Doo doo doo doo doo, doo doo doo doo doo doo
Doo doo doo doo doo, doo doo doo doo

— Crosby, Stills and Nash
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Integers

0= {1} =]
n o1y 1={_II}

n={|1-n -1={|_ ]}



(Fractional) Numbers
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;=1{0[1}, 1={0]}
T+1-1={0]1}+{0]1} —1 =0, and thus a second player win?

If one player moves on one the % the other player moves on the other:
0O+1-1=0V

If Right moves —1 to 0:
1,1
22

Left moves % to 0:
%: Loss for Right, second player win: 0



Weak number avoidance

Suppose that x is a number and G is not. If Left can win moving first on x + G, then
she can do so, by moving on G (in the game x + G).

Some xt + G >0

Some xL + G >0 (G # —x1)
Left wins moving first on xt + G
Some xt + GL >0

Some x + GL >0 (x > x1)



Game-Number correspondence

at+tb+c=0 & A+B+C=0
atb+c<0 & A+B+C<O
at+b+c>0 & A+B+C>0



Game-Number correspondence(2)

atb+c=0 & A+B+C=0

Suppose a+ b+ ¢c >0

Right moves to some AR + B + C.
aR+b+c>0 (AR > A).
AR+ B+ C>0.

A+B+C>0.

A+ B + C <0 (symmetric).

A+ B+ C=0.



The Simplest Number

For numbers xt < xR, the simplest number between xt and x* is defined by the
unique number with the smallest birthday strictly between them.

For numbers xt < xR, the simplest number x between them is given by the following:

> If there are integer(s) n such that xt < n < xR, then x is the one that is smallest
in absolute value.

» Otherwise, x is the number of the form 2’7 between x! and xR for which j is
minimal.



The Simplest Number (2)

> If there are integer(s) n such that xt < n < xR, then x is the one that is smallest
in absolute value.

> Otherwise, x is the number of the form £ between x" and x” for which j is

minimal.
XL XR X
: 2
1 5
8 8
27 9 _ 418
—15 “lp=-1g



The Simplest Number (2)

> If there are integer(s) n such that xt < n < xR, then x is the one that is smallest
in absolute value.

> Otherwise, x is the number of the form £ between x" and x” for which j is

minimal.
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The Simplest Number (3)

If all options of a game G are numbers and every left option G' is strictly less than
every right option G, then G is also a number:

G is the simplest number lying stritly between every GL and every GR.



Push

Line of squares, with an open square on the left.

L]

Blue and Red tokens that can only move left, and push each other.

¥
RIEIE
Tokens can be pushed off.
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Who wins?

e+ _ee] 4 [«] + «]<«]4]




Who wins?

RIRIE R IE

=1 4 )=2 [ [4]-3




Who wins?
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=1 4 )=2 [ [4]-3
A= {1 =2 =314 =3




Who wins?

EIEII e I

=1 4 )=2 [ [4]-3
A= {1 =2 =314 =3

< T={ <]« _T T«}}=113=2




Who wins?

EIEI R EI KT

=1 T4)=2 [ [4]-3
KIRIEICI e SRS R
= {2 T[4 =13 =2

[[a]={ <]l <[ T«}=0G12={E1D=1




Who wins?

EIEI R EI KT

=1 [4)=2 [ [4]-3
A=A I =0 =319=3
A= { =9 [ T4} = 313 =

[T ={ <9 < T3 =312 =15 =1
A9 = { 219|214} <[ [} =31

2 =31 ={¥1%)=



Who wins?

STE - A9+ T4+ 444

+ -1 + -2+ _L
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<=1 Je]=2 [ [<]=3

Ad={ Jl_T«1=n=1{I31=3

I I={ <D T T« =8I3=2

[T ]={ <D < [«}=8612=0318=1

A= { =9 314 A T4} =612 =0310 =214 =3




