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Towards Quantum Supremacy

Quantum computing holds the promise of revolutionizing the field of computa-
tion by surpassing classical computers in terms of efficiency, particularly in tack-
ling tasks that are deemed classically intractable [26,25]. Quantum supremacy
leverages quantum phenomena like superposition and entanglement to handle
exponentially more states than a classical computer. That way many practical
problems, for example period finding, have been shown to exhibit algorithms
that are exponentially faster than their best known classical versions [26]. One
of the most prevalent forms of quantum computing involves the utilization of a
limited set of quantum gates, specifically reversible operators designed to manip-
ulate qubits. These operators form quantum circuits, which are not necessarily
unique, meaning that different circuits that implement the same computation
can exist. As we enter the era of Noisy Intermediate-Scale Quantum comput-
ing [29], there are many challenges which we need to overcome while compiling
quantum circuits into real world devices. Such challenges are the high noise lev-
els, the shallow-depth of the circuits that can be practically implemented and
the various constraints (connectivity, topology, native gate sets, etc.) [14,10].
Therefore circuit compilation problems are closely tied to the goal of achieving
quantum supremacy.

Challenges of quantum circuit compilation

Given the multitude of constraints, there exists an extensive range of parameters
that needs to be optimized to get quantum advantage as early as possible. A
number of significant questions arise when considering a textbook description of
a quantum circuit:

– Is the presented circuit the “optimal” one (e.g. with the least depth) for the
aimed computation?
Or a more basic question:

– Is the optimized circuit still equivalent to the original one?
– Can the circuit be simulated by a classical computation?

Or in the case that we are presented with an arbitrary many-qubit operator:
– Can we synthesize a quantum circuit that implements the same operation as

the given unitary?



These are some of the basic questions of circuit compilation. They cover cir-
cuit optimization, equivalence checking, circuit simulation, and circuit synthesis.
They address crucial aspects of quantum circuit design and analysis, enabling
us to verify and validate the performance of our devices and algorithms.

Formal methods

A promising range of techniques for addressing these questions exists within the
field of Formal Methods. Formal methods play a crucial role in ensuring the accu-
racy and dependability of computing systems by employing rigorous techniques
to analyze and verify system behavior. In the realm of classical computing, these
methods have been extensively studied and effectively applied to ensure the ac-
curacy of digital circuits [13,30,11,17,16,22,21]. Through rigorous analysis, these
methods ensure that circuits meet their intended specifications and operate ac-
curately across all potential inputs and scenarios. However, the direct transfer of
all these methods to the realm of quantum computing is not always feasible. The
state of n quantum bits is generally represented as 2n complex values [26] and
poses a challenge for numerous classical techniques, rendering them inefficient
for quantum computing tasks.

However, diverse methodologies have been employed in the analysis of quan-
tum circuits, drawing upon a range of techniques. For instance, existing ap-
proaches involve encoding circuits as Boolean satisfiability instances [5] (and also
[39,40] for restricted circuits), utilizing satisfiability modulo theories [4], path-
sums [1,2], rewrite rules [28] [12][38]. Additionally, diverse variants of decision
diagrams are utilized, such as QMDD [8,33,27,7], LIMDD [35], Tensor-DD [20],
BDD [37,9] and others [36,41]. Furthermore, probabilistic methods have been
investigated within this domain as well [6,23].

First contribution

The correctness verification of quantum circuits assumes a critical role in the
design and optimization of quantum circuits, ensuring compliance with rigorous
specifications. It encompasses the crucial task of formally establishing whether
two quantum circuits, represented through a classical description, indeed imple-
ment identical quantum operations. Our work represents a notable advancement
in this domain, surpassing previously established techniques for the case of Clif-
ford circuits [32].

Clifford gates hold significant importance in the realm of quantum comput-
ing as they are widely utilized in quantum error correction [18,31] and quan-
tum networking applications [19]. Previous work by [5] introduced the QuSAT
tool, which reduced the problem of equivalence checking for Clifford circuits to
satisfiability. Approximate equivalence checking has been also introduced, one
such work is [3] where a polynomial-time algorithm for approximate non-identity
check is presented, with the runtime dependenting on the desired accuracy of the
approximation. Our approach for equivalence check of Clifford circuits entails a
deterministic algorithm, based on a folklore mathematical result (10.5.2 in [26])
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which translates into an efficient equivalence checking algorithm of complexity
O(n2+nm) where n the number of qubits and m the number of gates. This can
become linear for m ≫ n.

In our empirical evaluation, we assessed the algorithm’s performance using
the efficient Clifford-circuit simulator Stim [15]. Our evaluation demonstrated
that the algorithm successfully handled circuit depths of up to 1000 qubits and
10,000 elementary Clifford gates within a minute. Moreover, for depth-10 circuits
with 100,000 qubits, the evaluation took approximately 15 minutes. These results
showcased a significant improvement over the SAT-based approach, surpassing
it by an order of magnitude.

This is accomplished through the utilization of the stabilizers formalism [26].
The stabilizers formalism is an efficient approach for representing quantum states
by leveraging the underlying symmetries of stabilizer states (i.e., states generated
by Clifford circuits) and associating a subgroup of the “Pauli group” with each
state. Interestingly, it suffices to track the generators of the group, which entails
storing only a small subset of it, thereby enabling efficient simulation of Clifford
circuits. The elements of the underlying group consist of tensor-product strings
composed of a set of 2× 2 linear operators known as the Pauli operators giving
rise to what are known as “Pauli strings”. The length of the Pauli strings depends
on the number of qubits. The four Pauli operators are commonly denoted by the
letters I, X, Z, and Y. For a detailed treatment of the stabilizers formalism see
[26]. Below, we provide a formal statement of the theorem that serves as the
foundation for the algorithm:

Theorem. Let U, V be two Clifford unitaries on n ≥ 1 qubits. Then U is equiv-
alent to V if and only if the following conditions hold:

1. for all j ∈ {1, 2, . . . , n}, we have UZjU
† = V ZjV

†; and
2. for all j ∈ {1, 2, . . . , n}, we have UXjU

† = V XjV
†.

Here, Gj = 12 ⊗12 · · · ⊗12 ⊗G⊗12 . . .12, with G the j-th factor of the length-
n tensor product and single-qubit identity operators 12 everywhere else, is the
single-qubit gate G applied to the j-th qubit of an n-qubit register.

Based on the above theorem, our algorithm for comparing two circuits U ,V
consists of simulating both circuits, gate-by-gate, and then comparing the re-
sulting generators. This must be done for two different initial state generators,
one where the initial Pauli strings consist of only Z operators and another one
for the case where the initial Pauli strings consist of only X operators. If both
simulations result into the same set of generators then we deduce that the cir-
cuits are indeed equivalent. A more elementary treatment of our algorithm can
be found in [32].

The figure below, demonstrates the efficiency of our algorithm compared
to the implementation of the previously-leading-method, QuSAT. Specifically,
the left panel (Figure 1a) superposes the running time of our method with the
running time of QuSAT, while the right panel (Figure 1b) demonstrates that our
algorithm can reach number of qubits much higher than what was ever reached
for the task of circuit equivalence.
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Projecting to the future

Thus far, our analysis has focused on Clifford circuits. These circuits represent
Stabilizer states. How can we broaden our approach to enable circuit compila-
tion for more general types of circuits? The solution could lie into combining our
methods with existing data structures. There are two dimensions of possible ex-
tension for our methods: 1) Extending beyond Stabilizer states and 2) extending
beyond circuit equivalence, e.g. to quantum circuit optimization or synthesis,
where a variant could serve as a subroutine for a more comprehensive approach.

Fig. 2: How much further, from the Stabilizer states, can the
limits of quantum-circuit compilation be pushed? Poly-sized
QMDDs and LIMDDs here are examples of state classes that
can be efficiently represented by different classical data struc-
tures [34,24].
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