Pushdown Automata — H.J. Hoogeboom \/III

Famous Automata

(Examples / Exercises)



I7 pushing and popping

general form (p,a, A, q, o)

(p,a,A) — (q,a)

a, Alo
QLYo

intuitive formalized as

pop A (p,a,A,q,A) a=A
push A (p,a,X,q,AX) forall X el
read a (p,a,X,q,X) forall X e

our convention



I3

example

empty stack

N(As) = L
a; +A a; A/
b+ B —~ b B/X

L={wcwl|we {a,b}*}

a;+A a; A/ final state
”—1—‘ — U577 @

(0,aabcbaa, Z) F
(0, abcbaa, AZ) +
(0, bcbaa, AAZ) +
BB (0, c¢baa,BAAZ) F
A A (1, baa,BAAZ) -
A A (1, aa, AAZ) F
7 AV (1, a, AZ)
(1, A, Z) F

000011112 (o A, 2)

aapcphaa



I10 example (ctd)

L={wcwl|we {a,b}*}
single state :- stack codes state

a, Z/ZA
b; Z/7ZB
c, Z/\

a;, A/
b; B/Ag

(1,aabcbaa, Z) F

(1, abcbaa, ZA) F

Z (1, bcbaa, ZAA) F
/BB (1, cbaa,ZBAA) F

71 A A (1, baa, BAA) F
(1, aa, AA) F

Z A Al L (1 . A -

a a php c p aa (1. A A)



VIII 1 palindromes
L={ze{ab}|z=2a}
!l 'reverse’, mirror image
even ww!t and odd lengths wow!?
b: +B b; B/ A
A, a, b N /A
.g .g /
stacksymbols A, B, Z
final state and/or empty stack
S — aSa | bSb

S—Alalb

(nondeterministic!)



VIII 2

converting to grammar

rename & substitute

[p7Z7r] M_)Z
[p,A,q] ~ A
[p,B,q] ~ B
[¢,A,q] ~ a
[¢,B,q] ~b
[q,Z, 7] ~ A

a;, +A a; A/
b +B b B/A

. )\, a, b p )\;Z/A

useful: [ A,q] [7,B,q] [7,2Z,7] m€{p,q}

(pya,Z,p,AZ) [p,Z,r] —alp,Aqlle, Z,7]
(pya,X,p,AX) [p,X,q] —alp, A qlle, X,q] X €{A, B}
(p,b,Z,p,BZ) |[p,Z,r] —=blp,B,qllq,Z,7]
(p,0,X,p,BX) [p,X,q] —=0blp, B,qlle,X,q] X e€{A B}
(p70-7Z7Q7Z) [p7Z7’r‘]_>O-[Q7Z7T] O-E{A7a7b}
(p,o, X,q,X) [p,X,q]l —0lqg,X,q]

(g,a,A,9,\) [q,Aq]—a

(¢,b,B,9,A\) [q,B,q] —b
(Q7A7Z7T7A) [Q7Z7’r‘]_>A

7 — aA, A — aAa, B — aAb,
/ —bB, A—bBa, B— bBb,
Z —Alalb

A—alaalba

B—b|ab|bb



VIII 3 abm "

L={a""a" | m,neN}

a, Z/ZA
X\ Z/X Z | XXX
b: X/ X Z|A A
aa a Xb b \Xaaa
deterministic: b; Z/Z
b, Z/Z g
&)
a, A/

see.

Closure and Determinism



VIII 4 atbick i=4j orj =k

L={abcF|i=jorj=k}

choose what to push

a,+A b; A/ C

S — AB | DC
A—aA |
B — bBc | A
C —cC| A
D — aDb | A

initial stack symbol Z



VIII 5

ampn

S —aSb|aS|a

L={ad™"|m>n}

first a is not ‘counted’
a;, +A b; A/

@ a, 2|7 e b;A/A»%

initial stack symbol Z

‘Dlocks’ on a™b"™, m < n

deterministic



VIII 6

S — aSbb | aSb | A

L={ad™""|m<n<2m}

nondeterministic
a;, +A b; A/

A @ A;Z/Z@

initial stack symbol Z

a, +AA



VIII 7 atbick  j=i+k

L={abck|j=i+k}
= { a'b'bFck | i,k e N}

counting ...
a;+A  byA/A by +A i A/A

S — AB
A — aAb |\ initial stack symbol Z

B — bBc | A now deterministic (mind \! etc)




VIII 8 matching brackets

VAN

S — SS| A

stacksymbols A, B, Z
empty stack (left, nondeterministic)

final state (right, deterministic)



VIII 9

#Ha(w) = #b(w)

S — SS| A
S — aSb | bSa

L={we{ab}*|#u(w) =#p(w) }
push #q(w) — #p(w)

zZero, Positive, Negative

deterministic: test for zero to accept

A a, P/PP

ol SN

a,Z/PZ b; P/

b; Z/NZ

L € DPD¢

L ¢ DPDn  (not prefix-free: XA € L)



VIII 10 2#q(w) = #p(w)

L ={we{a,b}* | 2#q(w) = #(w) }

push 2#.(w) — #,(w)
zZero, Positive, Negative

deterministic: test for zero to accept
a;, P/PPP
b; N/NN

b;P/IN X\:Zz/PZ

again L € DPD¢ — DPDn



VIIT 11 odd length

google favourite ‘pushdown automata language odd length’
L={{wée{a,b}"||w|is odd }
regular! (i.e., not much stack action)
a,b

o ®

a,b

acceptance by final state
single stack symbol Z



VIII 12 #a < #b < 2#a

L={we{a,b} | #a(w) < #Fp(w) < 2#q(w) }

add 1 or 2 for each b; subtract 1 for each a.
Zero, Positive, Negative

nondeterministic (choice for each b).
a;, P/

a. Z/NZ

a;N/NN )- 7/pz

add 2 to

- [=21=

N|=2
N

b; P/PPP
>1 0 -1<-2 b; Z/PPZ



VIIT 13

rcy T FEY

L={xzcy|z,y€{a,b}*,x#*y}

rFy = |z|F |y
or x=uxz1ax2, y=yi1bys, |x1|=|y1|
or x =uz1bxo, y =yi1ays, |x1| = |y1

<+ variant a < b
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