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Tuples & Cartesian products

!A1, A2, A3…, An

!(a1, a2, a3, …, an) !ai ∈ Ai

!(a1, a2, a3, …, an) = (b1, b2, b3, …, bn)
if and only if

for all !i ∈ {1,…, n}, ai = bi .

Kuratowski?
! = !A A1 × A2 × A3 × ⋯ × An

Definition. 
!  A = {(a1, a2, …, an) |ai ∈ Ai}

Notation:   !Bn := B×n := B × B × B × ⋯ × B
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Tuples & Cartesian products

!(a, b) = (c, d ) ⇔ a = c & b = d
! = !A A1 × A2 “ordered pairs”
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Tuples & Cartesian products: counting
Counting reminder

|A ∪ B | = |A | + |B | − |A ∩ B |
• For sets A, B, C it holds that

• ! |A | , n(A), #(A), or card(A)

, β, α , γ(       ) (       ) (       )

βα γ

, β, α , γ(       ) (       ) (       )

, β, α , γ(       ) (       ) (       )
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Tuples & Cartesian products: counting

! = !A A1 × A2 × A3 × ⋯ × An

, β, α , γ(       ) (       ) (       )

βα γ

, β, α , γ(       ) (       ) (       )

, β, α , γ(       ) (       ) (       )

Counting reminder
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Tuples & Cartesian products: counting
Counting reminder

• ! = !  
• | ! | ?  

• !

A A1 × A2 × A3 × ⋯ × An
A

|A | = a; |B | = b; |A × B | = ?
, β, α , γ(       ) (       ) (       )

βα γ

, β, α , γ(       ) (       ) (       )

, β, α , γ(       ) (       ) (       )
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Tuples & Cartesian products: counting
Counting reminder

• ! = !  
• | ! | ?  

• !  

• notation helps: 
!

A A1 × A2 × A3 × ⋯ × An
A

|A | = a; |B | = b; |A × B | = ?

|A × B | = |A | × |B | = |A | ⋅ |B |

, β, α , γ(       ) (       ) (       )

βα γ

, β, α , γ(       ) (       ) (       )

, β, α , γ(       ) (       ) (       )
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Tuples & Cartesian products: counting
Counting reminder

• ! = !  
• | ! | ?  

• !  

• notation helps: 
!  
 
!  
 
    !

A A1 × A2 × A3 × ⋯ × An
A

|A | = a; |B | = b; |A × B | = ?

|A × B | = |A | ⋅ |B |

|A1 × A2 × ⋯ × An| = |A1 | ⋅ |A2 | ⋅ ⋯ ⋅ |An|

|An| = |A |n

, β, α , γ(       ) (       ) (       )

βα γ

, β, α , γ(       ) (       ) (       )

, β, α , γ(       ) (       ) (       )
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Relations reminder

Subsets of Cartesian products: 
!  R ⊆ A1 × A2 × A3 × ⋯ × An

!(Latitude, longitude,temperature) ∈ [0 2π] × [0,2π] × ℝ
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Relations reminder

Subsets of Cartesian products: 
!  R ⊆ A1 × A2 × A3 × ⋯ × An

Ordering: 
 !  
“relation from A to B”
R ⊆ A × B

“n-ary relation” 
“binary relation”
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Relations reminder

Subsets of Cartesian products: 
!  R ⊆ A1 × A2 × A3 × ⋯ × An

Ordering: 
 !  
“relation from A to B”
R ⊆ A × B

“n-ary relation” 
“binary relation”

Notation: instead of !  we write !  
(or ! )

(a, b) ∈ R aRb
(a, b) ∈ ⋆ ⇔ a ⋆ b; or(a, b) ∈ □ ⇔ a □ b;
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Relations reminder

Subsets of Cartesian products: 
!  R ⊆ A1 × A2 × A3 × ⋯ × An

Ordering: 
 !  
“relation from A to B”
R ⊆ A × B

“n-ary relation” 
“binary relation”

Notation: instead of !  we write !(a, b) ∈ R aRb

Instead of !  we write ! .(42,256) ∈ < 42 < 256
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Relations reminder

Relations and counting intermezzo 

Set of all subsets of S, |S|=n has …. elements?

Given |A|=a, |B|=b , a relation from A to B is any subset of !  (card?) A × B

How many relations from A to B are there?

Lets work this out: 
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Special binary relations

• empty relation 
• relations in A: !  
• inverse relation !

R ⊆ A2

R−1 = {(b, a) | (a, b) ∈ R}

One or two examples… IF NEEDED
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Representing relations

31

2 4

5

Directed graphs Arrow diagrams Graphs (plot)

0 0 1 0 0
1 0 1 0 0
0 0 0 0 1
0 0 1 0 1
0 0 0 0 0

Matrix 
(adjacency matrix of the graph)
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Domain, range, image, preimage

A B

!A′� B′�

R ⊆ A × B

x y

z

a
b dom(R) = A′�

rang e(R) = B′�

Domain

Range or image

More details:

Preimage
Codomain

tf 's & F 's
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Special relations continued: identity

!  R ⊆ A2

!  R = {(x, x) |x ∈ A}

notation: !idA, 1A, ΔA

x
y
z

Graph with self-loops

Arrow diagram

(0,0)

(1,1)
(2,2)

(3,3)

Graph (plot)



Foundations of Computer Science 1 — LIACS !19

Main binary relation types

Functional: ! [no 1-to-many!]if aRb and aRc then b = c .
R ⊆ A × B

Total: ! . [domain is used up!]if a ∈ A then aRb for some b ∈ B

Injective: ! . [no many-to-1]if aRb and cRb then a = c

Surjective: ! . [codomain is used up]if b ∈ B then aRb for some a ∈ A

Once more…



Foundations of Computer Science 1 — LIACS !20

Main binary relation types

Functional: ! [no 1-to-many!]if aRb and aRc then b = c .
R ⊆ A × B

Total: ! . [domain is used up!]if a ∈ A then aRb for some b ∈ B

Injective: ! . [no many-to-1]if aRb and cRb then a = c

Surjective: ! . [codomain is used up]if b ∈ B then aRb for some a ∈ A

Instead of “for some”

At A then aRb
"

Tor some
"
b

Ff a EA Bt b EB sat
. Hibler
in
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Main binary relation types

R ⊆ A × B

A B

!A′� B′�

x y

z

a
b

not  
functional

not  
total

not  
injective

not  
surjective

r
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Main binary relation types

A = {1,2,3}; B = {a, b, c, d}

R ⊆ A × B

Examples: functional, injective, surjective, total
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Functions!

R ⊆ A × B

Functional relations.

!R ⊆ ℝ × ℝ

R : A → B

(0,0) (0,0)
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More on inverse relations

R ⊆ A × B
R−1 ⊆ B × A, defined with (b, a) ∈ R−1 ⇔ (a, b) ∈ R
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More on inverse relations

R ⊆ A × B
R−1 ⊆ B × A, defined with (b, a) ∈ R−1 ⇔ (a, b) ∈ R

Representations are intuitive

A B

!A′� B′�

x y

z

a
b

R ⊆ A × B



Foundations of Computer Science 1 — LIACS !26

More on inverse relations

R ⊆ A × B
R−1 ⊆ B × A, defined with (b, a) ∈ R−1 ⇔ (a, b) ∈ R

Representations are intuitive

A B

!A′� B′�

x y

z

a
b

R−1 ⊆ B × A
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More on inverse relations

R ⊆ A × B
R−1 ⊆ B × A, defined with (b, a) ∈ R−1 ⇔ (a, b) ∈ R

Representations are intuitive
R ⊆ ℝ × ℝ

(0,0)
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More on inverse relations

R ⊆ A × B
R−1 ⊆ B × A, defined with (b, a) ∈ R−1 ⇔ (a, b) ∈ R

Representations are intuitive

R ⊆ ℝ × ℝ

(0,0)

(x,x)
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More on inverse relations

R ⊆ A × B
R−1 ⊆ B × A, defined with (b, a) ∈ R−1 ⇔ (a, b) ∈ R

Representations are intuitive

R ⊆ ℝ × ℝ

(0,0)

(x,x)



Foundations of Computer Science 1 — LIACS !30

More on inverse relations

R ⊆ A × B
R−1 ⊆ B × A, defined with (b, a) ∈ R−1 ⇔ (a, b) ∈ R

Representations are intuitive

R−1 ⊆ ℝ × ℝ

(0,0)
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More on inverse relations

R ⊆ A × B
R−1 ⊆ B × A, defined with (b, a) ∈ R−1 ⇔ (a, b) ∈ R

Properties: 
• ! =R 
• !  
• if R is injective, !  is functional 
• if R is total, !  is surjective 

(R−1)−1

dom(R−1) = rang e(R) & rang e(R−1) = dom(R)
R−1

R−1

One or two examples…
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Composition of relations
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Composition of relations

R ⊆ A × B and S ∈ B × C

x ∈ A, y ∈ B, z ∈ C

x(R ∘ S)z if xRy & yRz for some y ∈ B

Example if needed:
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Composition of relations

R ∘ R−1?

R= {(1,1), (1,2),(2,3),(3,2),(3,4)}
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Composition of relations

R ∘ R−1?

R= {(1,1), (1,2),(2,3),(3,2),(3,4)}

always symmetric

R - { 9¥, . . . } R
'

! { lb , al - w )
(a.a) ER o R

"

=

F y s . t . la , y) ER & Cy, a) ER
"

µ
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Composition of relations

R= {(1,1), (1,2),(2,3),(3,2),(3,4)}

Connection to matrix multiplication

See Schaum 2.5

SUPPLEMENTARY
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Composition of relations

Proof

Theorem 2.1. Relation composition is associative

ST U V t
t

→ PESXT (PORIOQ I Po Q )
- = W

→ RE Txu
-

→ QEUXV
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Composition of relations

Note on notation (“direction”) of compostions for functions and  
relations…they are opposite…

x(R ∘ S)y y = (g ∘ f )(x)

Why?
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Properties of binary relations
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Properties of binary relations

• reflexivity 
• (anti) symmetricity 
• transitivity 

• partial orders 

• equivalence
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Properties of binary relations

Definition. Relation !  is reflexive if 
For all x, xRx. 

If for all ! , then it is irreflexive

R ∈ A × A

x ∈ A, (x, x) ∉ R

x

y
(0,0)

(1,1)
(2,2)

(3,3)
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Properties of binary relations

Definition. Relation !  is symmetric if 
For all x,y,  if xRy then yRx. 

If xRy & yRx implies that x=y then it is antisymmetric

R ∈ A × A

A A

x
y

x
y
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Properties of binary relations

Definition. Relation !  is transitive if 
For all x,y,z  if xRy & yRz, then xRz

R ∈ A × A

x y xHa
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Putting relations in a relation… 
(I’m so meta even this acronym)

reflexive

symmetric

antisymmetric

irreflexive

transitive

(x ≤ y) [ℤ, ≤ ⊆ ℤ2]

(x < y)[ℤ, < ⊆ ℤ2 ]

[to be disjoint]
4(U), R ⊆ 4(U)2, xRy if x ∩ y = ∅

(x ⊆ U y) [4(U), ⊆ U ⊆ 4(U)2]

(x ⊊U y) [4(U), ⊊U ⊆ 4(U)2]
x = y

Question?
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Putting relations in a relation… 
(I’m so meta even this acronym)

reflexive

symmetric

antisymmetric

irreflexive

transitive

(x ≤ y) [ℤ, ≤ ⊆ ℤ2]

(x < y)[ℤ, < ⊆ ℤ2 ]

[to be disjoint]
4(U), R ⊆ 4(U)2, xRy if x ∩ y = ∅

(x ⊆ U y) [4(U), ⊆ U ⊆ 4(U)2]

(x ⊊U y) [4(U), ⊊U ⊆ 4(U)2]
x = y

Question?

R AS Tp

IR tag T

S

R AS T

H2 AST

RST


