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1. [1 point] Prove by induction that Z 2k —-1) = n? for all positive integers n > 1.

Base case: for n =1 the left hand side of the equation is 1 and the right hand side is 1% = 1.
Induction step: Let i > 1 and assume that for n =i the above equatlon holds.We have

MRk-1)=Y_Qk-D+Q>I+1D -1 =i*+2i+1=(+1)>2
Here we have used the induction hypothesis in one but the last equality.

2. [2 points] Give a proof in natural deduction for each of the following sequents:
a) —=pA(@QvNFg—(r—>—p)

1  —pa(@vr) premise
2 q assumption
3 r assumption
4 —p ~eL 3,2
5 r——p —i 3-4
6 g—( r—>—p) —i2-5
b) p—a,-(@vr) -p
1 p—q premise
2 —(qvr) premise
3 p assumption
4 q —eL 3,1
5 qvr vi 4
6 1 —e2,5
7 —p —i 2-5
C) PAG, =P —0—p )
1 pAq premise
2 premise
3 p AeL 1
4 1 —-e2,3
5) —g—p led
dp->pP—->FP—->0)}——q—>—p
1 p—(p—(p—0q) premise
2 —q assumption
3 p assumption
4 p—(p—a) —e 31
5 p—q —e 34
6 q —e 3,5
7 1 —e 2,6
8 —p —i 3-7
9 —q — —p —i1-8

3. [1,5 points] Give a semantic tableau to show that the following sequents are not valid:
Q) pval-—parq



b) pvakg—p

C) p—>0qk—p—>—q

4. [1 point] Consider the following truth table for the formulas ¢ and :

p q| d | v
T T F F
T F F T
F T T F
FF T F

Find propositional logic formulas in conjunctive normal form equivalent to ¢ and w,
respectively.



The equivalent formula in CNF for ¢ can be obtained as conjunction of the clauses stemming
from lines 1 and 2: (=p v =q) A (=p v Q). A formula in CNF for v is obtained as conjunction
of the clauses stemming from lines 1, 3and 4: (=p v Q) A (p v Q) A (p Vv Q).

.a)

b)

c)

[1,5 points]

Give a predicate logic formula ¢ expressing the fact that there are at least two elements.

The formula ¢ = Ix3dy—(x=y) holds in all models with at least two elements.

Give a predicate logic formula ¢ expressing the fact that there are exactly two elements.
The formula ¢ = IX3Iy(=(X=y) A Vz(x=z v y=z)) holds in all models with exactly two
elements.

Give a predicate logic formula ¢ such that ¢[y/x] is not the same as (¢[z/x])[y/z].

Take any formula where there are free occurrences of both x and z. For example, consider
the formula ¢ = x=z. Then ¢[y/x] = y=z whereas (¢[z/X])[Y/z] = (z=2)[y/z] = (y = Y).

. [1 point] Write a formula ¢ in predicate logic such that, for each of the following pair of
models M and N, ¢ holds in the model M but not in the model N.

a)

b)

M = (QPM) and N = (Z, ,PV). Here Q is the set of rational numbers, Z is the set of
integers, and PM is the strict (thus not equal) order relation < between rational numbers,
and, PN is the strict order relation < between integer number.

Consider the formula VxVy(P(x,y) — 3z (P(x,z) A P(z,y)). It holds in M because for every
pairs of rational numbers p and q with p strictly smaller than q, we can take the number
r=(p+q):p. The number r is always strictly greater than p, but strictly smaller than qg.
However the formula does not hold in N as there is, for example, no integer strictly in
between 3 and 4.

M = (Z,PM) and N = (Z, PN). Here Z is the set of integers, and PM is the strict (thus not
equal) order relation < between integers, and, PN is the less or equal order relation <
between integers.

Consider the formula VxVy(Px,y) — —(x=y)). It holds in M because for every pairs of
integers n and m, if n is strictly smaller than m then n is not equal to m. Clearly this is not
true if n is less or equal to m, and the formula does not hold in the model N.

[2 points] Show the validity of each of the following sequent by means of a proof in natural
deduction, where P, Q, are predicates of arity 1, and R is a predicate of arity 2:

a)

b)

Vy=P(y), (Q(Y) v R(Y.y)) >P(X) =3x—(Q(X) v R(X,x)) _

1 Vy—P(y) premise

2 QW) v R(y,y)) =P(x) premise

3 —P(x) ve 1

4 —=(Q(y) v R(y.y)) MT, 2,4

5 Ix=(Q(X) v R(x,x)) 3i 4
AXVYR(X,Y) - VYy3IxR(X,y)

1 IXVYR(X,Y) premise

2 Yo

3 Xo VYR(Xo,Y) assumption

© R(xo,yo) ve 3

5 AXR(X,Yo) Ji 4

6 IXR(X,Y0) 3e 1,35

/ VYIXR(X,y) Vi 2-6



¢) P(X) = vyQ(y) }—VY(P(x) > Q(Y))

The final score is given by the sum of the points obtained.



