theorem



so
TH in:p:*:c:*.nu .

1141kWh

(⇒ has countable

orthonormal basis
operators Te LCH )
→

" trace class " → tr (T ) so

stale space SCH) -
- { S ETCH ) 1970 , Erkki }

K
T

Positive -

semidefinite true 1
.



Quantum stales =
" density matrices

"

NB
. S

,
6 E SCH)

→ Post Pa 6 E SCH )

⇒ spectral theorem

S -- { Pitt
'"'

j IT
'"!I4iX4il ESCH )

p
not 8 ?

⇒ MIXED STATE



⇒ SHI is a convex set .

⇒ external point : rank - A populous

⇒ 14×41 ; 14 > EH

in
Pure States 14) ← 14×41 hat 14×41

note ( a 14 > It = fat gyp /
t

no global
phage



I] - - → S -- { It x H t f lo x ol

s -- f ( El : : It to :D
-

- ti:
": it.tl:4,

'

Purity = tr (5)



Note -1 ( ltxtl tf- x - 1) = ¥ ( 10×01 t -01×11 )
= If

T

"maximally mixed stale .



→ tensor products .

→ evolution

U : NH) → LCH )

U( 9) = usut


