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Trees
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Types of trees (graphs)

 undirected (Ch. 8.8)
e directed (Ch. 9.4)
e rooted (arborescence)

e ordered rooted
e binary (Ch. 10)

Foundations of Computer Science 1 — LIACS



Def. An undirected tree is an undirected acyclic connected graph.

Def. An directed tree is a directed connected graph without undirected cycles.

Def. A rooted tree is an undirected connected graph with a specal vertex called
the root.

Def. DAG: directed acyclic graph: directed graph with no directed cycles.

Directed tree: DAG whose underlying undirected graph is a tree.
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Def. A rooted tree is an undirected connected graph with a specal vertex called
the root.

The root naturally induces a directionality in the graph, from the root to the leaves.
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Def. A forest is an undirected graph without cycles (acyclic).

Every forest is a collection of trees.
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Recall: graph is connected if there exists a simple path between any two vertices

Theorem. If a graph is acyclic and connected then there exists a unique simple path
between any two vertices. Converse holds as well.

Proof: suppose there are two different simple paths from u to v, then the graph
has a cycle. Contradiction.
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Trees with five vertices

e exactly 3 non-isomorphic connected acyclic graphs (trees):

—o—o—0o—o
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Trees with five vertices

e more options for rooted trees

o—@ r—o—0 or— r—o—0 or— r—0—0

> > > >
X X

e each induces a different directed tree
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Some examples

Looking ahead: language of binary trees

Amniotes Lungfish Coelacanth  Teleosts Polypterus
. )
‘:%&Qw W e g \*{5-4/’25?1 ST, H)aeLbel @ @
2) ifx,y € L,then +xy € L
—
WGD
Tetrapods rabb
Sarcopterygii Actinopterygii : b f EID b
(lobe-finned fish) (ray-finned fish)
Osteichthyes Chondrichthyes
(bony fish) (cartilagenous fish) : \ A
Gnathostomes | Cyclostomes 0 0
(jawed vertebrates) (jawless vertebrates)
WGDs 0 o o e o
| + ++aa+ab++abb
Vertebrates +b+aa ++aat+ab
ExHIBIT II.  Decision Tree with Chains of Actions and Events
L —— ——

EXPAND MARKET, HOLD
DECISION POINT YOUR SHARE

CCHANCE OR

EXPAND MARKET
AND YOUR SHARE

INTRODUCE LATE,
SLIGHT MARKET LOSS

NO CHANGE IN MARKET
COST OF DEVELOPMENT

LICENSE PROCESS, OR
TRY AGAIN TO DEVELOP

NO CHANGE
1N SITUATION

LICENSE PROCESS, OR
TRY THEN TO DEVELOP

https://www.researchgate.net/figure/Phylogenetic-tree-of-vertebrates-A-simplified-phylogenetic-tree-focusing-on-the_figl_316690258
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Trees: terminology and basic concepts contiued (Ch 10! — do read it)

e vertices (node):
e leaf (degree 1)
e internal vertex

e edge (branch)

e root (in rooted trees)

e child (in directed trees)

* sibling ( o Aivaded ‘V(&S)

e parent (in directed trees)
rooted tree

e ancestor, descendant...
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Terminology and basic concepts

ordered trees: children are ordered. “oldest” to “youngest”,
first, second, ... last... (think family tree)

example: isomorphic as unordered trees, not isomorphic as ordered.
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Terminology and basic concepts (rooted tree): level and depth

depth of vertex:
distance from the root =
lenght of path from root to

vertex *

height of vertex:
lenght of path from vertex to
furthest child

height of tree:
height of root, equiv. depth of deepest vertex;

mostly depth is used.
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Terminology and basic concepts: subtree

Subtree: induced subgraph which is a tree. More often in rooted settings:

Let T=(V, E)atree and u a vertex in T.
Then T, 1s the sub-tree of T consisting of the vertex u,
all 1ts successors and all (directed) branches between the vertices.
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Basic properties of trees

recall: tree is an undirected acyclic graph

Lemma. Let G=(V,E) be a tree with n>1 vertices, and let e be any edge.
Then G-{e} is not connected.

Proof: let e = {u,v}, and suppose G-{e} is connected; Then there is a path, and
hence a simple simple path from u to v. Adding e makes a cycle. So G has a cycle.
contradiction.
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Basic properties of trees \X/E STXPED

recall: tree is an undirected acyclic graph \’\E&E

Lemma. Let T=(V,E) be an [undirected] tree. Then |E| = |V|—1

Comment: when dealing with tree graphs we customarily denote then ““T” instead of “G”
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Properties of trees

recall: tree is an undirected acyclic graph

Lemma. Let G=(V,E) be an [undirected] tree. Then |E| = |V|—1

Proof 1: induction over the number of vertices.

(i) basis: n=1, works.
n —1

(ii) assume holds for all k<n.

take any tree of n vertices, and cut any edge.
Now we have two trees with n, n,, n, + n, = n vertices,
hence, by previous lemma, ny — 1 +n, — 1 = n — 2 edges in total.

Since you cut one edge, the initial graph must have had n-1 edges n,—1

basis
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Properties of trees

recall: tree is an undirected acyclic graph

Lemma. Let G=(V,E) be an [undirected] tree. Then |E| = |V|—1

Proof 2:

Choose a root and look at levels of rooted tree.

Each vertes has exactly one prececessor
in previous level...except the root.
So n-1 edges.
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Properties of trees

Lemma. Let G=(V,E) be an [undirected] tree. Then |E| = |V|--1

Proof 3 (very alternative):

Recall a simple recursive definition of undirected “TrEe”:
(1) avertexis a tree

(2) a graph obtained by adding a vertex and connecting it to one vertex of a tree is a tree.
(3) nothing else is a tree

Induction over vertices: Basis: 1 vertex tree true.

Any n+1 vertex tree is obtained from an n vertex tree by adding an edge.
Done.

NOTE: we have not yet proven that “TrEe” is the same as an undirected tree...
is easy to see though.
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Properties of trees

Lemma. A connected graph with no cycles and at least one edge as at least two
vertices of degree 1 (See exercise 8.38).

Proof 1:
We have seen this. Consider longest path. What is the degree of first and last?
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Properties of trees

Lemma. A connected graph with no cycles and at least one edge as at least two
vertices of degree 1 (See exercise 8.38).

Proof 2:

Assume that this is not true, so all but one vertex have degree 2 or higher.
But then the number of degrees t, . is at least 2(n-1) +1 = 2n-1, so t,,,> 2n-1

By sum-degree formula we know 2|E| =t, . So t,, must be even so it is 2n, implying
that |[E| =n

But for trees we know that |E| = n-1. Contradiction.

Foundations of Computer Science 1 — LIACS



Properties of trees

Theorem (Characterization of trees 1).
For a graph G (over n vertices) the following are equivalent

(1) Gis atree
(2) G is maximally acyclic : adding an edge to G creates a cycle
(3) G is minimally connected: removing an edge makes it unconnected
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Properties of trees

Proofs
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Properties of trees

Proofs

(1) => ('5) free = commecked, L acyclc

<) r@wo\/»\\) f/(ge_ Aiscomnects (DV C?OIOQ [52"/'1 be'?l'”:}
<) M;V\fmh“j connected

(S ):7 U) h'\"\"*\‘\u‘7 CownaA = chuH’A
nee A G\Lyo(it,

AGumg_  Commggled & CL/C([(_ =) C”\{' °y0(?-
=Y wot discomidl. = Aclzc(l‘t- Tree .

Foundations of Computer Science 1 — LIACS



Properties of trees

Theorem (Characterization of trees 2).

For a graph G (over n vertices) the following are equivalent

(1) Gis atree
(2) G is acyclic and has n-1 edges
(3) G is connected and has n-1 edges
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Properties of trees

Proofs
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