Lecture 6b

refresher & more details
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Relations & tuples reminder

Tuples & Cartesian products Relations:
A A A A subsets of Cartesian products:
19 2’ 3°..’ n RQA1XA2XA3X”'XAn

(ay, a5, a3, ...,a,) a; € A
1> %2> ™3 ns. l Order matters:

A=A XAy X A3 X - XA, RCAXB

Definition. “relation from A to B”

A —_ {(Cll, az, ERY) an) | al = Al}
“n-ary relation”

“ordered lists” “binary relation”

Examples: <CRXR; a<b<s(a,b)eL.
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Inverse relation

RCAXB
R 'CBxA, defined with (b,a) € R~' © (a,b) €R

Composition of relations
RCAXBand SeBxC(C
xeAyeB,zeC  x(RoS)zif xRy & yRz for some y € B
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Relational properties (summary)

RCAXB

Functional: if aRb and aRc then b = c.[no 1-to-many!]

Total: if a € A then aRb for some b € B. [domain is used up!]

Injective: if aRb and cRb then a = c. [no many-to-1]

Surjective: if b € B then aRb for some a € A. [codomain is used up]

RCAXA

Reflexive: Va € A, aRa

Symmetric: aRb < bRa
Antisymmetric: aRb & bRa = a = b
Transitive: aRb & bRc = aRc
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Equivalence relation, partial orders
(just further types of relations)

R is reflexive: Va € A, aRa

R is symmetric: aRb < bRa

R is antisymmetric: aRb & bRa = a = b
R is transitive: aRb & bRc = aRc

R is an equivalence relation: reflexive & symmetric & transitive

R is a partial order: reflexive & antisymmetric & transitive
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Equivalence relation: more examples

-for numbers x,y , xRy iff x and y have the same parity (both even or both odd)
-for numbers x,y , xRy itt x? = y?
-for strings: sRr iff s and r are equally long

-for fractions (rational numbers) x,y , xRy iff x-y is an integer

Need to check that these relations are reflexive & symmetric & transitive.

“equal in some sense”

math jargon: iff means “if and only if”
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Partial orders: more examples

a) Take any set and its powerset. The relation C on the elements of the powerset is a partial order
b) The set of natural numbers and the relation of divisibility (aRb if b|a)
¢) Strings ordered by length

(not alphabetically, so one is in relation with the other if one is shorter or of equal lenght; if you
add alphabetic ordering, then it is both partially and totally ordered, which is a special case)

d) so for strings s, r, sRr if s is shorter than r.

Need to check that these relations are reflexive & antisymmetric & transitive.

they are “ordered” in some sense
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Main properties can be expressed in different ways:

R is reflexive < id C R id={(x,x)|x € dom(R)}
R is symmetric & R~ CR

R is transitive & R R C R

(then also R*" C R)

R is irreflexive © idNR =
R is antisymmetric © R™'NR C id

R C A X Bis functional <& R™!o R C id, id, = {(x,x)|x € A}
R C A X Bis surjective < idy CR™!oR .
idy = {(x,x)|x € B}

R C A X Bis injective & RoR™! Cid,
RCAXBistotal & id, CRoR™!
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End of recap, on to new stuff
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Closure

For property P (reflexivity, symmetricity, transitivity)...
P-closure of relation R = “smallest” relation, containing R with property P
But what does smallest mean??

When is one relation “smaller” than another?
What is the order?
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Closure

For property P (reflexivity, symmetricity, transitivity)...

P-closure of relation R = “smallest” relation, containing R with property P

Lemma. If R and S are reflexive (symmetric) over set 4, then RN S and RU S are
reflexive (symmetric) .

Work it!
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Closure

For property P (reflexivity, symmetricity, transitivity)...

P-closure of relation R = “smallest” relation, containing R with property P

Lemma. If R and S are reflexive (symmetric) over set 4, then RN S and RU S are
reflexive (symmetric) .

Work it! .
EynMELE - SyMMETL | oWV

~
! y (3% ¢ RUS
R4 S Ame gmnemil, S €6 & R e, SRS (R & R

g c - SWuaQ .
Uite:  (rusy < R'uS, ago VeV, TER <0 (Vue) £ WUl

N

<1 <A
N (RUS) = v

e RuUL, DoVE.
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Lemma: intersection and union of transitive relations is transitive.

Proofs! direct and by contradiction

Foundations of Computer Science 1 — LIACS 13



Lemma: intersection and union of transitive relations is transitive.

Proofs! direct and by contradiction

EVAMRLE :  [terceaioV| B (oUTLADICTIV

Adsum & RS ARE TEAVYTIVE WT RNS 16 VoL
(%)

w1 Abe sdwd (ad) G{U\S\L(b,q €RNS & (u, ) ¢fns
(1

(1) (0,5),(50) eR wp (op) (5 €S,

L THENV gME R & S ARE TRAvATVE (0,0 is m & WO S

Go (T 19 IV KNG, CovIRADCTigN ) TH (%)
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Closure

For property P (reflexivity, symmetricity, transitivity)...

P-closure of relation R = “smallest” relation, containing R with property P

Formally, the order we care about is C.

To construct the smallest relation with property

P containing R we take the intersection of all relations
with property P containing R.

Each contains R

Intersection preserves P

Smallest because contained in all!

Could there be two smallest ones?
No. It is unique!
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Closure

For property P (reflexivity, symmetricity, transitivity)...

P-closure of relation R = “smallest” relation, containing R with property P

More intuitively... start adding pairs that are missing, and add only those
you must add.
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Closure

Easy ones: symmetric and reflexive closure

(1) Risreflexive < id CR
(2) Rissymmetric © R~' CR

Given R, its reflexive closure is S = R U id,

Given R, its ng«%fvit closureis S = RUR™!

Without proof; the above are the intersections of all relations containing R
satisfying (reflexive, symmetric)

Foundations of Computer Science 1 — LIACS



Closure

Transitive closure: super important

A problem has been detected and Windows has been shut down to prevent damage
to your computer.

UNMOUNTABLE_BOOT_VOLUME TH IS S P I N N I N G

If this is the first time you've seen this error screen,
restart your computer. If this screen appears again, follow
these steps:

Check to make sure any new hardware or software is properly installed.
If this is a new installation, ask your hardware or software manufacturer
for any Windows updates you might need.
If problems continue, disable or remove any newly installed hardware
. ' H or software. Disable BIOS memory options such as caching or shadowing.
YOUr PC ran IntO a prOblem and needS tO reStart We (S _JUSt If you need to use Safe Mode to remove or disable components, restart
your computer, press F8 to select Advanced Startup Options, and then

collecting some error info, and then we'll restart for you. (0% celect sefe fore:

Technical Information: WHEEL SUCKS

Comp|ete) *** STOP: @X@00000ED (BXx80F128D0, ©XCOOOOOIC, OXPPP00000, ©X00000000)
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Closure: transitive

(1) Transitive R-RCR
(then also ) R C R

Suppose Rc- R € R
How about R" = R R U R. Are we done?

R RoR R3

0D X (Bl
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Closure: transitive

(1) Transitive R-RCR
(then also ) R C R

Suppose Rc- R € R
How about R" = R R U R. Are we done?

| e "
O:l\/ C‘.mé Q>(' » c.@'
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Closure: transitive

(1) Transitive R-RCR
(then also ) R C R

Suppose Rc- R € R
How about R" = R R U R. Are we done?

R RoR R°3

Coe 0 “ ‘
<.>j>’ e .3”3 Z:_»/ iﬁf}a
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Closure: transitive

(1) Transitive R-RCR
(then also ) R C R

&)
The transitive closure R™ of R is given with R* = U R*
k=1

Domain can be infinite
so union can be infinite

Without proof; the above is the intersecitons of all relations containing R
which is transitive; it is the “smallest”
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Closure: transitive

0
The transitive closure R* of R is given with Rt = U R*
k=1

Example: R€ Z X Z;aRb iff b =a + 1

What is R*?
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Closure: transitive

0
The transitive closure R* of R is given with Rt = U R*
k=1

Example: R€ Z X Z;aRb iff b =a + 1

T~

math jargon; iff means
“if and only if”
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