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Analog and Digital Signals

1. From Analog to Digital Signal

2. Sampling & Aliasing
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' Analog and Digital Signals

Analog Signals Digital Signals

Discrete function F, of a
discrete (sampling) variable tx

Continuous function F of a
continuous variable t
(t can be time, space etc) : F(t)

,//

with k an integer: Fx=F(t) (Fatt,)

t, sampling time

Function F is sampled with sampling frequency fg  (uniformly and periodic)
fg = 1/ tg Hz, for example,, if sampling time is t, = 0.001 sec => f, = 1000Hz
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ADC System Implementation

Important issues:

Antialiasing Filter * Pass/stop bands

A/D Conversion
further parameters

Digital Processing

* Digital format
Digital Output
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Analog Input Analysis bandwidth, Dynamic range

* Sampling rate, Number of bits, and




“Sampling Rate

How fast must we sample a continuous signal to
preserve its information content?

Examples:

Turning wheels of a car or a train in a movie
25 frames per second, i.e., f; = 25 samples/sec =25 Hz
Train starts => wheels appear to go clockwise
Train accelerates => wheels go counter clockwise

Rotating propeller of an airplane captured by a
Mobile phone camera.

Both examples: Low sampling frequency leading to Frequency misidentification

Note that, we assume uniform sampling unless stated otherwise.
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Sampling a Sine Wave

p — s(t) = sin(2xfot)
w\ / | S(t) @ fSampIe
‘ \ For example:
: ple:
\ / \ /T fo=1Hz, fsampe =3 Hz
y — 5,(t) = sin(2n4t)

— S,(t) = sin(2n7t)

S(t) @ fsample represents exactly all sine-waves si(t) defined by:

Sk (t) = Sin( 27 (fy + K fsampe) )+ 1k | € NN, ie., sin with frequency fy + K fsampie
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The sampling theorem

Theo[em A signal s(t) with maximum frequency fy,x can be

recovered, if sampled at frequency fg > 2 fyax -

o Proposed by: Whittaker(s), Nyquist, Shannon, Kotel’'nikov.

Nyquist frequency (rate) fy = 2 fyax

— Example
s(t)= 3 - cos(25 - 2mt) + 10 - sin(150 - 27t) — cos(50 - 21t)  condition on fo?
Fy F, Fs
F,=25 st =50 Hz fg > 300 Hz
fuax
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Frequency Domain —

¢ Time and Frequency are two complementary signal descriptions.

source
The signal can be seen as projected onto
the time domain
or
the frequency domain.

Time Domain Frequency Domain
Amplitude vs. Time Amplitude vs. Frequency

¢ Bandwidth indicates the width of a range in the frequency domain.
¢ high bandwidth: a range located high up in the frequency domain
¢ passband bandwidth: defined by a lower and upper cutoff frequency

Previous lecture:

the inner-ear and early neural circuitry acts as a frequency analyser.
The audio spectrum is split into narrow bands thereby enabling detection of
low-power sounds out of louder background sounds.
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Spectrum of band-limited signal

intensity
Continuous spectrum

[

-B 0 B f  frequency

Spectrum of a band-limited signal:
the signal has frequency components f € [-B,B]
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" Negative -
frequencies

cos(2mfot) + i.sin(2mfot) = et \

ei21tf0t_ e—iZthot =
g -
ei21tf0t+ e—iZthot
COS(ZT[fOt) = f
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i, ol

K -0 sin(2aff)

" Negative
frequencies

cos(2mfob) + i.sin(2nf t) = e ot

2mf t__ e—i21'rfot

sin(2nf,t) =
eian0t+ e—i21'rf0t
cos(2mft) = >
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/*"Spectrum of band-limited signal

intensity
Continuous spectrum

[

-B 0 B f frequency

Spectrum of a band-limited signal:
the signal has frequency components f € [-B,B]
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_ e — /
- Sampling Low-Pass Signals

(@) Continuous spectrum (a) Given a band-limited signal:
of the signal : A 7
frequencies of the signal in [-B, B]
(fuax = B).
B 0 B e
(b) Discrete spectrum
N aliasing (b) Time sampling with sampling
k=-1 k=0 k=1 frequency fs = frequency repetition.
. fs>2B == no aliasing.
1 > Note: s(t) at fs,mpie represents all sine-waves s, (t) defined by
B 0 Bfg2 f

s () =sin(2m (fy + K foampe) )+ [k [N
Discrete spectrum

Aliasing & corruption

(c) fs<2B ™ gliasing !

s Aliasing: signal ambiguity in
0 fy2 f frequency domain
fSamp\e 13
o srvee E Wixi,,;j/
() Continuous spectrum (a) Given a band-limited signal:
of the signal 3 2 2
frequencies of the signal in
[-1kHz, 1kHz] (B = fyax = 1kHz).
-k 0 1k f (Hz)
(b) Discrete spectrum (b) Time sampling with sampling frequency fg
No aliasing Considering the frequency repetition, as
K=-1 k=0 k=1 fs > 2 B no aliasing occurs.
-, /\ /\ :,.i: Note: s(t) at fs,mpe represents all sine-waves s,(t) defined by:
5 e : sic () = sin( 2n (fo + K fsampe) 1)+ [k [ N
-k 0 1kfs2  fs f (H2)
Discrete spectrum ) v
(c) Aliasing (c) fg < 2kHz => aliasing!
Aliasing: signal ambiguity in
= € frequency domain
K 0 fo2 trn | €90 fs=600 Hz => the bin around 200Hz also
gets the contributions of the 800Hz components.
fSamp\n 14




Sampling

Low-Pass Signals

Discrete spectrum
Aliasing & corruption

. ‘

o

fs< 2B ™ aliasing !
Aliasing: signal ambiguity in frequency domain
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/2 B fs

Signal f,

If the sample rate is
too low for the
bandwidth of the
signal => + amplitude
of signal component
with freq. f, + (-f5)

15

~Antialiasing Filter
(a)

o Signal of interest

¥

4

\ 4

-B 0 B f

(b) iy
A ( 1 .
(c) B 0 Bfg2
+ Antialiasing

Passband e filter
frequency

B 0 B f
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(a), (b) Out-of-band noise can aliase
into band of interest. Filter it before!

Out of band noise(t) will be sampled:
noise(t) @ fs thereby mimicking a
non-existing contributions of
frequencies within the band.

(c) Antialiasing filter

Passband: depends on bandwidth of
interest.
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~ Under-sampling

i )//

A .
Bandpass signal
centered on fc —> ~ <«

Using spectral replications to reduce sampling
frequency fs requirements. : .
0 fe

2~fc+BSf S2~f(:—B .
m+1 m
me N selected so that fs > 2B M M N
1 ».
A, 0<—> f, 217N

Note: s(t) at fsumpie represents all sine-waves s,(t) defined by:

>2B

— Example
fo =20 MHz, B = 5MHz

Without under-sampling fg > 40 MHz.
With under-sampling:

Advantages

» Slower ADCs / electronics
needed.

» Simpler antialiasing filters.

fg = 22.5 MHz (m=1)

fg = 17.5 MHz (m=2)

fs = 11.66 MHz (m=3) | last m such that fs> 2B = 10MHz
I
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Cc

S (1) = sin( 21 (fo + K feampe) )+ [k [N

157,

Over-sampling
Oversampling : sampling at frequencies fg >> 2 f ax -

Over-sampling & averaging may improve ADC resolution

fos = over-sampling frequency

w = additional bits

Each additional bit implies/requires over-sampling by a factor of 4.

LML Audio Processing and Indexing
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“(Some) ADC parameters

USB Audio Interface

1. Number of bits N (~resolution)
2. Sample rate (~speed)

3. Signal-to-noise ratio (SNR)

4. Signal-to-noise-&-distortion rate

//

24-bit
192 kHz

14-bit ADC

2 — 6 Msamples/sec
Covers 1 kHz — 2 GHz
Bandwidth 10MHz

At 8-bit >9.2 MS/sec

Psignal + Pnoisc + P(liswrtion

Software Defined Radio (SDR)

SINAD =

Pugise + Fuistortion

Static distortion
5. Effective Number of Bits (ENOB)

NB: Definitions may be slightly manufacturer-dependent!

LML Audio Processing and Indexing
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ADC - Number of bits N

Continuous input signal digitized into 2N levels.

3- bits signal s : :
- wA Uniform, bipolar transfer function
23 = 8 levels (number of bits N=3 => 8 levels)

Quantisation step g =~ max

2N

‘ EX: Ve = 1V, N =12 mpq =244.1 pVv ‘

Voltage (= Q)
{ Scale factor (=1/2N)
Percentage (= 100 / 2N)

4

I R Q Quantisation error digitized signal vs signal

LML Audio Processing and Indexing
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~ADC - Quantisation error
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,,,77/ 7

Quantisation step ¢ = \2/—Nm

* Quantisation Error e in
[-0.5 g, +0.5 q].

e e, limits ability to resolve
small signal.

¢ Higher resolution (more bits)
means lower e,

21

" SNR of ideal ADC

RMS(input) (1)

SNRideal = 2040910{

Also called SQNR
(sighal-to-quantisation-noise ratio)

RMS = root mean square
FSR = Full Scale Range

e Assumptions R —
Ideal ADC:

> only quantisation error €q

( p(e) = quantisation error probability
density is assumed to be constant,
uniform, etc. )

> eq uncorrelated with signal.

» ADC performance constant in time.

T 2
RMS(input):Ji-E’;[VFZSR-sin(wt)] dt =V2F% <Z

& J

Input(t) = ¥2 Vegg Sin(o t).

RMS(eq) = que 2 pleg)eq =9 = VESR_ iz
. -q/zq Peafifa=az N iz q
-9 q >
2 2
LML Audio Processing and Indexing 22
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" "SNR of ideal ADC |

Substituting in (1) => SNRideal=6.02-N+1.76[dB] | )

One additional bit = SNR increased by 6 dB

Real SNR lower because:

- Real signals have noise.
- Forcing input to full scale unwise.
- Real ADCs have additional noise (aperture jitter, non-linearities etc).

Actually (2) needs correction factor depending on ratio between sampling freq
& Nyquist freq. Processing gain due to oversampling.
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USRP Ettus X440
Pe rfo r m a n Ce 1.6GHz Bandwidth
30MHz - 4GHz,
4 INDUSTRIAL 2000MS/s, 12 bit
5 MEASUREMEMNT (2023)
“+

VOICEBAND,
AUMO

DATA
ACQUISITION

HIGH SPEED:
INSTRUMENT ATION,
VIDEDQ. IF SAMPLI

SOFTWARE RADID, ETC.

RESOLUTION (Bits)
£
1

12 X
=== CURRENT
STATE OF THE ART
10 {APPROXIMATE}
8 T T T i

T T T L] T
10 100 1k 10k 100k 1M 1o0M  100M 116G
SAMPLIMNG RATE (Hz)

From: http://www.analog.com/library/analogDialogue/archives/39-06/architecture.html
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Complex Numbers

The complex numbers are given by:
C ={c|c = a + bi,where,a,b € R}
here i is the imaginary unit that satisfies: i* = —1
a is called the real part of ¢
b is called the imaginary part of ¢

If z=a+bi, then the complex conjugate z”
is defined as z'=a-bi

LML Audio Processing and Indexing 25

‘Complex Numbers

(see also your Calculus Book, and/or Wikipedia)

The complex numbers are given by: 0
C ={c|c = a + bi,where,a,b € R}
here / is the imaginary unit that satisfies: i* = —1

Addition:
(a+bi)+(c+di)=(a+c)+(b+d)i
(a+bi)—(c+di)=(a—c)+b—d)i
Multiplication:
(a + bi)(c + di) = (ac — bd) + (bc + ad)i
a+bi (a+ bi)(c—di) ab + bd bc —ad) .
ct+di (c+dic—di) <c2 +d2> <c2 +d2>l

LML Audio Processing and Indexing 26
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~ Complex Numbers

The complex numbers are given by:
C ={c|c = x + yi,where, x,y € R}

The absolute value (modulus; magnitude) of z = x + yi is:
r = |7} = \/m Im

Note that: yA. ......... .
e o ;

The argument (phase) of z = x + yi is:
¢ = arg(z) = {arctan(y/x), if...= 3

0 x Re

"the angle of the vector (x,y) with p———

the positive real axis” Smarm (008 5 4 2811 )
Note: z = T'(COS(P + iSiTl<P) = L ei‘p ;[;m, e e

LML Audio Processing and Indexing 27

Complex Numbers

Let:
z; = 11(cos@, + ising,) = r e'¥1
Z, = 1,(COSQ, + ising,) = r,e'?2
Note:
cos(a) cos(b) — sin(a) sin(b) = cos(a + b)
cos(a) sin(b) + sin(a) cos(b) = sin(a + b)
Hence:

2,2, = 1115 (cos(p1+@,) + isin(p;+@,)) = ryr,et(@1¢2)

LML Audio Processing and Indexing 28
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Sine Cosine Graphs

2 I I .

sinx —

COS X

15

sin(g + 1/2) = cos(¢p)
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Resonances in Outer Ear

The outer ear consists of the external visible part and the
auditory canal. The tube is about 2.5 cm long

Ear is closed tube (closed to one end):
resonance of 0.25 wavelength
Resonance frequencies f can be calculated with:
f=nv/(4L), wheren =1, 3, 5, ..., L=2.5cm
and v = 343 m/s speed of sound
Forn =1, v = 343m/s = 34300 cm/s, L = 2.5 cm, we have
f = 34300 (cm/s) /10 (cm/s) = 3430 Hz

Note wavelength of 3430 Hz equals 34300 / 3430 cm = 10cm
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