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2 transition polynomials

assembly polynomial of G,, for doc-word w

S(Gw)(p,t) = Zp ,

X follow / () consistent w / O inconsistent
never p

w=112323 p3t+2p%t+ p2 + pt2 +2p + t
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Burns, Dolzhenko, Jonoska, Muche, Saito:
Four-regular graphs with rigid vertices associated to DNA recombination (2013)
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I1

ciliates

cell structure:

3. macronucleous
4. micronucleous

8. cilium

wikipedia Franciscosp?2
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Unlike most other eukaryotes, ciliates have two dif-

ferent sorts of nuclei: a small, diploid micronucleus

(reproduction), and a large, polyploid macronucleus

(general cell regulation). The latter is generated from

the micronucleus by amplification of the genome and

heavy editing.



I2 ciliates

Ciliates: two types of nucleus
gene assembly: splicing and recombination

MIC micronucleus
MDS macronucleus destined M;
IES internal eliminated

inverted

MAC macronucleus

T pointers: small overlap



I3

recombine at pointers

merge consecutive MDS’s
align pointers & swap

I€ i \ix Iy
Ty AE R
Iy i g L.
Lps i I;
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proposed model

4
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no pointer
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Ehrenfeucht, Harju, Petre, Prescott, Rozenberg:
Computation in Living Cells — Gene Assembly in Ciliates (2004)




I5

string pointer model

goal: sorting [deleting] pointers
inverted

Mg Mo M Mg

8 9 > 1 -1 8 9
split upppup = ugpppun
invert ulpugﬁuggulpﬁgﬁtg

SWap u3puzquzpug qus Mu1Pu40|u3Pu2qu5

2312 3

) N\

213213
m3 231213

213123 /oos

inl
213123

> result depends on operations?



I6 graph model

5'TAS
l ATG

flanking
sequences

David M. Prescott. Genome gymnastics:
unigue modes of dna evolution and pro-
cessing in ciliates. Nature Reviews Ge-
netics (December 2000) Nitixs Ravigwes | Geestice




I7

Actin I gene of Sterkiella nova

MIC I M3 1; My Io Mg I3 Ms I4 M7 Is Mg
I MQ I7 M1 Ig Mg Ig

MAC T9T5T817 MlMQ s MSMQ I6T0, [; and Io I4 I3

4-regular graph with Euler circuit



I8

abstraction

double occurrence string w defines
4-reqular graph Gy, + Euler circuit Cy,
or 2-in 2-out graph -+ directed circuit

w=145265123463




I9

reconnecting at vertex

w=145265123463

segment split

145123463 & 526

segment inverted

145625123463



I10

inverting and splitting

(a) follows C

(b) orientation consistent
(c) orientation inconsistent

‘/14\/‘ 1 4 0 ~1 4
{%\ >@< >>@</< >§§’/\\ 5q2
(a) (b)

split

interlaced .. 0

invert -7 T~

3p2 q \
1.2 1 2 3..4 3.4
p q...0p" .. 2"
1.4 3,2 342 1.4
\p qJ...\p q/

segments are swapped



I11 interlaced symbols

rearrangements should not break genome

interlace graph 1(Cy)

circle graph (bar 4+ loop for orientation)



I12 keeping track of interlaced pairs

circular

string

interlace

doc string o V\i*{3,4}
126132456345

Swap



I 13 keeping track of interlaced pairs

4-regular graph (circle graph)
-+ Euler cycle interlace graph
cC — I(C)
invert | 1l local complement

Cxv — I(C)xv

interleaved

x|
<
=
:
<lI
=

not interleaved

x|
<
Xl
"
<
<



I 14 graph operations

G— Gxu local complementation
looped vertex u
Ny = Ng(u) \ {u} u u
ju s jus
G— Gx{u,v} edge complementation

unlooped edge {u, v}
Ny = Ng(u) \ Ng(v)

invert I(Cxu) =1I(C) xv
swap I(C *x{u,v}) = I(C) x {u, v} when defined



I 15 questions

how do these operations interact?
dependent on (order) operations chosen?

what are the intermediate products?



move to adjacency Zo-matrices

I16

17?7 PPT




I17 principal pivot transform

X  WV\X

A= X (P Q)
VX\ R S
X VAX

—1 _p—1
aax_ X [P 1 P (%
vix\ RP~1 S —RP1Q

partial inverse

A )=() max(3)=(3)

PPT matches edge & local complement

P 9

SEORES HH



I18

(partial inverse) A ( 1 ) = ( X2 ) iff A x X ( X2 ) _ ( X1 )
Y1 Yo yq Yo

Thm. (AxX)*xY =A% (XAY) when defined
symmetric difference

any sequence involving all pointers:
Ax{p1,pa}---x{pnf=AxV=A""

Cor. does not depend on order of operations (!)



I19

four worlds

{2}{1},2}

doc strings circle graphs binary matrices set systems
1 Lo a{1},{2},{1,3}
231213 111 (2,31,(1,2,3}}
5 3 O 10
invlert |(|:%%§‘L| pptl*{l} xor | A{1}
1 Lo {1},2,{1,2},{3}
231213 1 01 11,2,31,(2,3]
. O 10
2
sgv%p |§ggﬁpl l* (2,3} A{2,3}
1 1 01
213123 O O 1 {{ 1213}1{213}1{11 }1
.- 3 1 1 0
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IT1 graph invariants

3 colours 16680 acyclic orientations



II 2

graph invariants

chromatic polynomial
xe(t) =tlt—1)(t—2) - (t' — 12t + 67t
... —230t* + 52913 — 81412 + 775t — 352)

XG (t) — XG—|—uv(t) + XG/u\)(t)

XG(t) = XG—e(t) —Xg/e(t)
deletion & contraction

# acyclic orientations
16680 = (—1)Velys(—1)



IT 3 graph polynomials

definitions
recursive / closed form
combinatorial / algebraic

evaluations
combinatorial interpretation

polynomials
e Tutte (one to rule them all. . .)
e Martin (on 2-in 2-out graphs)
e assembly (Ciliates) ‘transition pol’
e interlace (DNA reconstruction)

and their relations!



II 4 Tutte: deletion & contraction

loops and parallel edges
diamond graph:
Tp :x3+2x2+2xy+x+y2+y




ITI 5 Tutte polynomial

G=(V,E), GIA]=(V,A)
k(A) connected components in G[A]

ACE
rank nullity ‘circuit rank’
(1 no edges
x T X, bridge e
Te(x,y) =< /el V) J
y TG—e(XrU) |OOD e
deletion & contraction \ Tg_e(x,y) +TG/e(x,y) other
Tg(x,y) = x'y with i bridges and j loops

extended to matroids



ITI 6 Tutte everywhere

recipe theorem:
deletion-contraction implies Tutte evaluation

(Tutte-Grothendieck invariant)
xg(t) = (~1)VIelGel@) 76 (1 — 1, 0)

Tp=x3+2x2 4+ 2xy + x +y2 +y
Xxp(t) = t(t—1)(t —2)?
(check Wolfram alpha)

evaluations:

spanning subgraphs

)
)
, 1) spanning forests
)
) strongly connected orientations


http://www.wolframalpha.com/input/?i=x^3%2B2+x^2%2B2+x+y%2Bx%2By^2%2By+where+x%3D1-t%2C+y%3D0

<

@. @@M
@@

counting components: 3x1, 7x2, 5x3, 1x4.



IT 8 Martin polynomial
transition system T(G) (graph state)
half-edge connections at vertices

Martin polynomial of 2-in 2-out digraph G

mGiy) = Y (y— 1kM—<lC)

—

TeT(G)
5 ¢(G) components
k(T) circuits for transition system T
1 ) k:3x1,7x2, 5x3,1xA4.
3y—1)°+7y - +5y—1)7+1y—1)°

Thm. (1) recursive form (2) Tutte connection
(3) evaluations

Pierre Martin, Enumérations eulériennes dans les multigraphes
et invariants de Tutte-Grothendieck, PhD thesis, 1977



IT1 9 Martin (1) recursive formulation

o o

graph reductions: glueing edges
Def. m(G;y)=1forn=0
m(G;y) =ym(G’;y) cut vertex

m(G;y) =m(Gl;y) + m(G/:y) without loops

3y—1)°+7y—1)t+
5(y—1)2+1(y—1)3




Martin (2) Tutte connection

ITI 10
2 L DI
1e o | eo—f e
Jrves

ool Sy

4 5 oK o5 ’
plane graph G, with medial graph G,

Thm. m(Gm;y) =T(G;y,y)

proof: deletion-contraction = glueing edges

—< < X
Sl WL W
> 0 =



II 11 Martin (3) evaluations

m(Giy) = T gy — 1O

G 2-in 2-out digraph and n = [V(G)|

—

5 Thm. m(G;—1) = (—1)1(—2)al6)-1 ‘third connection’
m(G;0) =0, whenn >0
1 , .‘ m(é; 1) number of Eulerian systems
N m(é; 2) =2"
Gﬁ 3 m(G; 3) =k|m(G; —1)| for odd k
a(G) anti circuits
m(G;y) =y> +2y°
m(G;—1)=1
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I 1 rearrangement vs. Martin

Assembly polynomial
Interlace polynonial
connected to Martin polynomial

interlace graph
local and edge complement



ITI 2 transition polynomials

assembly polynomial of G,, for doc-word w

S(Gw)(p,t) = Zp ,

X follow / () consistent w / O inconsistent
never p

w=112323 p3t+2p%t+ p2 + pt2 +2p + t

e 91 0 QO ED 0O GRS
=D (0 QK O @O

Burns, Dolzhenko, Jonoska, Muche, Saito:
Four-regular graphs with rigid vertices associated to DNA recombination (2013)




IIT 3

weighted polynomials

transition polynomials W =(aq,b,c)
transition T defines partition Vq, Vo, V3
eg wrt fixed cycle

weight W(T) = a/V1lp/ValclVsl

M(G,W;y)= > W(T —c(G)
TeT( )
polynomial |a b cC
Martin 1 1 O
(3-way) |1 1 1
assembly O p 1
Penrose O 1

& @ .-@ - @+@+@+@-@

33

-3 -3 -3 43 +3 4+3 -3



III 4 de Bruijn graphs
d L
* 4 A
TGC
i Y]
"""" P Sy
@  Short-read TGCAATG
4 5 SEQUBHGMQ &Aﬁ%ésc
9 GGCGTGC CAATGGC -:‘11":'1&1{!13T

Vertices are k-mers

Edges are pairwise alignments .- "~ )

Genome: ATGGCGTGCAATGGLOGT

_ Vertices are (k-1)-mers
“-., Edges are k-mers

Tra

P
L
S0
11 T
TGG e
I
GGC

i

5
CGT

.............. - 11 S T e I
k-mers from vertices GT? k-mers from edges
TGC
11
GCA
11
)
AAT
11
ATG
Genome: ATGGCGTGCAATG =

Hamiltonian cycle
Visit each vertex once
(harder to solve)

Eulerian cycle
Visit each edge once
(easier to solve)

How to apply de Bruijn graphs to genome assembly, Compeau, Pevzner & Tesler



IIT 5

interlace polynomial

de Bruijn Graphs for DNA Sequencing
originally recursive definition

simple graph G (with loops)

interlace polynomial
(single-variable, vertex-nullity)

q(Giy)= Y (y—1rAEX]
XCV(G)

as Tutte, but: vertices vs. edges,
algebraic vs. combinatorial



III 6 recursive formulation
Def. q(G;y)=1ifn=0
q(G;y) =yq(G\v;y) v isolated (unlooped)

q(G;y) =q(G\v;y) +q((G V) \v;y)

local & v looped
edge complement 4(G;y) = q(G\v;y) +q((G *e) \ v;y)

e = {v, w} unlooped edge




III 7

Cohn-Lempel-Traldi

\/e e \\/‘ \//’ \\\‘
/\ ) \/\ (\ )
-~ Dy "Dy D3
4-regular graph G with Eulerian system C
k circuit partition of E(G), partition vertices:
D4 follows C
D»> orientation consistent

D3 orientation inconsistent
Thm. Then k—c¢(G) =n((I(C)+D3)\Dq)

1 3 4 5
1/1 0 1 O
310 1 1 O
41 1 0 O
500 0 0 O




III 8 for circle graphs




IIT 9 basic properties

Thm. q(G;y) =q(G*v;y) v looped
q(G;y) =q(G xe; y) e unlooped edge

q(G;y) =q(G * X; y) G[X] nonsingular

Thm.
m(G; —1) = (1) (=2)4lS71  q(G;—1) = (1) (—2)MAE)FD
m(G;0) =0, when n>0 q(G:0)=0 if n >0, no loops
m(é 1) #Eulerian systems q(G; 1) #induced subgraphs with
odd number of perfect matchings
m(G;2) = 2" q(G;2)=2n
m(G;3) =k|m(G;—1)| odd k q(G;3) =k|q(G;—1)| odd k



IIT 10 what did we do?

defined and studied these polynomials for
A-matroids

(some things become less complicated that way)
nullity corresponds to minimal ‘size’
two directions < deletion and contraction

need another ‘minor’ for third direction

thank you ciliates!



III 11 conclusion

when studying new polynomials
look back at old ones

connections to recursive formulations, and

special evaluations

THANKS



