
Pushdown Automata – H.J. Hoogeboom VI

Pushdown as Storage

Abstract Families of Automata



VI 1 closure properties

families of languages

relations between closure properties

trio λ-free morphism
(=faithful cone) inverse morphism

intersection regular lang.

full trio (cone) & (arbitrary) morphism

[full] semi-AFL & union

[full] AFL & concatenation
plus [star]

example ∗ every full trio is closed under quotient with

regular lang.

∗ FAM1 and FAM2 full trio ⇒

HOM( FAM1 ∧ FAM2 ) full trio

FAM1 ∧ FAM2 = { K ∩ L | K ∈ FAM1 ∧ L ∈ FAM2 }

6= FAM1 ∩ FAM2



VI 2 closure properties

RLIN CF MON TYPE0

REG DPDℓ PDn DLBA LBA REC RE

intersection + – – + + + +
complement + + – + + + –
union + – + + + + +
concatenation + – + + + + +
star, plus + – + + + + +
λ-free morphism + – + + + + +
morphism + – + – – – +
inverse morphism + + + + + + +
intersect reg lang + + + + + + +
mirror + – + + + + +

fAFL fAFL AFL AFL AFL fAFL

∩ c ∪ – boolean operations

∪ · ∗ – regular operations

h h−1 ∩R – (full) trio operations



VI 3 finite state transductions

h :











a 7→ 100
b 7→ 10
c 7→ 010

a, a

a, a

b, b b, b

ε 0

10

00

b,1

λ,0

c,0 λ,1

a,1 λ,0

ε 0

10

00

1, b

0, λ

0, c 1, λ

1, a 0, λ

a, h(a) h(a), a

> every ’basic’ trio operation is FST

> FST’s are closed under composition

⇒ sequence of trio op’s is FST



VI 4 Nivat’s theorem

b,01

a, λ

a,1

every full trio operation is a fs transduction

thm every FST is composition of full trio op’s

RM regular language over ‘transitions’

{ a:λ, a:1, b:01 }

h and g select input and output

K ∋ b b a a b a

↑ h
RM ∋ b:01 b:01 a:λ a:1 b:01 a:λ

↓ g
TM(K) ∋ 01 01 λ 1 01 λ

x
input

h
←− R

computation

g
−→ y

output

TM(K) = g( h−1(K) ∩ RM )



VI 5 closure properties

families of languages

x
input

h
←− R

computation

g
−→ y

output

TM(K) = g( h−1(K) ∩ RM )

trio λ-free morphism
(=faithful cone) inverse morphism

intersection regular lang.

⇔ λ-free fs transductions

full trio (cone) & (arbitrary) morphism

⇔ (arbitrary) fs transductions



VI 6 legal pushdown instructions

A A
B

A
C

A
C

B
C

A

A, Ā push A, pop A A ∈ Σ

‘legal’ PDA instructions

S → A S Ā, A ∈ Σ

S → S S | λ

Dyck language DΣ

A B B̄ C A Ā B B̄ C̄ Ā

two pair brackets D{A,B} or D2



VI 7 PDA as transducer

0 1

b;X/λ

a;Z/Z

a;Z/XZ
a;X/XX

b;X/λa;Z/λ
AFA Automata abstract storage

AFL Languages closure properties

σ sequence transitions

legal iff h(σ) ∈ D2 iff σ ∈ h−1(D2)

a a b b a a ∆

↑ ↑g

Z a;Z/XZ a;X/XX b;X/λ b;X/λ a;Z/Z a;Z/λ R

↓ ↓h

Z Z̄ZX X̄XX X̄ X̄ Z̄Z Z̄ D2

CF = { g (h−1(D2) ∩R) |

g, h morphism, R regular }

g λ-free iff PDA real-time



VI 8 CF as full trio

CS, REC trio
REG, LIN, CF, RE full trio

L language family

M(L) smallest trio containing L

⇔ closed λ-free morphisms, inverse morphisms,

intersection regular

⇔ closed λ-free FTS’s

⇔ { g (h−1(L) ∩R) | g λ-free morphism,

h morphism, R regular }

M̂(L) smallest full trio containing L

[λ-free] ⇒ arbitrary

Greibach∗ M̂(D2) = CF
∗
=M(D2)



VI 9 blind multicounter automata

S → aS +1,+1
S → T 0,0
T → bU −1,0
T → U 0,0
U → cU 0,−1
U → λ 0,0

S T U

a

(

+1
+1

)

λ

b

(

−1
0

)

λ

c

(

0
−1

)

blind: no zero test (except final acceptance)

k counters kBC – storage type Zk

legal storage operations

Σk = {a1, b1, . . . ak, bk}

Bk = { w ∈ Σ∗k |#aiw = #bi
w (i = 1 . . . k) }

Greibach kBC = M̂(Bk) full trio

Latteux =M(Bk) trio, real-time

B1 is context-free 1BC ⊂ CF

B2 is not context-free

kBC incomparable to CF



VI 10 one-turn pushdown

LIN = 1tPDA

Z
A B

X X A
A B

A
B A X

Z

same level: by FST

Z
B

A
B

A
B

Z

two stack symbol normal form

LIN = M̂(cPal) cPal = { wcwR | w ∈ {a, b}∗ }

ZAĀBXX̄XX̄AAĀBB̄ĀB̄AĀXX̄Z̄

↔ ZBABB̄ĀB̄Z̄

↔ ZBAB c BABZ



VI 11 FST hierarchy

Z blind

N partially blind

Zk
 Nk+1

N 6 Zk
1-turn counter
{ anbn | n ∈ N }

context-free
D2

blind 1-counter
B1 = { |w|a = |w|b }

partially blind 1ctr
D1

partially blind mc
shuffle marked D1

blind multi-counter
Bm, m ∈ N

1-turn pushdown

cPAL = { wcwR }

1-counter
(D1c)∗
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