LIACS Examination Logic
Leiden University 8 July 2016, 10:00 - 13:00

1. [1 point] Draw the parse tree of the formula p — ((0 A ==p) v =(q — p)) and list all its
subformulas.

2. [2 points] Give a proof by means of natural deduction of the following sequents:
a) Fp—>((pP—09)—0).

b) =p p—(p—0).

¢) pP—av(i—aF(parn—q

d) -p,.Pva)a .
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3. [1 point] Use mathematical induction to prove that
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4. [2 points] Compute the conjunctive normal form of the following formulas and check which

formulas are valid. Explain your answer.

a) (PA-q)v(pAaQg).

Wehave (pAr-q)v(pArg)=pvPArq)A(agv(paqg) (distributive laws)
=(pvp)Aa(pva)A(=qvp)A(-gvq) (distributive laws)

Since the first three conjuncts are not valid, the entire formula is not valid.

b) —(p A -q) A (qv-p).

We have =(p A =q) A (Qv-p) = (-p v =q) A (Qv-p) (De Morgan’s laws)
= (-p v Q) A (Qv-p) (double negation)

Since the first conjunct is not valid, the entire formula is not valid.

) ((p—a)vp)A(pva(r At AQ)).

We have ((p —q)vp)A(pv=(ra=r AQ)) = ((tpva)vp)A(pv-(ra-r AQ)) (implication)
= (=pvavp)A(pv(=rv--r v=q)) (De Morgan)
= (-pvavp)A(pv-rvr v=q) (double negation)

Since the both conjuncts are valid, the entire formula is valid.
d) Construct a formula ¢ in conjunctive normal form from the truth table

P g [o
T T |F
T F T
F T |T
F F |F

The formula ¢ is obtained as the conjunction of the disjunction of the opposite atoms of the line
where ¢ is false: (=pv-g)A(pvQ)

5. [1 point] Apply the marking algorithm to check if the following Horn formulas are satisfiable:
8) (TopA((Prg)—oNAP—-GAraAp)—a).
Let us mark the propositions by using subscripts indicating the marking round. We have
(Te — p2) A ((P2 A 03) — 14) A (P2 — G3) A ((ra A p2) — 03) -
Thus the formula is satisfiable under any valuations mapping p,qand rto T.
b) M-opAP—-DA((PAG—->NA@>L)A(T—T).
Let us mark the propositions by using subscripts indicating the marking round. We have
(Te = p2) A (P2 = G3) A ((P2 A Q) — 12) A (O3 — La) A (T2 — 12)
Thus the formula is not satisfiable.

6. [2 points] Show the validity by means of natural deduction of the following sequents:

a) VXP(x),—3IxQ(x) P(a) v Q(a) . '
1 VXP(X) premise



b) P(@) Vx(x=a—P(x)).

C) F3Ix(x=a va(x=Dh)).

d) 3Ix=(x=x).

7. [1 point] For each of the following sequents give a model showing that it is not valid:
a) vxVyvz (P(x,y) — P(y,2)) .

b) VX(P(X) v Q(X)) I VXP(X) v ¥XQ(X) .

The final score is given by the sum of the points obtained.



