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Properties of binary relations

Definition. Relation !  is reflexive if 
For all x, xRx. 

If for all ! , then it is irreflexive

R ∈ A × A

x ∈ A, (x, x) ∉ R

x

y
(0,0)

(1,1)
(2,2)

(3,3)
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Properties of binary relations

Definition. Relation !  is symmetric if 
For all x,y,  if xRy then yRx. 

If xRy & yRx implies that x=y then it is antisymmetric

R ∈ A × A

A A

x
y

x
y
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Properties of binary relations

Definition. Relation !  is transitive if 
For all x,y,z  if xRy & yRz, then xRz

R ∈ A × A

x y xBRI
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Extra clarification

not reflexive !  irreflexive≠
not symmetric !  antisymmetric≠

not reflexive: there exists x such that !(x, x) ∉ R
irreflexive: for all x !(x, x) ∉ R

Question: how would you express “not symmetric” formally, using “for all” etc…

✓
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Extra clarification

not reflexive !  irreflexive≠
not symmetric !  antisymmetric≠

not reflexive: there exists x such that !(x, x) ∉ R
irreflexive: for all x !(x, x) ∉ R

Question: how would you express “not symmetric” formally, using “for all” etc…

not symmetric : I 4,9 ) S.T. (X. HER & ⑨HER

N.B. : symmetricity does not mean ALL pairs -of -pairs Hy )
, thx) are in R .

It just means that if ONE of them is
,
then so i 's the other

.-8
@
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Extra clarification

not reflexive !  irreflexive≠
not symmetric !  antisymmetric≠

not symmetric: there exist x,y such that !(x, y) ∈ R & (y, x) ∉ R
antisymmetric: for all x !(x, y) ∈ R & (y, x) ∈ R then x = y

Not symmetric/reflexive: violates definition of …

Antisymmetric: only symmetric pairs are reflexive ones
€
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Extra clarification

Examples: 

reflexive: !  
not reflexive: “product of x an y is even” on integers

≤

irreflexive: !  
not irreflexive: “product of x an y is even” on negative numbers

< , ⊂

Question?

taboos

nnotuiretk " if ""¥÷
.

su. as
. . .

IRREFLEXIVE : ×R× never!
XRX

''

ti::O: i:÷÷i÷÷ .ir:: wines.
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Extra clarification

Examples: 

symmetric: = 
not symmetric: <

antisymmetric: !  
not antisymmetric: “is sibling of”  (x, y such that 2x !  y on ! )

≤
≥ ℕ

Question?

a;Bk Mabee below ! )
IS S ON Z ANTISYMMETRIC ?

IT
YES

. BY VACUOUS REASONS
.

NOTE
,

IMPLICATION
" IT A THEN B

"

IS ONLY FALSE IF A & NOT -B
.

IF A IS ALWAY FALSE A-713 IS RIVE .

# Cy & YLX) ⇒ XIY is TRIE BECAUSE FOR NO x , y

' s ) TRUE .

THIS is FALSE
,
so (Nyaya)⇒X=y) is TRUE .
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Extra clarification

Examples: 

symmetric: = 
not symmetric: <

antisymmetric: !  
not antisymmetric: “is sibling of”  (x, y such that 2x !  y on ! )

≤
≥ ℕ

Question?

a;Bk Mabee below ! )
-

IS S ON Z ANTISYMMETRIC ?
- f
xRy ⇐ 2×79

.

not ahtysihmefic ⇒ [ IT IS NOT THE CASE THAT

IF X Ry & yRx THEN x -- y ]
⇐ I xiy St xRy & TRX AID Xt b

.

NOTE 2.334 & 2.433 So 312444123 BUT 443
.
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Extra example

Transitivity: !  

example (trivial): <, = 
example (non-trivial) 1: empty relation (vacuous truth) 

xRy & yRz ⇒ xRz

Question?

counterexample: orthogonality 
counterexample: two transitive relations {(1,2),(2,3)} & {(2,3),(3,5)}  
their composition is not transitive  

M
,
IMPLICATION ITSELF

.

mail.is#n!uesBlBBBB...nans

Ros = ! ! 's = { 1431 , 13,51 } 1h51 missing
COMPOSITION OF TRANSITIVE RELATIONS MAY NOT

BE TRANSITIVE

NOTE
. ALL RELATIONS WHERE [ try & y Rr ) NEVER HAPPENS ARI Transitive
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Equivalence relations

Definition. Binary relation !  is an equivalence relation if it is 
• reflexive 
• symmetric 
• transitive 

R ⊆A2

Example: “=” 

Slightly more complicated: aRb if |a| = |b| [absolute value equality] 

More complicated:  “is congruent to (mod n)” ![a ≡b (mod n) ⇔ (n| (b −a))]

Counterexample: <

in
REMAINDER A mod n = A - Lah )

t

Ctb (mod n ) if
"

Moor
"

First INTEGER LESS OR

A nod n Ib mod n EQUAL TO alk

EQUIV : AIB (mod n ) if (b - a) =k×H For an integer k
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Equivalence relations

Definition. Binary relation !  is an equivalence relation if it is 
• reflexive 
• symmetric 
• transitive 

R ⊆A2

Example: “=” 

Slightly more complicated: aRb if |a| = |b| [absolute value equality] 

More complicated:  “is congruent to (mod n)” ![a ≡b (mod n) ⇔ (n| (b −a))]

Counterexample: < ARB ⇐ s a Eb (mod n )
ARB ⇐ 3 remainder of division of a Ib

with n is the same .

AE b (mod 2) I'evenness
"]

10=-13 ( mod 3)
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Equivalence relations

Definition. Binary relation !  is an equivalence relation if it is 
• reflexive 
• symmetric 
• transitive 

R ⊆A2

Equivalence relations = always capture some notion of equality 
“the same up to ‘irrelevant’ properties”
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Partial orders

Definition. Binary relation !  is a partial order if it is 
• reflexive 
• antisymmetric 
• transitive 

R ⊆A2

Example: !  

More complicated: “divisibility” !  

≤

b |a, if
a
b

∈ ℤ

Counterexample: <

( b divides a )

ARB ⇐ bla
.

-

ch ala v

ul alls & bla =3 9=6 ✓

( s) ARB
,
BRC ⇒ a Rc

bla
,
Clb ⇒ Cla

30/60 15/50 ⇒ 15/60 ✓
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Characterizations (1)

Let’s prove these

(1) R is reflexive !   
(2) R is symmetric !  
(3) Transitive!   

(then also ! )

⇔ id ⊆R
⇔ R−1 ⊆R

⇔ R ∘ R ⊆R
R∘n ⊆R

UNDERSTANDING MAIN PROPERTIES Vhf
COMPOSITION

recall ida -- { la , a) Iaea 's
= set of all pairs (Ga )

idER means→ kid till ⇒ Hy ) t IR
→ exist in ⇒*Den v

(1) Reflexive ⇒ tx ( x.HER ⇒ id ER

idek ⇒ itxlx , x ) EIR = > Ris reflexive
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Characterizations (1)

Let’s prove these

(1) R is reflexive !   
(2) R is symmetric !  
(3) Transitive!   

(then also ! )

⇔ id ⊆R
⇔ R−1 ⊆R

⇔ R ∘ R ⊆R
R∘n ⊆R

e) ⇒

R is symm ⇒ [ XRY ⇒ bRx ] ; need KINER
- '

⇒ Kisler
.

÷
(y ⇐ R

- '

ER ⇐ ' ④MER ⇒ Cx
,HR

→
it Hy) ER

"

⇒ HYLER & ¥
(4

,
X ) ER ⇒ ( Xi 9) ER
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Characterizations (1)

(1) R is reflexive !   
(2) R is symmetric !  
(3) Transitive!   

(then also ! )

⇔ id ⊆R
⇔ R−1 ⊆R

⇔ R ∘ R ⊆R
R∘n ⊆R

Let’s prove these

(3) [ x Rye & yipe ⇒ xR2 ] ; need ( a. c) ⇐ 12012=7 la
,c) ER

-
-

x

(Ca ) -F 9 4,91 ER & c) ER
.

ASSUME THAT [ ( a , c) c- Rok
let 9 & C are such that I

that z y
'

⇒ Fy Caister , 4,4421=7 ( a , c) ER (a,yyqy,c,
FOR which

I

Need :(a. 91,4 , c) ER⇒ (a.c) er
are in R j

- But then by (Ci) Ca , c) ER . ✓
But (a. C) EROR so ⇒ lag) ER ! !
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Characterizations (2)

(1) R is irreflexive !   
(2) R is antisymmetric !  

⇔ id ∩ R = ∅
⇔ R−1 ∩ R ⊆id

Let’s prove these

" I V-xcx.ME/R.laibltidAR=s an

- la ,b) Eid ⇒ Laib) ⇒ ( a .DE/R
← )

⇒ (a. b) did AR flail

kit
→ 0 - idnr .

⇐ id AR -- 0 V-tail
,
@ ialtid ⇒ Kia ) # R

- l -

kn) ⇐ irrettexivc
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Characterizations (2)

(1) R is irreflexive !   
(2) R is antisymmetric !  

⇔ id ∩ R = ∅
⇔ R−1 ∩ R ⊆id

Let’s prove these

(2) ⇐ IF Hyler & HER ⇒ (x. g) Eid ⇒ x=y
.

✓
=) 912*4 XRg⇒x=y ; (x. g) ER & ( y,× ) ER = ) x .- y = ) (X. 91=4,41 Eid .
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Characterizations (3)

(1) !  is functional !   
(2) !  is surjective !   

(3) !  is injective !  
(4) !  is total !  

R ⊆A × B ⇔ R−1 ∘ R ⊆idB
R ⊆A × B ⇔ idB ⊆R−1 ∘ R

R ⊆A × B ⇔ R ∘ R−1 ⊆idA
R ⊆A × B ⇔ idA ⊆R ∘ R−1

Maybe one 

via inverse}

( e ) ExRy & x R2 ⇒ y --23 Rcmp

( a ,b ) ER
-

to R
,
F Y (a. HER

. "

& ( Y , b) ER
he

|Fb ( Yea ) ER & CY, b) ER ( by Cr )
⇒ a

-

- b ⇒ laid -6,51 C- idb
⑤ it laid st

. Ha ) & ( y , b) ER ⇒ a -- b
.

This is FUNCTIONALITY
.

!
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Characterizations (3)

(1) !  is functional !   
(2) !  is surjective !   

(3) !  is injective !  
(4) !  is total !  

R ⊆A × B ⇔ R−1 ∘ R ⊆idB
R ⊆A × B ⇔ idB ⊆R−1 ∘ R

R ⊆A × B ⇔ R ∘ R−1 ⊆idA
R ⊆A × B ⇔ idA ⊆R ∘ R−1

Maybe one 

via inverse}

(3) via inverse ? R is inject're ⇐7 R
"

is Functional

-

AR
- '

ble AR
- '

c ⇒ b -- C

(3) ⇒ R'
'

EBXA is functionaliffy) BR " & Ma ⇒ s
-
-c Sinmun ,

↳ Relabel ! R exchange with R
' '

,
B with A

, get a)
,

EYE'E¥? Proven
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Closure

For property P (reflexivity, symmetricity, transitivity)… 

P-closure of relation R = “smallest” relation with property P

But what does smallest mean??
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Closure

For property P (reflexivity, symmetricity, transitivity)… 

P-closure of relation R = “smallest” relation with property P

But what does smallest mean??

Intuition… start adding pairs that are missing… but is  
this process always ending with the same relation… 

is “P-closure” well-defined?
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Closure

Easy ones: symmetric and reflexive closure 

(1) R is reflexive !   
(2) R is symmetric !

⇔ id ⊆R
⇔ R−1 ⊆R

Given R, its symmetric closure is !S = R ∪ idA

Given R, its reflexive closure is !S = R ∪ R−1
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Closure

Transitive closure: super important 

…
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R∘n ⊆R
⇔ R ∘ R ⊆R(1) Transitive  

(then also )

Closure: transitive

Suppose !R ∘ R ⊈ R
How about ! . Are we done?R′ � = R ∘ R ∪ R

R ∘ R R∘3R
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R∘n ⊆R
⇔ R ∘ R ⊆R(1) Transitive  

(then also )

Closure: transitive

Suppose !R ∘ R ⊈ R
How about ! . Are we done?R′ � = R ∘ R ∪ R

R ∘ R R∘3R R∘4
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R∘n ⊆R
⇔ R ∘ R ⊆R(1) Transitive  

(then also )

Closure: transitive

Suppose !R ∘ R ⊈ R
How about ! . Are we done?R′ � = R ∘ R ∪ R

R ∘ R R∘3R R+R∘4
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R∘n ⊆R
⇔ R ∘ R ⊆R(1) Transitive  

(then also )

Closure: transitive

The transitive closure  !  of !  is given with !R+ R R+ =
∞

⋃
k= 1

R∘k

Domain can be infinite…
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Closure: transitive

The transitive closure  !  of !  is given with !R+ R R+ =
∞

⋃
k= 1

R∘k

Example: !R ∈ ℤ × ℤ; aRb iff b = a + 1

What is ! ?R+

Work it!

Rt , U Rok
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Closure: transitive

The transitive closure  !  of !  is given with !R+ R R+ =
∞

⋃
k= 1

R∘k

Example: !R ∈ ℤ × ℤ; aRb iff b = a + 1

Work it!

math jargon; iff means  
“if and only if”

Rt - U Ro
"

poke. , a Rmb ⇐s b - atk

ARB
.
.

.

it I k St b - atk
. . . .

⇐ s as b
.
Rte s
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Closure: transitive

Proofs! direct and by contradiction

Property: intersection and union of transitive relations is transitive. 

Intersection

Rst Rorer in
Rhs = 1×19 ) St XRY & xsy

.

Assume

sstS14 419) ERAS & ( HZ ) ERAS
.

( 17
12 )

⇒ (x , 2) ER & ( x. 2) ES

= ) (X , 2) ERAS .

done
.

s
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Closure: transitive

Proofs! direct and by contradiction

Property: intersection and union of transitive relations is transitive. 

BY CONTRADICTION : ( intersection )

Assume R
,
s transitive & Rns is not

.

I# I -

-
→ F (49)

,
14,2 ) ERAS St ( x. 2) ERAS .

⇒ Either IX. 2) ER on Kil ) ¢ S
.

Assume Ix , 2) ER .

But then His ) ER & ( 4,21 ER ( by # t ) & 1427€12

=) R is NOT TRANSITIVE
.

CONTRADICTION .

IF 1×12 )¢s WE GET [ HIDES & 142 ) ES & ( X. 9) Els] ⇒ Contradiction I


