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1 prelude — Hilbert curve





3 iterated substitutions

7→

7→

7→

7→

⇒ ⇒ ⇒

square chair tiling

http://tilings.math.uni-bielefeld.de/substitution_rules/square_chair


4 back to the roots . . .

Ueber die stetige Abbildung einer Linie auf ein Flächenstück (1891)

David Hilbert in Königsberg i. Pr.



5 Hilbert curve locally rewritten

recursion, iteration



6 theoretical computer science

“ . . . the formal analysis of efficient computa-

tion and computational processes. [. . . ]

TCS covers a wide variety of topics including

algorithms, data structures, computational

complexity, parallel and distributed compu-

tation, probabilistic computation, quantum

computation, automata theory, information

theory, cryptography, program semantics and

verification, machine learning, computational

biology, computational economics, computa-

tional geometry, and computational number

theory and algebra. Work in this field is often

distinguished by its emphasis on mathemati-

cal technique and rigor. ” [sigact]

http://sigact.acm.org/
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math: regularities, patterns

computer science: computations

models:

➸ Wang tiles

➸ Cellular automata

➸ Turing machines



� Rules of the game



8 kites and darts

c© Franz Gähler, Stuttgart

http://en.wikipedia.org/wiki/Penrose_tiling
http://www.itap.physik.uni-stuttgart.de/~gaehler/tilings_ps.html


9 abstract tiles



10 abstract tiles
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11 tilings

• rectangle

• (half) plane

• quadrant



� Patterns



12 first pattern



13 first pattern (bis)



14 the tiles

in two directions:
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and some borders



15 second pattern



16 second pattern (bis)



17 tiles second pattern
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four tiles

(and some borders)



� Form



18 squares



19 recognize a square



20 tiles for squares
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21 squares with middle



22 tiles for squares with middle
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23 tower squares



24 method for tower squares

0 00 10 11 1



25 tiles for tower squares
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26 difficult patterns

• blue tiles are connected (difficult)

wrong!

• equal numbers (very difficult)



27 remember?

⇒ ⇒ ⇒ ⇒ . . .

iterated substitutions form patterns that can

be tiled



� Computing



28 puzzle

rectangles:

8×3 & 16×4

start at bottom



29 filling the gap



30 solution



31 a computation!

output

input

(number of squares)

powers of two



32 repeated pattern

computation

input

(at most) three

colours per tile



33 wisdom on a tile



34 tile wisdom

with tiles you can count



� Self-Assembly



35 Sierpinski

Qef’s Website

wikipedia

http://ungwe.org/art/sierpinski/
http://en.wikipedia.org/wiki/Sierpinski_triangle


36 Sierpinski
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http://en.wikipedia.org/wiki/Sierpinski_triangle


37 Self-Assembly

Algorithmic Self-Assembly of DNA Sierpinski Triangles (2004)

Rothemund, Papadakis, Winfree; PLoS Biology

http://dx.doi.org/10.1371/journal.pbio.0020424


38 Self-Assembly



� Cellular Automata



39 A New(?) Kind of Science
see: collection of reviews

Stephen Wolfram

http://www.math.usf.edu/~eclark/ANKOS_reviews.html
http://www.wolframscience.com/nksonline/toc.html


40 cellular automaton
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41 cellular automaton
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42 rule 90
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43 rule 30

1 1 1

0

1 1 0

0

1 0 1

0

1 0 0

1

0 1 1

1

0 1 0

1

0 0 1

1

0 0 0

0

http://en.wikipedia.org/wiki/Rule_30


44 rule 30

c© mathworld.wolfram.com

http://mathworld.wolfram.com/Rule30.html




46 Conus textile

en.wikipedia.org

http://en.wikipedia.org/wiki/Cellular_automata


47 Belousov-Zhabotinsky Reaction

c© Peter Ruoff, Stavanger

Conway’s game of life

2-dim cellulaire automaat

http://www.ux.uis.no/~ruoff/BZ_Phenomenology.html
http://en.wikipedia.org/wiki/Conway%27s_Game_of_Life
http://www.collidoscope.com/modernca/


48 cellular automaton using tiles
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49 cellular automaton using tiles
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50 prime numbers



51 rule 110

http://en.wikipedia.org/wiki/Rule_110


52 signalling with 110



53 tile wisdom

complex patterns

with simple rules



� Turing and his Machine



54 Turing

Alan Mathison Turing,

FRS OBE, 1912 – 1954

computability

whát can we compute?

Turing machine

Enigma

breaking the code

artificial intelligence

Turing test

morphogenesis

pattern formation in biology

http://en.wikipedia.org/wiki/Alan_Turing


55 a machine



56 adding one

b b 1 1 0 1 b
~

control unit

input tape

reading head

r present
state

begin: r
end: ∅

symbol
state 0 1 b

r r,0, R r,1, R ℓ, b, L

ℓ ∅,1, N ℓ,0, L ∅,1, L

Turing, A. M. On Computable Numbers, with an Application to

the Entscheidungsproblem. Proc. London Math. Soc. Ser. 2

42, 230-265, 1937.

b b 1 1 0 1 br��
��

b b 1 1 0 1 br��
��

b b 1 1 0 1 br��
��

b b 1 1 0 1 br��
��

b b 1 1 0 1 br��
��

b b 1 1 0 1 bℓ��
��

b b 1 1 0 0 bℓ��
��

b b 1 1 1 0 b∅��
��



57 computable numbers?

Champernowne constant
= 0.12345678910111213141516171819202122. . .

Sloane A033307
√

2 = 1.41421356237309504880168872420969807. . .
Sloane A002193

π = 3.14159265358979323846264338327950288. . .
Sloane A000796

is every number computable?

does every number have a name?

http://www.research.att.com/~njas/sequences/A033307
http://www.research.att.com/~njas/sequences/A002193
http://www.research.att.com/~njas/sequences/A000796


58 the universal machine

“ It is possible to invent a single ma-

chine which can be used to compute

any computable sequence. If this ma-

chine U is supplied with a tape on

the beginning of which is written the

S.D. [=description] of some comput-

ing machine M, then U will compute

the same sequence as M. ”



59 NRC 30.10.07

http://dx.doi.org10.1038/news.2007.190
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0 1
↑ ւ,1, L ց,0, R

ւ ց,1, R ↑,0, L

ց ↑,1, R ւ,1, R



61 reduction to tilings

r0 1 0 1 1 B

0 r1 0 1 1 B

0 1 r0 1 1 B

0 1 0 r1 1 B

0 1 0 1 r1 B

0 1 0 1 1 rB

0 1 0 1 ℓ1 B

0 1 0 ℓ1 0 B

0 1 ℓ0 0 0 B

0 1 1 0 0 B

c© Peter van Emde Boas

http://staff.science.uva.nl/~peter/


62 Turing-tiles

0 1 b
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63 universal

tiles are

programmable



64 tiling problem



65 uncomputable!

Wang tiles, 1961

pattern without regularity (hard)

Karel Culik II, 1996

input: set of tiles

question: is there a proper tiling

of the plane (of a rectangle) ?

there is no algorithm that solves

this problem

Berger 1966

(really!)

http://en.wikipedia.org/wiki/Wang_tile


66 last tile wisdom

tiles are

unpredictable



67 (the end)

Bedankt!


