Ambiguity

From lecture 8:
Definition
A context-free grammar G is ambiguous, if for at least one x € L(G), x

has more than one derivation tree (or, equivalently, more than one
leftmost derivation).

Otherwise: unambiguous
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Ambiguous

Some cf languages are inherently ambiguous

Ambiguity is undecidable
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Normalform

unwanted in CFG:
— variables not used in successful derivations S =* xe& X*
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Normalform

unwanted in CFG:
— variables not used in successful derivations S =* xe& X*

And also:
- A— A Avariable A-productions

S— AB| aB A= BS | bS B — bb|A

S=AB=BSB=SB=3S

Normalform 282 / 417
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Normalform

unwanted in CFG:
— variables not used in successful derivations S =* xe& X*

- A— A Avariable A-productions

And also:
- A— B A, Bvariables unit productions [chain rules]

S—A|aB A— B | bS B—S|A

S=A=B=S5
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Normalform

unwanted in CFG:

— variables not used in successful derivations S =% x ¢ X*
—A— A Avariable A-productions

- A— B A Bvariables unit productions [chain rules]

restricted CFG, with ‘nice’ form
Chomsky normalform A — BC, A— o
Greibach normalform () A — oB;... B
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Useful etc.

cr6 G = (V,X,S,P)

Definition
variable A is live if A =* x for some x € ¥*.
variable A is reachable if S =* aAp for some o, € (X U V)*.

variable A is useful if there is a derivation of the form S =* aAS =* x for
some string x € ¥*.

useful implies live and reachable.
For S — AB | b and A — a, variable A is live and reachable, not useful.
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Recursion, and an algorithm

Live variables

Construction
= NOZQ
- Nig1=NU{AceV|A—= ain P, witha e (N;UX)*}

Ni={AeV|A— xinP, withxeX*}
NoC N CNpC---CV

there exists a k such that Ny = Ny

Alis live iff A€ Upag Ny = N

(minimal) depth of derivation tree A =* x
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Recursion, and an algorithm

Live variables

Construction

—N():@
ir1i=NU{AcV|A—=ain P, withae (N;UX)*}

Exercise 4.53(c_i).
S — ABC | BaB A — aA| BaC | aaa
B — bBb| a C— CA|AC
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Algorithm, ctd.

Reachable variables

Construction
- No = {S}
= ,'+1:N,'U{AE V| B — ajAas in P, with BEN,'}

NoCNCNC---CV

there exists a k such that Ny = Ny

A is reachable iff A € | J;~o Ni = Ni
(minimal) length of derivation S =* aAB
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Algorithm, ctd.

Reachable variables

Construction
- No = {S}
= ;+1:N,'U{AE V | B— ajAaz in P, with BEN;}

NoCNCNpC---CV

there exists a k such that Ny = Ny
Ais reachable iff A € |J;~o Ni = Ni
(minimal) length of derivation S =* aAS

— remove all non-live variables (and productions that contain them)
— remove all unreachable variables (and their productions)

then all variables are useful

does not work the other way around ...
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Algorithm, ctd.

Reachable variables

Construction

- No = {S}
~Niy1=NjU{ A€V |B— aiAaz in P, with B € N; }

Exercise 4.53(c.i)., ctd
S — BaB A — aA| aaa B — bBb| a
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Algorithm, ctd.

— remove all non-live variables (and productions that contain them)
— remove all unreachable variables (and productions)

then all variables are useful

does not work the other way around ...

Exercise 4.53(c_i)., revisited

S — ABC | BaB A — aA| BaC | aaa
B — bBb|a C— CA|AC
Automata Theory Context-Free Languages Normalform
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ldea:

A — BCDCB

B—bl|A
C—c|A
D—d

Automata Theory Context-Free Languages

Normalform

<

3
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Definition
variable A is nullable iff A =* A

Theorem

—if A— N then A is nullable
—ifA— B1B>...Byx and all B; are nullable, then A is nullable

Construction
- No=9
- Nijg1=NU{AcV|A—ain P, withae N*}

Ni={AcV|A=ANinP}
NoCNCNC---CV

there exists a k such that Ny = Ny
Ais nullable iff A € ;5o Ni = Nk
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Construction

— identify nullable variables
— for every production A — « add A — (3,

where [ is obtained from « by removing one or more nullable variables
— remove all A-productions

Grammar for { a’bick |i=jori=k}
S—>TU|V
T —aTb|A
U—cU|A
V —aVe | W
W — bW | A
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Example nullable

Grammar for { a'bick |i=jori=k}
S TU|V
T —aTb|A
U= cU|A
V —aVe | W
W — bW | A

Ny ={T,U, W}, variables with A at right-hand side productions
Ny ={T,U,W}U{S, V}, variables with { T, U, W}* at rhs productions
N3 =N, ={T,U,W,S, V}, all productions found, no new
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Example nullable, ctd

add all productions, where (any number of) nullable variables are
removed. . .

S—>TU|V
T —aTb|A
U—cU|AN

V —»aVe| W
W — bW | A
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Example nullable, ctd

add all productions, where (any number of) nullable variables are removed

S—>TU|V S—T|U|AN
T —aTb|A T — ab
U—cU|A U—c

V —»aVe | W V —ac|A
W — bW | A W — b

remove all A-productions. ..
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Example nullable, ctd

add all productions, where (any number of) nullable variables are removed

S—»>TU|V S—T|U|A
T — aTb|A T — ab
U—cU|N U—c

V —aVe | W V —ac|A
W — bW | A W — b

remove all A-productions
S—»TU|V|T|U
T — aTb| ab
U—clU]lc
V —aVc| W |ac
W — bW | b
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Removing A-productions

Theorem

For every cFG G there is cFG Gy without N-productions such that
L(G1) = L(G) - {A}.

(M] Thm 4.27
The inductive proof of this result does not have to be known for the exam.
However, the construction in the preceding slides has to be known.
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ldea:

A— B|aCb
B— C|Bb|Bc
C—c|ABC

Automata Theory Context-Free Languages

Normalform
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Removing unit productions

Assume A-productions have been removed
Variable B is A-derivable, if

- B+# A, and
— A =" B (using only unit productions)

Construction
~-NM={BecV|B#£Aand A BinP}
= ,-+1:N,-U{C€V\C#AandB—>CinP, WithBEN,'}

NiCNpC---CV
there exists a k such that Ny = Ny
B is A-derivable iff B € Ul-21 N; = Ny
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Removing unit productions

Construction

— for each A € V/, identify A-derivable variables
— for every pair (A, B) where B is A-derivable,
and every production B — « add A — «

— remove all unit productions

Grammar for { a'bick | i=jori=k}
S TU|V|T|U
T — aTb| ab
U—cU]|c
V —aVc| W |ac
W — bW | b
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Example unit productions

SSTUIV|T|U

T — aTb| ab
U—=cU]|c
V —aVc| W |ac
W — bW | b
S-derivable: {V, T, U},{V, T, U, W} V-derivable: {W}

New productions:

S—aTb|lab S—cU|c S—aVc|Wlac S—bW|b
V— bW |b

Remove unit productions:
S—TU|aTb|ab|cU|c|aVc|ac|bW |b

T — aTb|ab

U—cU]lc

V —aVc|ac|bW | b

W — bW | b
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Definition

CFG in Chomsky normal form
productions are of the form

- A— BC variables A, B, C

— A — o variable A, terminal o

Theorem
For every cFG G there is cFG Gy in CNF such that L(G1) = L(G) — {A}.
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Construction ChNF

Construction
D remove A-productions
2 remove unit productions
3 introduce variables for terminals X, — o

4 split long productions

A — aBabA
is replaced by
X, — a Xp — b A — XoBX, XpA

A — ACBA
is replaced by
A— Ayl Yl — CY2 Y2 — BA
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ChNF, example

Grammar for { a'b/ck |i=jori=k}

S TU|V
T —aTb|A U—cU|A
V = aVe | W W — bW | A

After removing A-productions and unit productions, we obtain (see before)
S—TU|aTb|ab|cU|c|aVc]|ac|bW |b
T —aTb| ab U—cU]|c
V —aVc|ac| bW |b W — bW | b

Now introduce productions for the terminals. ..
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ChNF, example

Grammar for { a’b/ck |i=jori=k}

S TU|V
T —aTb|A U= cU|A
V—aVce | W W — bW | A

After removing A-productions and unit productions, we obtain (see before)
S—TU|aTb|ab|cU|c|aVc|ac|bW |b
T — aTb| ab U—cU|c
V —aVc|ac|bW | b W — bW | b

Now introduce productions for the terminals:
X; — a Xp— b Xc— ¢
S TU|XaTXp | XaXp | XU | ¢ | XaVXc | XoXe | XeW | b
T — XaTXp | XaXp
U—XU|c
V = XoVXe | XaXe | XpW | b
W — XpW | b
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ChNF, example ctd.

Only a few productions that are too long:
S = XaTXp | XaVXc
T — X3TXp
V — X, VX

Split these long productions. ..
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ChNF, example ctd.

Only a few productions that are too long:
S = XyTXp | XaVXc
T — X3 TXp
V — X3 VX,

Split these long productions:
S — Xa Yl | Xa Y2
Y1 — TXp Yo — VX¢
T —= X.Y1
V= XY
Note that we can reuse Y7, Y5 for two productions
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