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Leiden University 15 June 2015, 14:00 - 17:00

1. [1 point] Draw the parse tree of the formula p A ((g — —p) — =(q v p)) and list all its sub-
formulas.

2. [2 points] Give a proof in natural deduction for each of the following sequents:
8 —pvqg—-p— qq

b) p—=(=pAQ) F-p

©) PAG=(PAT) FpA-T

d FP—a—((r—p)—F—0a)




1 p—q assumption
2 r—p assumption
3 r assumption
4 p —e 3,2

5 q r—q

6 r—q —i3-5

7 rop)—(F—0q) —1 2-6

8 (p—a)—((r—p)—(—0q) —i1-7

3. [1,5 points] Apply the marking algorithm to find a valuation witness for the satisfiability of the
following Horn formulas:

a)

b)

TopArPrgoNAPoDAQ@AT—oS)A(r— 1)

'round: (T—=p)A(PAG—=NDAPEP—=A@QAT—S)A(r— 1)

2 round: (T > pP)A(PAG=NDAP—=QA(@AT—S)A(r— 1)

3%ound: (TP APEAGoNDAP—A(QAT—S)A(r— 1)

Around: M- pP)APAGoDAP—=A@AT—S)A(r— 1)

5N round: (T - p)A(PAG=DAP =D AQQAT—S)A(r— 1)

Since L is marked, the formula is not satisfiable.

PAgoNDA@—opP)A(TAP—G) A(F—S)A(T—p)

1tround: (PpAg—=NA@—=P)ATAP—q) A(r—3)A(T —p)

2" round: (pAgq—=NA(@—=pP)ATAP—Q) A —3S)A(T— D)

Nothing else can be marked, so the formula is satisfiable with a valuation mapping p to true
and all other atomic propositions to false.

PAGAT—=)A(PAqoNA(r—0) A(P—>L)A(T—T)

1t round: (PAGAT—=S)APAG—=NDAT—q) A(Pp—L)A(T—T)

2% round: (PAGAT =) APAG—=DA(T—q) A(Pp—L)A(T—T)

3round: : (PAGAT—=S)APAG=)AT—0Q) A(P—L)A(T—T)

Nothing else can be marked, so the formula is satisfiable with a valuation mapping q and r
to true and all other atomic propositions to false.

4. [1 point] Draw the DAG corresponding to the formula =(=q A =p) A ((p A Q) A =) and use a
SAT solver to give a witness for its satisfiability.
A DAG for this formula (and a valuation for its satisfiability) is



5. [1,5 points] Let ¢ be the formula 3Ix(x=y — Vy(y=z A x=z)) where X,y,z are three variables.
Draw the parse tree of ¢ and compute, when possible, the following substitutions:
o O[f(v)iy]
o O[f(y)lyl
o O[f(v)/z].

Here f is a function symbol of arity 1 and v is a variable.

6. [1 points] Find a model for each of the following sequent showing that it is not valid.
a) 3IXP(x), IxQ(X) FIx(P(X) A Q(X)), where P and Q are predicates of arity 1.



Consider the model M where A = {a,b}, PM={a}, and QM={b}. Then the two leftmost
formulas are both true but the rightmost one is not.

b) VxVy(—x=y — (P(X) A P(Y))) - VXP(x), where P is a predicate of arity 1.
Consider the model M where A = {a}, PM=@. Then the leftmost formula is true (because
—x=y is false for all elements of the universe) but the rightmost one is not.

7. [2 points] Show the validity of each of the following sequent by means of a proof in natural
deduction, where P, Q, are predicates of arity 1, and R is a predicate of arity 2:
a) VXVy(x=y — R(x,y)) = VXR(X,X),

1 vXVYy(x=y — R(X,y)) premise
2 | Xo Vy(Xo=y — R(xo,y) Vel
3 Xo=Xo — R(Xo,X0) vel
4 X0=Xo =i
5 R(Xo, Xo) —e 4,3
6 VXR(X,X) Vi 1-5
b) 3IX(P(X) A =Q(X)), IX(=P(X) A QX)) =3IxIY(P(x) A Q(Y))
1 IX(P(X) A =Q(X)) premise
2 IX(=P(X) A Q(X)) premise
3 | Xo P(Xo0) A —Q(Xo) assumption
4 Yo  —P(yo) A Q(Yo) assumption
5 P(Xo) A€R 3
6 Q(yo) AeL 4
7 P(xo0) A Q(Yo) Ai 5, 6
8 Jy(P(x0) A Q(Y)) Ji7
9 Y(P(x0) A Q(Y)) Je 2, 4-8
10 IxIy(P(x) A Q(y)) Ji 9
11 Ax3Ay(P(x) A Q(y)) Jde 1, 3-10

The final score is given by the sum of the points obtained.



