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Analog and Digital Signals
1. From Analog to Digital Signal

2. Sampling & Aliasing
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Analog and Digital Signals
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Continuous function F of a 

continuous variable t

(t can be time, space etc) : F(t)

Analog Signals

Discrete function Fk of a 

discrete (sampling) variable tk
with k an integer: Fk = F(tk) (F at tk)

Digital Signals

Function F is sampled with sampling frequency fS (uniformly and periodic)

fS = 1/ tS Hz,   for example,, if sampling time is ts = 0.001 sec => fs = 1000Hz

Digital System Implementation

Important issues:

Analysis bandwidth, Dynamic range
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Analog Input

Antialiasing Filter

A/D Conversion

Digital Processing

Digital Output

ÅPass/stop bands

ÅSampling rate, Number of bits, and 

further parameters

ÅDigital format
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Sampling
How fast must we sample a continuous signal to 
preserve its information content?

Examples: 

Turning wheels of a car or a train in a movie
· 25 frames per second, i.e., fs = 25 samples/sec =25 Hz
· Train starts => wheels appear to go clockwise
· Train accelerates => wheels go counter clockwise

Rotating propeller of an airplane captured by a 
Mobile phone camera.

Both examples: Low sampling frequency leading to Frequency misidentification

Note that, we assume uniform sampling unless stated otherwise.
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Sampling a Sine Wave
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__ s(t) = sin(2pf0t)
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s(t) @ fSample

For example: 

f0 = 1 Hz,  fSample = 3 Hz
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__ s1(t) = sin(2p4t)
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__ s2(t) = sin(2p7t)
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sk (t) = sin( 2p(f0 + k fSample) t )   ,  ¼k ¼Íὔ, i.e., sin with frequency f0 + k fSample

s(t) @ fSample represents exactly all sine-waves sk(t) defined by:
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The sampling theorem
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A signal s(t) with maximum frequency f MAX can be 
recovered if sampled at frequency  f S > 2 f MAX .

Theorem

Condition on fS?

fS > 300 HzF1=25 Hz, F2 = 150 Hz, F3 = 50 Hz

F1 F2 F3

fMAX

Example

* Proposed by:  Whittaker(s), Nyquist, Shannon, Kotelônikov.

Nyquist frequency (rate) fN = 2 fMAX

s(t) σɇÃÏÓςυɇς“ὸ ρπɇÓÉÎρυπɇς“ὸ) ÃÏÓυπɇς“ὸ

Frequency Domain
·Time and Frequency are two complementary signal descriptions.

The signal can be seen as projected onto
the time domain 

or      
the frequency domain.

·Bandwidth indicates the width of a range in the frequency domain. 
· high bandwidth : a range located high up in the frequency domain 
· passband bandwidth:defined by a lower and upper cutoff frequency
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Previous lecture:

the inner-ear and early neural circuitry acts as a frequency analyser. 

The audio spectrum is split into narrow bands thereby enabling detection of

low-power sounds out of louder background sounds.

source

http://play.fallows.ca/wp/wp-content/uploads/sites/4/2017/01/Signal-Analysis.jpg
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Spectrum of band-limited signal

Spectrum of a band-limited signal:

frequency components f ɴ  -B,B]
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Continuous spectrum  

intensity

frequency

Negative 
frequencies
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Complex plane
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Negative 
frequencies

ÃÏÓςʌὪπὸ ὭȢίὭὲςʌὪπὸ Ὡ
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Ὡ Ὡ
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positive

Spectrum of band-limited signal

Spectrum of a band-limited signal:

frequency components f ɴ  -B,B]
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Continuous spectrum  

intensity

frequency
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Sampling Low-Pass Signals
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-B       0       B                             f 

Continuous spectrum  
(a) Given a band-limited signal: 

frequencies of the signal in [-B, B] 

(fMAX = B).

(a)

 

            0    fS/2                               f 

Discrete spectrum  

Aliasing & corruption  (c)
(c) fS 2 B          aliasing !

Aliasing: signal ambiguity in 
frequency domain

 

 -B       0     B fS/2                      f 

Discrete spectrum  

No aliasing (b) Time sampling with sampling 

frequency fS frequency repetition.

fS > 2 B           no aliasing.

(b)

sk (t) = sin( 2p(f0 + k fSample) t )   ,  ¼k ¼ÍN

Note: s(t) at fSample represents all sine-waves sk(t) defined by:

fSample

of the signal

k=0 k=1k=-1

Sampling Low-Pass Signals
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-1k      0       1k                        f (Hz) 
(Hz) (Hz) 

Continuous spectrum  
(a) Given a band-limited signal: 

frequencies of the signal in 

[-1kHz, 1kHz]    (B = fMAX = 1kHz).

(a)

 

  -1k      0    fS/2                        f (Hz) 

Discrete spectrum  

Aliasing (c) (c) fS Ò2kHz    =>      aliasing !

Aliasing: signal ambiguity in 
frequency domain

 

 -1k      0    1k fs/2         fs          f (Hz) 

Discrete spectrum  

No aliasing 

(b) Time sampling with sampling frequency fS
Considering the frequency repetition, as 

fS > 2 B no aliasing occurs.

(b)

sk (t) = sin( 2p(f0 + k fSample) t )   ,  ¼k ¼ÍN

Note: s(t) at fSample represents all sine-waves sk(t) defined by:

fSample

of the signal

k=0 k=1k=-1

e.g., fS=600 Hz => the bin around 200Hz also 

gets the contributions of the 800Hz components.
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Sampling 
Low-Pass Signals
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            0    fS/2                               f 

Discrete spectrum  

Aliasing & corruption  

fS 2 B          aliasing !

Aliasing: signal ambiguity in frequency domain

0 fSfS/2 B- fS/2- fS

If the sample rate 

is too low for the 

bandwidth of the 

signal.

Signal

AntialiasingFilter
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-B       0      B                             f 

Signal of interest  

Out of band 
noise 

Out of band 
noise 

 

 

 -B      0      B fS/2                              

f 

(a),(b) Out-of-band noise can aliase

into band of interest. Filter it before!

Out of band noise(t) will be sampled: 

noise(t) @ fS thereby mimicking a 

non-existing contributions of 

frequencies within the band.

(a)

(b)

(c)

Passband: depends on bandwidth of 

interest. 

(c) Antialiasing filter
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Under-sampling
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m

BCf2
Sf

1m

BCf2 -Ö
¢¢

+

+Ö

mÍN, selected so that fS > 2B

 

B 

0                                             fC              

f 

Bandpass signal 

centered on f C 

 

-f
S
             0               f

S
             2f

S 
 

 
              

f f
C
 

fC = 20 MHz, B = 5MHz 

Without under-sampling fS > 40 MHz.

With under-sampling:

fS = 22.5 MHz (m=1)

fS = 17.5 MHz (m=2)

fS = 11.66 MHz (m=3)

Example
Advantages

üSlower ADCs / electronics 

needed.

üSimpler antialiasing filters.

Using spectral replications to reduce sampling 
frequency f S requirements.

>2B

sk (t) = sin( 2p(f0 + k fSample) t )   ,  ¼k ¼ÍNNote: s(t) at fSample represents all sine-waves sk(t) defined by:

last m such that fS > 2B = 10MHz

Over-sampling
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Oversampling : sampling at frequencies fS >> 2 fMAX . 

Over -sampling & averaging may improve ADC resolution

fOS = over-sampling frequency,

w = additional bits required.
fOS = 4w · fS

Each additional bit implies/requires over -sampling by a factor of 4. 
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(Some) ADC parameters
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1. Number of bits N (~resolution)

2. Sample rate (~speed)

3. Signal-to-noise ratio (SNR)

4. Signal-to-noise-&-distortion rate

5. Effective Number of Bits (ENOB)

6. é

NB: Definitions may be slightly manufacturer -dependent!

Static distortion

USB Audio Interface

Å 24-bit

Å 192 kHz

Software Defined Radio (SDR)

Å 14-bit ADC

Å 2 ï6 Msamples/sec

Å Covers 1 kHz ï2 GHz 

Å Bandwidth 10MHz

Å At 8-bit >9.2 MS/sec

ADC - Number of bits N
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Continuous input signal digitized into 2N levels. 

Uniform, bipolar transfer function 

(number of bits N=3 => 8 levels)

Quantisation error digitized signal vs signal

Quantisation step q = V max

2N

Ex: Vmax = 1V , N = 12       q = 244.1 mV

Voltage ( = q)

Scale factor (= 1 / 2N )  

Percentage (= 100 / 2N ) 

signal
3- bits 

=>

23 = 8 levels


