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En verder?

Afhankelijk van hoe het semester loopt nog wat verdieping aan het
einde.

Complexity of Games & Puzzles
[Demaine, Hearn & many others]

Rengo Kriegspiel?
T 5

NEXPTIME

O players  1player 2 players Team,
(simulation)  (puzzle) (game) imperfect info




Gastcollege bi1j Complexiteit
(2023, J.de Graaf en L.Edixhoven).
Geen tentamenstof.

Thema: Complexiteitsklassen die ‘horen’ bij
puzzels en spellen.

Naar het boek van Hearn en Demaine over
“Constraint Logic”.

Eerder ook 1n
(W.Kosters en HJ.Hoogeboom).


https://liacs.leidenuniv.nl/~kosterswa/semalg/editions.html

‘game theory’ fields
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models of computation: games B e
turing machine Py



https://liacs.leidenuniv.nl/~kosterswa/semalg/editions.html
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youtube “a computer built with dominos” (2020)

domino computing

Computing with Planar Toppling Domino Arrangements
william M. Stevens

>
w

challenge:
(no) timing & (no) bridges

\
\

o 1111)
ll/

fork

A B

Fig. 4. A single line crossover

Fig. 3. A one way line

Unconventional Computation, 10th International Conference C
uc 2011, Turku, Finland, June 6-10, 2011 Fig. 5. A both mechanism


https://www.youtube.com/watch?v=w6E7aQnA4Ws&t=270s
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We gaan uit van een eindig aantal toestanden.
We onderscheiden het aantal spelers

- nul: simulaties
- eeén: puzzels
- twee: spellen

en ook of zetten wel/niet herhaald mogen
worden

- bounded / unbounded

Daarbi1j horen zes klassen spellen en passende
complexiteitsklassen.

vVoor elke klasse 1s een Constraint Logic die
deze complexiteit heeft, en gebruikt kan
worden om naar concrete spellen te reduceren.
constraint Logic 1s een spel/puzzel waarin
takken in een graaf kunnen worden omgedraaid
(volgens simpele regels)



Complexity of Games & Puzzles

[Demaine, Hearn & many others]
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Constraint Logic
[Hearn & Demaine 2009]
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We gaan eerst kijken naar

- t1jdscomplexiteit (voor bounded)

- ruimtecomplexiteit (unbounded)

en

- deterministische,

- niet-deterministische en

- alternerende(!) TuringMachine berekeningen.

De bijbehorende complexiteitsklassen passen
precies op de zes klassen van spellen.



deel 1: t1jd- en ruimtecomplexiteit




maar eerst ..

» Complexiteit (dit vak)
— hoeveel werk kost deze oplossing? (tijd)complexiteit

— hoeveel geheugen? ruimtecomplexiteit



basic complexity classes

game complexity classes
VS.
TM resources: space & time

Cook/Levin NP completeness SAT

Savitch PSPACE = NPSPACE



Er zijn verschillende TM modellen mogelijk.

Invoer tape, meerdere werktapes, eenzijdig,
dubbelzijdig.

Polynomiale ruimte complexiteit
- PSPACE
- NPSPACE niet deterministische berekeningen

Savitch: ruimte kan hergebruikt worden, we
kunnen nauwkeurig alle berekeningen
‘recursief’ nagaan.

PSPACE = NPSPACE (!)



T models (H&U)

working tapes working tapes

# Blal T 1l
J/// input

>|bla cl<

Tnput
space complexity time complexity
DSPACE(f) NSPACE(T) DTIME(f) NTIME(f)
offline input on tape
multiple working tapes multiple working tapes
single side infinite double sided

for every input word of length n, ..

M scans at most f(n) cells M makes at most f(n)
on any storage tape .. moves before halting ..



NSPACE( s(n) ) < SPACE( s4(n) )

can we reach a halting configuration?
at most exponentially many steps s(n)|X]|s(m

solve recursively “re-use space”

reach(7n7, fin,1) = step(7ni,fin)
reach(7n7, fin,2k)
foreach configuration mid
test reach(7n7,mid,k) A reach(mid, fin,k)

stack depth s(n) of configs, each size s(n)

NPSPACE = PSPACE

NSPACE( s(n) ) <€ ATIME( s?2(n) ) ‘“parallel in time”



computation tree

determinism nondeterminism




computation tree

existential and wniversal
states

0 e
n
CD —
e

determinism nondeterminism alternation




niet-det TM: existentieel: kan er een
accepterende berekening gevonden worden.

Alternerend: ook universeel: elke volgende
stap heeft een accepterende berekening.

P, NP, AP
PSPACE=NPSPACE, APSPACE

OO0k LOGSPACE: L, NL, AL

Alterneren 1s krachtig, stapt een nivo omhoog
AL=P, AP=PSPACE, APSPACE=EXPTIME

Gelijkheid, wonderlijk 1n complexiteitsland.
Constructie door de hele berekeningsboom na
te rekenen.



dimensions

existential and wniversal states
computation = tree

log. polynomial exp.
space time space time
determinism L P PSPACE EXPTIME
nondeterminism NL NP NPSPACE NEXPTIME
alternation AL AP APSPACE AEXPTIME
AL AP APSPACE AEXPTIME

P S NP € PSPACE € EXPTIME € NEXPTIME & EXPSPACE

NPSPACE NEXPSPACE

A.K. Chandra, D.C. Kozen, and L.J. Stockmeyer. 'Alternation', Journal of the
ACM, Volume 28, Issue 1, pp. 114-133, 1981.




Cook-Levin: SAT 1s NP-compleet probleem.

deterministische TM: HORNSAT 1s P-compleet.
HORN clause: max €én positieve litteral.

Let op: P-compleet maakt gebruik van log-
space reducties. Met pol-time reducties zijn
(bijna) alle P-problemen equivalent. ©



3SAT

literal
(negated) variable

clause

A

twvxvyf A (wv-xvz) A (Xv-yvz) A ..

3 conjunctive normalform

3SAT
given: given formula ¢ 1n 3CNF

question: 1s ¢ satisfiable?
(can we find a variable assignment making formula true)

Cook/Levin 3SAT 1S NP-complete



3SAT

Tiak = “Tipk Tiak A Tip.ker = Hik

Hiw A Que A Tiak — V(p,a,q,b,d) Hitdg. ke N Qgker AN Tib.ke1

CNF conjunctive normal form
clauses: disjunction literals

a--b iff -av -b
aANb-cC iff =a Vv =b Vv cC

anbacsVy CdAenf) sat-iff
(-av-bv-cvV;z )A
N, (mz; Ad) AN, (mz; Aep) AN, (2, A T

3SAT is NP hard
(avbvcvdve) sat-iff
(@vbvVvXx)A(@ExVecVXx)A(Exvdyve)




HORN-SAT

Tiak = 7Tipk Tiak A Tipker — Hix
Hik A Qu A Tia — Hivdker A Quuker A Tibuker

determinism

HORN-SAT is P hard
CNF conjunctive normal form
Horn clauses: at most one positive literal

a--b iff -av -b
aAb-c iff -av -bvc

aAbAac-(dAaenf) 1iff
(-av-bv-cvd)aAa.An(-aVv-bv-cvTf)



Quantified Boolean Formula.
Reeks quantoren gevolgd door formule
(conjunctie clausen)

Dit 11jkt op spellen: Ik win als

er 1s een zet, zodat

voor alle zetten van de tegenstander,
er 1s een zet, zodat ..

QBF: is de formule waar?
Dit probleem 1s PSPACE compleet.



formula games - complete problems

NL 2SAT
(X1VX3) A (mXV=X3) A (XsVXq)

P HORN-SAT
(=X3V=X,VX5VX1) T1.e. ( X3AXAXs = Xq )
NP SAT satisfiablity

X7 IX3 IXs (XVX3VXs) A (mXV—X3) A (XVXq)

(N) PSPACE QBF aka QSAT
IX; VX3 IXs (X{VX3VXe) A (mXVaX3) A (XsVXq)



true quantified boolean formula

SAT 1s NP hard satisfiablity
X7 IX3 IXs (X{VX3VXs) A (AXV-X3) A (XVXq)

QBF 1S PSPACE hard aka QSAT
IX; VX3 IXs (X{VX3VXe) A (mXVaX3) A (XsVXq)

input length p(n) #steps < cpPM

configuration ¢  sequence variables T;, Qg Hix

¢ (cy,c,) from c; to ¢, in < k steps
k=1 see SAT construction Cook/Levin

¢, (c;,C,) = () o, (cy,c) A o (C,C) )
ok, but doubles size

®,, (c,C) = (Ac)(ve’)(vc™)
[ (¢c’,c”)=(c,cy) v (c’,c”)=(cq,C) ] » o (c’,C”)



deel 2: constraint logic




Decision Problem




constraint logic

NCL - nondet constraint logic
instance: constraint graph G, edge e
guestion: sequence which reverses e

BOUNDED NCL
. reverses each edge at most once




constraint Logic.

Gerichte graaf.

Gekleurde takken/aanhechtingen.

waarde rood=1, blauw=2.

Elke knoop heeft tenminste waarde twee
ingaande takken (dus twee rood of €én blauw)

- NCL ‘nondeterministic constraint logic’
past bi1j eenpersoons spellen=puzzels

Zet: omkeren tak, als aan de eis voldaan
blijft.
Doel: omkeren speciale tak.

- BNCL ‘bounded’ elke tak maximaal één keer
omkeren



basic constraint logic

examples
edge connectors

incoming value
2

1

constraint graph

oriented/directed edges + connectors
vertex constraint

inflow value > 2
game: legal move

edge reversal satisfying constraint
goal

reversal given edge



NP & TipoOver
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NP constraint logic games in particular
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3SAT Tipover

Bounded NCL



PSPACE & Plank Puzzle
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PSPACE constraint logic games in particular
ngr-aph gameS’
o8F plank puzzle
NCL (river crossing)



‘special’ vertex constraints?

colour conversion
dangling edges edge terminators



wWe kunnen een aantal soorten knopen
onderscheiden, met een bepaalde i1ntuitie.
OR, AND, FANOUT, CHOICE.

De state space van zo’n knoop voldoet aan die
intuitie.

Bijvoorbeeld: om de tak boven de OR naar
buiten te keren, moet tenminste één van de
onderste twee naar binnen gekeerd worden.



nhormal form vertices

L
incoming value
q 2
ﬁ) 1
OR AND

bounded NCL (reverse only once)

AT

FANOUT CHOICE









legal configurations

y ‘ FANOUT




legal configurations

y ‘ CHOICE




Met de vier soorten knopen kan eenvoudig een
graaf gemaakt worden die een formule
representeert.

De bovenste tak kan omgekeerd worden als de
formule waargemaakt kan worden.

Oonderaan geven de takken de waardering van de
variabelen weer.

Dus BNCL simuleert SAT en 1s NP complete

Als we meerdere keren takken mogen omdraaien
kunnen we gadgets maken die kwantoren nadoen.
(N1et erg snel 1n te zien.)

Dus NCL simuleert QBF/QSAT en 1S PSPACE
complete



basic observation

“emulate” a logical formula as graph game

goal:
flip a given edge 7ff formula satisfiable

(wvxvy) A (wv=xvz) A (Xv-yvz)

components

OR
A AND AFANOUTV CHOICEV



formula constraint graph

variable
setting

AND
\ (XV-yvz)
OR

FANOUT

\
1
I
1
J CHOICEV

A
N
\)



guestions

e« ‘can not obliged to reverse edges upwards
1e, we do not always set variable

e can we reverse the ‘wrong way’?

« do we need restriction to reverse edge once?

(wvzVy) A(wVEV2)A(zVYVz) A

AND 1’

FANOUT




game categories

game categories and their natural complexities

(polynomial)
™ Rush Hour
resources River Crossing
unbounded | PSPACE PSPACE | EXPTIME
SPACE NPSPACE APSPACE
bounded P NP PSPACE
TIME AP
# Zero one two
simulation  puzzle game
determ. nondeterm. alternat.
Tipover

NL < P & NP € PSPACE € EXPTIME S NEXPTIME

LIDC DDA

NPSPACE =




formula games - complete problems

NP SAT satisfiablity
(X{VX3V—Xs) A (mXVX3) A (XsVXq)

(N) PSPACE QBF aka QSAT
IX; VX3 IXs (X{VX3VXe) A (mXVaX3) A (XsVXq)



conclusion (B-NCL)

ANTY

FANOUT CHOICE

BOUNDED NCL - nondet constraint logic
instance: constraint graph G, edge e
gquestion: sequence which reverses each
edge at most once, ending with e

- reduction from 3SAT 1into Bounded NCL
- Bounded NCL 1S 1n NP

thm. Bounded NCL 1s NP-complete

however: topling domino’s cannot cross



gquantification

‘v’:ﬂﬂy‘v’w---ﬂzﬁ(w\/y)A---/\(E\fx\/@)]

|

|  —

CNF logic

satisfied

vV dy | Vw

satisfied out satisfied in

tryin




quantifier gadgets

try in try out

satisfied out satisfied in satisfied out satisfied in

(a) Existential quantifier (b) Universal quantifier









conclusion (NCL)

initial orientation
arrows not specified

OR AND

NCL - nondet constraint logic
instance: constraint graph G, edge e
question: sequence which reverses e

thm. NCL 1s PSPACE-complete



next: concrete games

bounded: NP unbounded: PSPACE

games and complexity



https://liacs.https/liacs.leidenuniv.nl/~hoogeboomhj/praatjes/games-complexity/leidenuniv.nl/~hoogeboomhj/praatjes/games-complexity/

Met NCL en BNCL als tussenstap kunnen we
concrete spellen NP-compleet dan wel PSPACE-
compleet bewijzen.

Het volstaat om ‘gadgets’ te bouwen die de
diverse knopen kunnen simuleren.

Probleem: de grafen van NCL laten kruisende
takken toe. Dat 1s 1n spellen vaak niet
toegestaan. Oplossing een gadget dat signalen
laat kruisen.

Tipover 1s een bounded spel. Als een krat
gevallen is blijft deze Tiggen

Rush-hour 1s unbounded. Auto’s mogen weer
terug geschoven worden.




T1pOver 1S NP-Complete




NP & TipoOver
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formula constraint graph

AND

FANOUT

CHOICE\?/

A
N
\)

variable
setting



planar crossover gadget

formal proof Lemma 5.10

1
|
A
.

—_—

it leftward .. then leftward



planar crossover gadget

formal proof Lemma 5.10

A
l

e

)

—



bounded NCL half-crossover

to be replaced restricted behaviour

race
condition

vert. % hor1

both

half-crossover bounded ncl type



conclusion (planar BNCL)

ANTY

FANOUT CHOICE

BOUNDED NCL - nondet constraint logic
instance: constraint graph G, edge e
gquestion: sequence which reverses each
edge at most once, ending with e

Bounded NCL 1s NP-complete,
even for planar graphs,
with restricted vertices



conclusion (planar NCL)

OR AND

NCL - nondet constraint logic
instance: constraint graph G, edge e
question: sequence which reverses e

NCL 1s PSPACE-complete,
even for planar graphs,
with restricted vertices



application: TipOver

24 initial
position



solution advanced

23D, 24L, 30U, 9R, 15U, 2D

2
3
4
goal



solution advanced

BN BN
15

EREE -
e

23D, 24L, 30U, 9R, 15U, 2D

2
3
4
goal



solution advanced

BN BN
15

EREE -
HEEE -

23D, 24L, 30U, 9R, 15U, 2D

2
3
4
goal



solution advanced

23D, 24L, 30U, 9R, 15U, 2D

2
3
4
goal



solution advanced

> U
15

m -

23D, 24L, 30U, 9R, 15U, 2D

2
3
4
goal



solution advanced

.

15

m -

23D, 24L, 30U, 9R, 15U, 2D

2
3
4
goal



solution advanced

2

m -

23D, 24L, 30U, 9R, 15U, 2D

2
3
4
goal
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Figure 9-7: TipOver puzzle for a simple constraint graph.



gadgets: “one way’, OR

invariant:

e can be reached © can be 1nverted

e all visited positions remain connected

=

B

[

[]

L L)

—_—

—_—

Figure 9-3: A wire that must be initially traversed from left to right. All crates are

-OEe - -0
— 1 _— —
height two.

S,

o

(a) OR gadget. If the tipper can reach
either A or B, then it can reach C.

OR



gadgets: AND

3 2
AT (- c
1(D]
|G AND
G
o A B
(b) AND gadget. If the tipper can reach
both A and B, then it can reach C.
(Al _JFe] [ ] JcJ- '"ﬁ (Al ] @OFf[ T Jc)-
) E[ D] Er D]
. G| | G| |
1 ol ot

Figure 9-5: How to use the AND gadget.
remains connected



gadgets: CHOICE, FANOUT

choice

(B8] ] [ ] <o)l [ HER

-~ —

o8] [] I|||[

] CHOICE
5| \

Figure 9-6: TipOver CHOICE gadget. If the tipper can reach A, then it can reach B
or C, but not both.

.
reconnect

use one-way gadgets at B and C FANOUT
(control information flow)



conclusion

ANTY

FANOUT CHOICE

Bounded NCL 1s NP-complete,
even for planar graphs,
with above restricted vertices

CEOITD @ O0e-
] L

Jf_]E[ [T O }

thm. TipOver 1s NP-complete



NP complete bounded games

Jan van Rijn: Playing Games:
The complexity of Klondike, Mahjong, Nonograms

and Animal Chess
(Master Thesis, 2013, Leiden)

Or+1)[ @ | (Vx+4)(dzr+4) Dre+2)[ @ | ([Pz+3
Tr+2] [ ) o Qx
hr+1 Vr+1][ér+1
El 6+ 2
3| (3|
0 e &
L J (b) OR gadget
(a) AND gadget (b) OR gadget
Pz +1)[ &= | o= ][z +6) bz +1)[ @ |[ @ | [ox+2)
Cx+ 3| [#x+ 2] [ éx Pr+2][Vx O
hr+4
1
i1

(¢) FANOUT gadget (d) CHOICE gadget

(¢) FANOUT gadget (d) CHOICE gadget



(ctd.) nonograms

1Tl

Nonogr

(b) Solved

6 = 6 Nonogram

(a)

(d) CHOICE

(c) FANOUT



Rush Hour and Plank puzzle are

PSPACE-complete




rush hour
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(b) AND (c) Protected OR

car in < edge out

AA

AND OR



latch / protected OR




plank puzzle

a 9

Start @&—D L @® End

@ L]
output output
® ® ® ® ® ® ® ®
I B
¢ } ] o C s input @
!
A A
@ input 0 " ] @ input &=——» > @
D to]
B
o o o} O o) o] ]
input
e

(a) AND (b) OR
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conclusion

conclusion: nice uniform family of graph
games, suitable for the various game classes

not in this presentation:

deterministic classes are hard to prove
complete: timing constraints
bounded det. ncl
has no known planar normal form

2pers. games need two types of edges (apart
from colours), for each of the players

for teams one needs hidden info, otherwise
equivalent to 2p games



conclusion

roots can be found in the literature
(see Geography)

take care: game of 1ife (what is the ‘goal’?)
1s PSPACE, 1t also 1s undecidable ©
(on infinite grid)

example of P-complete:
the domino topling simulation



Y z=false

alternately

Papadimitriou, Computational Complexity

application

[3$Vy3%ﬂﬂ$\ﬁﬂy)h(y\fz)h(y\fﬁzn.

geography

[Schafer, J.CSS, 1978]
THM. Geography 1s PSPACE-complete

two players on directed graph

pick next vertex,

without repetition

Figure 19-4. Crossing edges in GEOGRAPHY.

to GO

[Lichtenstein&Sipser, J.ACM, 1980]



Tetris 1s NP complete

“Given an initial game board and a sequence
of pieces, can the board be cleared?”

4 NI

Breukelaar, Demaine, Hohenberger, Hoogeboom, Kosters, Liben-Nowell.
Tetris 1is Hard, Even to Approximate. Selected Papers from the Ninth Int.
Computing and Combinatorics Conf. (COCOON 2003). 1nt. J. of
Computational Geometry and Applications 14 (2004) 41-68.



Tetris 1s NP complete

“Given an initial game board and a sequence
of pieces, can the board be cleared?”

- y
2 y
3




Tetris 1s NP complete

“Given an initial game board and a sequence
of pieces, can the board be cleared?”

yes!



Tetris 1s NP complete

reduction from 3-partitioning problem
(can we divide set of numbers into triples?)

—

?r end

OPEN: directly with Bounded NCL ?

find OR, AND, FANOUT, CHOICE > a=3

—} begin




Game Complexity

IPA Advanced Course on
Algorithmics and Complexity

Eindhoven, 25 Jan 2019

walter Kosters
Hendrik Jan Hoogeboom

LIACS, Universiteit Leiden



cook, Stephen (1971). "The complexity of theorem proving procedures™.
Proceedings of the Third Annual ACM Symposium on Theory of Computing.
pp. 151-158.

Provably difficult combinatorial games, L. J. Stockmeyer and A. K. Chandra,
SIAM J. Computing 8 (1979), pp. 151-174.

N.D. Jones, W.T. Laaser, Complete Problems for Deterministic Polynomial Time,
TCS 3: 105-117, 1977.

Chandra, Ashok K.; Kozen, Dexter C.; Stockmeyer, Larry J. (1981).
"Alternation". Journal of the AcM. 28 (1): 114-133


http://portal.acm.org/citation.cfm?coll=GUIDE&dl=GUIDE&id=805047
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