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Abstract. Formulas from monadic second order (Mso) logic with one
and two free variables can be used to define the nodes and edges (re-
spectively) of a graph, in terms of a given graph. Such Mso definable
graph transductions play a role in the theory of graph grammars. Here
we investigate the special case of trees. The main result is that the MSO
definable tree transductions are exactly those tree transductions that can
be computed by attributed tree transducers with look-ahead, which are
a specific type of two-stage attribute grammar: in the first (look-ahead)
stage all attributes have finitely many values, in the second stage all at-
tributes are trees, and the second stage satisfies the single use restriction
(i.e., each attribute is used at most once). Moreover, if we allow the MSO
transductions to produce trees with shared subtrees (i.e., term graphs,
that have to be unfolded), then the single use restriction can be dropped.

1 Introduction

Formulas of monadic second order (Ms0O) logic can be used to express properties
of labeled graphs, and, in particular, trees and strings. Thus, monadic second or-
der logic is a convenient language for the specification of sets of graphs, relations
between graphs, relations between the nodes of graphs, etcetera. Several results
are known that provide formal models for the implementation of such specifica-
tions (see, e.g., [Tho, Eng5]). The classical one, proved in [Biic, Elg], is that a set
of strings can be specified in monadic second order logic (by a closed formula) if
and only if it can be recognized by a finite-state automaton. This was general-
ized in [Don, ThaWri] to sets of node-labeled ordered trees, with an appropriate
generalization of the finite-state automaton to the bottom-up finite-state tree
automaton. The trees considered are the usual representations of terms over a
finite set of operators. In [Coul] one direction of the result was generalized to
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graphs: every set of graphs that can be specified in monadic second order logic
is recognizable in the algebraic sense (see [MezWri]), for a specific algebra of
graphs. This was used to show that the class of context-free graph languages,
generated by context-free graph grammars, is closed under intersection with MSO
definable sets of graphs.

Inspired by the ideas of [Coul], a characterization of the context-free graph
languages in terms of monadic second order logic was presented in [Oos, Eng4,
EngOos], based on the following natural logical way to specify graph transduc-
tions, i.e., functions from graphs to graphs. The idea is that the output graph is
specified by formulas that are interpreted on the input graph (see [ArnLagSee]
for the history of the concept of interpreting one logical structure in another).
More precisely, for a given input graph g;, the nodes of the output graph g» are
a subset of the nodes of g1, which is specified by a unary Mso formula, i.e., a
formula with one free variable ranging over the nodes of g;; the edges of go are
specified by a binary Mso formula, i.e., a formula with two free variables ranging
over the nodes of g;. In fact, to define the labels of the nodes and edges of gs,
these formulas are indexed by node and edge labels, respectively. It was shown
in [Oos, Eng4, EngOos] that a set of graphs is context-free iff it is the image of
an MSO definable set of trees under an MSO definable graph transduction. Since
it is easy to see that the MSO definable graph transductions are closed under
composition, this characterization implies that the context-free graph languages
are closed under Mso definable graph transductions (comparable to the closure
of the context-free string languages under finite state transductions).

In [Cou3] the MSO definable graph transductions were generalized, in a nat-
ural way, such that the above characterization of the context-free graph lan-
guages still holds. As a result, the context-free graph languages are even closed
under this larger class of functions on graphs. The main idea of the generaliza-
tion is to allow the output graph to contain a fixed number & of copies of each
node of the input graph. Accordingly, the Mso formulas specifying the graph
transduction are additionally indexed by numbers from 1 to k. This is the type
of MsoO definable function on graphs that we consider in this paper. The MSO
definable functions in [EngOos, Coud] are partial, and in [Cou3] also MSO de-
finable relations are considered. Here, we investigate total functions only. For a
survey on MsO definable graph transductions, see [Cou4].

The results discussed above show how to specify the context-free graph lan-
guages by MSO definable graph transductions, but, the other way around, they
do not answer the question of how to implement MSO specifications of graph
transductions, which is the topic of this paper. Since there do not seem to be

3 It should be noted here that there are (at least) two natural classes of context-
free graph languages, those generated by (hyper)edge replacement (HR, see, e.g.,
[DreHabKre]) and those generated by node replacement (NR, see, e.g., [EngRoz]).
They are related to MSO logic with and without variables ranging over edges, re-
spectively. The original result of [Coul] was proved for HR (and, later, for NR in
[CouEngRoz]). The characterization of [Oos, Eng4, EngOos] was proved for NR (and,
later, for HR in [CouEng]). For a survey of the relationships between context-free
graph grammars and monadic second order logic, see [Cou2, Coub, Eng6].



suitable formal models for the implementation of functions on graphs, we con-
sider in this paper the special case of trees: both input and output graph are
trees. This choice is also motivated by the fact that tree transductions form a
well-known and well-investigated model of syntax-directed semantics. A partial
answer to the question of how to implement the MSO definable tree transduc-
tions was given in [BloEng], where it was shown how to implement unary and
binary MSO formulas for trees: unary formulas can be implemented by attribute
grammars of which all attributes have finitely many values (proved indepen-
dently in [NevBus]), and binary formulas can be implemented by a particular
type of finite-state tree-walking automaton. Since the specification of a graph
transduction consists of a collection of unary and binary formulas, we can use
these characterizations to obtain a model for the implementation of MSO speci-
fications of tree transductions. The main idea is that the tree-walking automata
can be turned into an attribute grammar. Thus, we obtain a characterization
of the MSO definable tree transductions in terms of attribute grammars, one of
the best known formal models for defining syntax-directed semantics. Of course,
attribute grammars are still a specification language, but they are much closer
to implementation than MSoO logic, and their implementation has been studied
extensively (see, e.g., [DerJouLor, Eng3, KiithVog2]).

To be precise, we prove that a tree transduction is MSO definable iff it can be
computed by an “attributed tree transducer with look-ahead” (att® for short).
This is a transducer which consists of two attribute grammars, each computing
a tree transduction, the composition of which is the tree transduction computed
by the transducer. The two attribute grammars work in different ways. The first
attribute grammar is a so-called relabeling attribute grammar (introduced in
[BloEng]) which just preprocesses the input tree by relabeling its nodes: all at-
tributes have finitely many values and one of the attributes holds the new label
of each node. This is the look-ahead part of the att®; the R stands for ‘rela-
beling’ or for ‘regular look-ahead’, where ‘regular’ is used to refer to finite-state
devices (in this case an attribute grammar of which all attributes have finitely
many values). The second attribute grammar is an attributed tree transducer
(introduced in [Fiil], see also [EngFil]) which performs the actual computation:
the values of all attributes are trees, with substitution as the only operation on
trees, and the output tree is the value of a designated attribute at the root of
the input tree. Moreover, the second attribute grammar satisfies the so-called
single use restriction (investigated in [Gan, GanGie, Gie]), which means that
each attribute is used at most once. An att® can also be viewed as one attribute
grammar of which the attributes can be evaluated in two phases: in the first
phase only attributes with finitely many values are evaluated, called “flags” in
[Eng2, Blo], and in the second phase the value of each attribute is a tree which
is defined by a conditional rule, depending on the values of the flags. Intuitively,
this is a more understandable model. Technically, due to the presence of condi-
tional rules in such two-phase attribute grammars, it is more convenient to work
with compositions of attribute grammars as above.

Since trees are terms and terms can be evaluated in a semantic domain, at-



tributed tree transducers are a schematic model of attribute grammars: every
attribute grammar can be viewed as an attributed tree transducer followed by
an evaluation of terms (cf. [Eng2]). The attributed tree transducers seem to
have certain undesirable properties, see, e.g., [FiilVag]. Based on the results of
this paper, we think that the attributed tree transducer with look-ahead is a
more attractive and robust formal model of attribute grammars. By the result
of [FiilVag] it is more powerful than the attributed tree transducer. This can
be compared with the addition of regular look-ahead to top-down tree trans-
ducers (see [Engl, GécSte]), which are, in fact, attributed tree transducers with
synthesized attributes only.

When implementing tree transductions (as in term rewriting systems) it is
natural, and efficient, to allow trees with shared subtrees: so-called term graphs
(see, e.g., [SlePleEek, CorMon]). Thus, we also investigate MSO definable graph
transductions of which the input graph is a tree, but the output graph is a
term graph. Such a graph transduction defines a tree transduction, obtained by
unfolding the output graph into the tree it represents. We prove that a tree
transduction can be defined by such an MsoO definable term graph transduction
iff it can be computed by an attributed tree transducer with look-ahead, without
the single use restriction. In fact, one of the reasons that attribute grammars
are a popular tool for the implementation of syntax-directed semantics is the
fact that attributes can be used several times, but are computed only once. Note
that the single use restriction naturally correspond to the requirement that the
term graph has no sharing, i.e., is a tree.

The structure of this paper is as follows. Section 2 contains the basic ter-
minology on graphs, term graphs, trees, Mso logic, and attribute grammars. In
Section 3 we recall the definition of MSO definable graph transduction, and de-
fine the two classes of MSO definable tree transductions that we investigate, with
and without sharing of subtrees. The notion of an MSo relabeling is introduced,
which is an MSO definable tree transduction that just relabels the nodes of the
input tree. In Section 4 we define the attributed tree transducer with look-ahead,
by recalling the definitions of a relabeling attribute grammar and an attributed
tree transducer. This section also contains some basic properties of attributed
tree transducers, which are used in Section 5 to show that every attributed tree
transduction is MSO definable (without sharing of subtrees if the single use re-
striction is satisfied). In Section 6 we recall the characterization of unary and
binary formulas on trees, proved in [BloEng], and we show that relabeling at-
tribute grammars and MSO relabelings have the same power. With the result of
the previous section, this shows half of our main results: every tree transduction
computed by an attributed tree transducer with look-ahead can be specified in
MSO logic. The other half is proved in Section 7: every MSO definable tree trans-
duction can be computed by an att®. After the proof, a detailed example is given
of this implementation. The attributed tree transducer constructed in the proof
is only guaranteed to be noncircular when restricted to the output trees of the
relabeling attribute grammar. It is shown in Section 8 that it can be turned into
a noncircular attributed tree transducer. Finally, the main results are stated and



discussed in Section 9.
Most of the results of this paper were proved as part of [Blo], the Master’s
Thesis of the first author.

2 Preliminaries

In this section we recall some well-known concepts concerning graphs and trees,
monadic second order logic on graphs, and attribute grammars.

N = {0,1,2,...}, and for m,n € N, [m,n] = {i | m < i < n}. For a set
S, P(S) is its powerset and #S its cardinality. For binary relations R; and R,
their composition is Ry o Ry = {(z,2) | Jy : (z,y) € Ry and (y,2) € Ry}; note
that the order of R; and Rs is nonstandard. For sets of relations R; and Rs,
Ri0oRs ={R10Rs | Rl € Ri,R2 € Ro}. The transitive reflexive closure of a
binary relation R is denoted R*. A binary relation R is said to be functional if
it is a partial function, i.e., if (z,y), (z,z) € R implies y = z.

2.1 Graphs, term graphs, and trees

We view trees and term graphs as finite, directed graphs with labeled nodes and
edges, in the usual way. Let X and I' be alphabets (of node labels and edge
labels, respectively). A graph over (X, I) is a triple (V, E,lab), with V a finite
set of nodes, £ C V x I' x V the set of labeled edges, and lab : V' — X the
node-labeling function. For a given graph g, its nodes, edges, and node-labeling
function are denoted V;, F,, and lab,, respectively. The set of all graphs over
(X,I) is denoted Gx r.

Let g = (V, E,lab) be a graph. An edge (u,~,v) is an edge with label v from
u to v, it is an outgoing edge of u, and an incoming edge of v. We also say that
u is a parent of v and that v is a child of u. Instead of (u,v,v) € E we also write
u = v. For nodes u,v € V, a (directed, possibly empty) path from u to v is an
alternating sequence ugejueatis - - - ey, of nodes u; and edges e;, with n > 0
(the length of the path), ug = u, u,, = v, and e; is an edge from u;_1 to u;. We
also say that u is an ancestor of v and that v is a descendant of u. The path
is also written wg —= w; —2 g -+ - -2 Unp, if e; = (uj—1,7vi,ui). It is a cycle
if n > 1 and up = u,. A graph is noncircular if it has no cycles, and circular
otherwise.

The trees we consider are the usual graphical representations of terms, which
form the free algebra over a set of operators. An operator alphabet X is an
alphabet X' together with a rank functionrk: ¥ — N. Forallk e N, X, = {0 €
Y | rk(o) = k} is the set of operators of rank k, i.e., with k arguments. The rank
interval of the operator alphabet X' is rki(X) = [1,m] where m is the maximal
rank of the elements of Y.

The nodes of a tree or term graph over X are labeled by operators. To indicate
the order of the arguments of an operator, we label the edges by natural numbers.
Since a term graph may contain “garbage”, the root of the tree it represents has



to be marked. Here it is technically convenient to add the mark # to the label
of the root. This is only necessary if the term graph itself has no unique root.

Let X be an operator alphabet. By Y we denote the ranked alphabet X' U
(X x {#}) in which, for every o € X, both o and (o, #) have the same rank as
oin X. A term graph over X' is a graph t over (X4, rki(X)) such that

(1) t is noncircular,

(2) for every node u of ¢, if lab;(u) = o or labs(u) = (o, #), with 0 € Xy,
then all outgoing edges of u have labels in [1, k], and, for every i € [1,k], u has
exactly one outgoing edge with label i, and

(3) either there is a unique node with label in X' x {#}, or there is no node

with label in X' x {#} and there is a (unique) node which is an ancestor of all
nodes.
The unique node mentioned in condition (3) is called the root of ¢, denoted
root(t). Thus, either root(t) is the unique node that is marked with #, or no
node is marked with # and root(t) is the unique node that is an ancestor of all
nodes of ¢.

A node without outgoing edges is called a leaf of ¢. For nodes u and v of ¢, if
(u,i,v) € Ey, then v is called the i-th child of u, denoted by w - i. For technical
convenience, we also define u - 0 = u. All nodes of ¢ that are not descendants
of root(t) are referred to as garbage. Note that, by condition (3), there is no
garbage if the root is not marked by #.

A forest is a term graph such that no node has more than one incoming
edge. A tree is a forest such that all nodes have their labels in Y. The set of all
trees over X is denoted Ts;. A function from T's; to Ta (where A is an operator
alphabet too) is called a tree transduction or a term transduction. As usual, trees
will also be denoted by the corresponding terms over X. Thus, for ¢ € X}, and
t1,...,tx € Tx, the term o(t1,...,t;) denotes the tree ¢ with lab;(root(t)) = o
and root(t) - i = root(t;) for every i € [1,k].

Term graphs can be unfolded into trees. For a term graph ¢ over X, the
unfolding of t, denoted unfold(t), is the tree over X defined by unfold(t) =
unfy(root(t)), where, for u € Vi, unfy(u) = o(unfs(u - 1),...,unf;(u - k)) with
lab;(u) = o or labs(u) = (0, #), 0 € .

A term graph over X' is clean if all its node labels are in X' (and hence all its
nodes are descendants of the root). Garbage can be removed from term graphs
as follows. For a term graph t over X, the cleaning of ¢, denoted clean(t), is the
subgraph of ¢ induced by the descendants of root(t), in which # is removed from
the label of root(t), if present. Obviously, clean(t) is a term graph over X of
which all nodes have their labels in X. Moreover, root(clean(¢)) = root(¢) and
unfold(clean(t)) = unfold(#).

We also need terms with variables. These variables are treated as constants.
Let X' be an operator alphabet and = a finite set (of variables), disjoint with
Y. Let X¥(Z) be the operator alphabet with X'(Z)y = Xp U 5 and X(Z), = X
for £ > 1. Then Tx(Z) = Ty (z) is the set of trees over X' with variables in
. A tree t € Tx(Z) is linear if every variable appears at most once in ¢. If

= {&,...,&} and t; € Tx(5) for ¢ € [0,k], then to[& — t1,...,& — ]

[ [



denotes the result of (simultaneously) substituting ¢; for &; in o, 7 € [1, k].

2.2 Monadic second order logic

Monadic second order logic can be used to describe properties of graphs (see,
e.g., [Cou2, Cou5, Eng4, Eng6, EngOos|), and hence in particular to describe
properties of trees and term graphs. For alphabets 3 and I", we use the language
MSOL(X,I") of monadic second order (Mso) formulas over (¥, I"). Formulas
over (¥, I") describe properties of graphs over (X, I"). This logical language has
node variables z,y,..., and node-set variables X,Y,.... For a given graph g
over (X, I'), node variables range over the elements of V;, and node-set variables
range over the subsets of V.

There are three types of atomic formulas in MSOL(X, I'): lab, (), for every
o € X, denoting that x has label o; edg, (z,y), for every v € I', denoting that
there is an edge labeled v from z to y; and x € X, denoting that z is an element
of X. The formulas are built from the atomic formulas using the connectives -,
A, V, =, and ¢, as usual. Both node variables and node-set variables can be
quantified with 3 and V. We will use edg(z,y) to abbreviate the disjunction of
all edg, (z,y), v € I'; it denotes that there is an edge from x to y. We will use
x =y for VX(z € X & y € X), denoting that x equals y. Finally, we will use
the formula path(z,y) which expresses the existence of a directed path from z
to y:

path(z,y) = VX ((closed(X) Az € X) - y € X)

where closed(X) = Vz,y((edg(z,y) Az € X) » y € X).

For every k € N, the set of MsO formulas over (X, ") with k free node vari-
ables and no free node-set variables is denoted MSOL (X, I'). For k = 1,2, the
elements of MSOLy, (X, I') are also called unary and binary formulas, respectively.

Since we are predominantly interested in trees and term graphs, over an
operator alphabet X', an MSO formula over (X4, rki(X)) will simply be called an
MsSO formula over X. Also, MSOL(Xy, rki(X)) will be abbreviated to MSOL(X),
and similarly for MSOL(X'). Note that, in MSOL(X), edg;(z,y) means that y
is the i-th child of z, and edg(z,y) means that x is a parent of y. We will
additionally use root(z) for a formula that expresses that z is the root of a term
graph, e.g., the formula laby (z) V Vy(—laby (y) A path(z,y)), where laby(z) is
the disjunction of all lab(, 4)(z), for 0 € X. Moreover, we will use leaf(z) for
—Jy(edg(z,y)), which denotes that x is a leaf. In case we consider trees only,
the component X' x {#} can of course be dropped, and, e.g., root(z) can be
simplified to Vy(path(z,y)).

For a closed formula ¢ € MSOLy (X, I") and a graph g € G5 r, we write g |= ¢
if g satisfies ¢. Given a graph g, a valuation v is a function that assigns to each
node variable an element of V,, and to each node-set variable a subset of V. We
write (g,v) | ¢, if ¢ holds in g, where the free variables of ¢ are assigned values
according to the valuation v. If a formula ¢ has free variables, say, x, X,y and
no others, we also write ¢(x, X,y). Moreover, we write (g,u,U,v) = ¢(z, X,y)
for (g,v) E é(x,X,y), where v(z) = u, v(X) = U, and v(y) = v. As a very



simple example, (g, u,v) = path(z,y) means that there is a path from u to v in
g, and g |= Vz, y(path(z,y)) means that g is strongly connected.

2.3 Attribute Grammars

In this subsection we recall some terminology concerning attribute grammars
(see, e.g., [Knu, DerJouLor, Eng3, KiihVog2]). In order to allow the attribute
grammar to work on arbitrary trees over an operator alphabet, rather than on
derivation trees of an underlying context-free grammar, we consider a slight
variation of the attribute grammar that was introduced in [Fiil]. The semantic
rules of the attribute grammar are grouped by operator rather than by grammar
production, and there are special semantic rules for the inherited attributes of
the root. All operators have the same attributes.

Let X be an operator alphabet. An attribute grammar over X is a six-tuple

G=(X,51,02,W,R,ay,) where

— Y is the input alphabet.
— S is a finite set, the set of synthesized attributes.
I, disjoint with S, is a finite set, the set of inherited attributes.
2 is a finite set of sets, the semantic domains of the attributes.
W :(SUI) — 2 is the domain assignment.
— R describes the semantic rules; it is a function associating a set of rules with
every 0 € X U {root}:
e For o € X, R(0) is the set of internal rules for o; R(c) contains one rule

<a07i0> = f(<a17i1>7 ERD) <akaik>)

for every pair (ag,ig), where either «q is a synthesized attribute and
io = 0, or ag is an inherited attribute and iy € [1,rk(o)]. Furthermore,
E>0,a1,...,a € SUI, iy,...,i0 € [0,rk(0)], f is a function from
W(aq) x --- x W(ay) to W(ao), and the (a;,i;) are all distinct.

e R(root) is the set of root rules; R(root) contains one rule

(a0,0) = f({a1,0), ..., {ag,0))

for every ag € I, where k > 0, ay,...,a; € SUI, f is a function from
Wi(aq) x --- x W(ay) to W(ao), and the (a;,i;) are all distinct.
— apy € S is the meaning attribute.

Usually, for a semantic rule {ag,%0) = f({a1,i1), ..., {ak,ir)) the function f is
given as f = Azy,...,xy.e for some expression e with variables in {zi,..., 21}
We will then informally denote the rule by (ap,io) = €' where €’ is obtained
from e by substituting («a;,i;) for x;, for all j € [1,k].

If I = 0, i.e.,, G has synthesized attributes only, then G is said to be Only
Synthesized (08). Note that an 0s attribute grammar has no root rules.

If all sets in (2 are finite, then G is said to be finite-valued; this means that
each attribute has finitely many values.



Let ¢ be a tree over X. The set of attributes of ¢ is A(t) = (SUIT) x V;.
The set R(t) of semantic instructions of t is defined as follows. Recall that,
for u € Vi, u-0 = u. For every node u € V;, if lab;(u) = o, and {(ag,ig) =
flag,it), ..., {ag,ig)) is a rule in R(c), then

(ao,u-i0> = f((alau'il)a--w(akau'ik))

is an internal instruction of t. Analogously, if (ag,0) = f({a1,0), ..., (ak,0)) is
a root rule, then

(g, root(t)) = f({a1,root(t)),. .., (o, root(t)))

is a root instruction of t. The set of all internal instructions and root instructions
of t is R(t). Note that for every (a,u) € A(t) there is exactly one semantic
instruction with left-hand side (o, u) in R(t).

With the help of R(t), the dependencies between the attributes of ¢ can be
represented in the usual way by a graph. The dependency graph of a tree t over
X is the unlabeled directed graph D(t) = (V, E), where V' = A(t) and E consists
of all edges ({a,u), (', u')) such that there is a semantic instruction (o', u') =
far,u1), ..., {ap,ur)) € R(t) with (a,u) = (o, u;) for some i € [1,k]. An
attribute grammar G is noncircular on a tree ¢t € Ty if D(t) is noncircular, and
G is noncircular if it is noncircular on every tree t € T's;. An attribute grammar
G is single use restricted (SUR) on a tree t € T if no node of D(t) has more than
one outgoing edge, and G is SUR if it is SUR on every tree t € T'x;. The single use
restriction was investigated in [Gan, GanGie, Gie]; it received its name in [Gie].

We now define how to give the correct values to the attributes of the tree
t. Let dec be a function from A(#) to Uf2, such that dec({a,u)) € W(a) for
every (a,u) € A(t). The function dec is a decoration of ¢ if all instructions are
satisfied, i.e., for every instruction {ag,uo) = f({@1,u1),...,{ag,u)) € R(t),
dec({ap, uo)) = f(dec({a1,u1)),...,dec({ax,ur))). It is well known that if D(t)
is noncircular, then ¢ has a unique decoration; this decoration will be denoted
by decg .

We will not use the meaning attribute an, here. It will be used in later
sections, in different ways, to define the translation realized by an attribute
grammar.

Finally, we define the dependency graphs of symbols (and the root), which
are similar to the dependency graphs of productions in the usual type of at-
tribute grammar [Knu]. They are the atomic graphs from which all dependency
graphs D(t) of trees ¢t € T are built. For ¢ € Xy, the dependency graph of
o is the unlabeled directed graph D(o) = (V,E) where V. = A x [0, k] and
E consists of all edges ({aj,i;),{(ao,%)) such that there is a rule (ag,i0) =
flay,ir), ..., {ar,i.)) € R(o), with j € [1,r]. The dependency graph of the
root is the unlabeled directed graph D(root) = (V,E) where V = A x {0}
and E consists of all edges ({e;,0), {ao,0)) such that there is a rule {(ag,0) =
f({a1,0),...,(a,,0)) € R(root), with j € [1,r].



3 MSO definable graph transductions

The main concept in this paper is that of an MSO definable function f on graphs,
introduced in [Oos, Eng4, EngOos], and independently in [Cou3] (for a recent
survey see [Coud]). The idea is that, for a given input graph g;, the nodes, edges,
and labels of the output graph g» = f(g1) are described in terms of MsO formulas
on g;. For the simplest type of MSO definable function (see [EngQos]), the nodes
of g are a subset of the nodes of g;. In fact, for each node label o of g, there is a
unary formula 1), (z) expressing that node z of g; will be a node of g, with label
o (provided no other such formula is true for z). The edges of g, are specified
by a binary formula x(z,y), for every edge label v of g2, expressing that there
will be a y-labeled edge from x to y in g». Although this type of MSO definable
function is sufficient for many purposes, its power is restricted by the fact that
the size of the output graph cannot be larger than the size of the input graph.
Thus, in [Cou3] the above idea was extended by allowing the output graph to
contain (a fixed number k of) copies of each node of the input graph. Now, for
each i € [1,k] there is a formula v, ;(x) expressing that the i-th copy of node z
of g1 will be a node of go with label o, and, similarly, for ¢,j € [1, k] there are
formulas x..,i,;(z,y) for the edges of g». It will be convenient to use arbitrary
names for the copies, rather than numbers.

We will only consider total functions f (see [Coud] for the extension to partial
functions and to relations). Since our aim is to compare the defining power of
monadic second order logic with the power of certain types of tree transducers,
we will view an MSO specification of f as a “graph transducer”; this is then a
total deterministic transducer. We now define the syntax and semantics of such
MSO graph transducers.

An MSO graph transducer from (X1, 1) to (X9, I%) is a triple T = (C, ¥, X)
where

— (' is a finite set of copy names,

= ¥ = {t5,c(%) }oe5s,cec, With ¥y (x) € MSOL; (24, 1),
is the family of node formulas, and

- X ={xvee'(@y) }vemcccc, With xy.c.0r(2,y) € MSOLy (X1, I1),
is the family of edge formulas.

The copy number of T is #C.

The graph transduction Tgr : Gx,,r, = Gx,,r, defined by T is defined as
follows. For every graph g; over (X1, I7), Tgr(g1) is the graph g over (X, I)
with

- Vi, ={(c,u) | ¢ € C,u € Vj,, and there is exactly one o € X5 such that
(glau’) |= wU,C(m)}a

B Egz = {((C,U),’y, (Claul)) | (Cau)a (Claul) € ‘/9277 € F27 and
(glauaul) |: X’y,c,c’ (xay)}a

= labg, = {((c,u),0) | (¢,u) € Vy,,0 € X, and (g1, u) |= Yo,c(2)}.
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The set of all graph transductions defined by MSo graph transducers will be
denoted MSO-GT. They are the MSO definable graph transductions.

If the copy number of an MSO graph transducer is 1, i.e., the copy set C is
a singleton {c}, we will drop the subscripts ¢ from the node and edge formulas,
ie., we write ¢, (2) and x,(,y) instead of ¢, .(x) and x,c,.(z,y), respectively.

Note that a copy (c,u) of a node u of g1 may not be a node of g2 = Tgr(91)
for two reasons: either there is no o such that (g1, u) |= ¥s,.(2), or there is more
than one such o. However, it is easy to see that we may always assume, for fixed
¢ € C, the formulas ¢, () to be mutually exclusive, in which case only the first
reason remains and

= Vo, ={(u) € O xVy, [Fo € Xy 2 (g1,u) = Yoc(2)}, and
= labg, = {((¢,u),0) € (C x Vy,) x 25 | (g1,u) |F Pg,c(2)}-

In fact, the formula ¢, () can be replaced by its conjunction with all =, .(z),
for o' € Xy — {0}.

Similarly, it can always be assumed that an edge formula X . (z,y) only
holds for nodes u, u’ € Vy, if (¢, u), (¢',u’) are nodes of the output graph g», i.e.,
that (g1,u,u') = Xy,c.er(z,y) implies (c,u), (¢/,u") € V,,. In that case

B EQZ = {((C,U),"}/, (claul)) | (c,u), (claul) €C x V91a7 € F27
(glauaul) |: X’y,c,c’ (l‘ay)}

Assuming the node formulas to be mutually exclusive (for fixed ¢), this is
achieved by changing the formula x.,c . (2,y) into its conjunction with the dis-
junction of all formulas ¥, .(2) A Yo o (y), for o,0' € Xs.

These two assumptions will be made whenever convenient, without mention-
ing. They allow us, e.g., to check fewer conditions in the simulation of MSO graph
transducers by attribute grammars (in Section 7).

Terms and trees We now introduce the specific MSO graph transducers that
we are interested in. They have trees as input, and they also produce trees as
output, either by directly defining the output tree or by defining a term graph
of which the unfolding is the output tree.

Let X and A be operator alphabets. An MSO term graph transducer from X
to A is an Mso graph transducer T from (X, rki(X)) to (Ag,rki(A)) such that
Ter(t) is a term graph over A for every ¢ € T's;. It defines the tree transduction
T : T, = Ta with 7 (t) = unfold(7g(t)) for every t € T's.

An MSO tree transducer from X to A is an MSO term graph transducer T
from X to A such that Tg(t) € Ta for every t € T'x. Note that T (t) = Tg(t) for
every t € Ts;, because unfolding has no effect on trees.

The set of all tree transductions defined by MSO term graph transducers is
denoted MSO-TGT, and the set of all tree transductions defined by MSO tree
transducers is denoted MSO-TT. To distinguish between MSO-TT and MSO-TGT,
the transductions in MSO-TT will be called MSO definable tree transductions, and
those in MSO-TGT will be called MSO definable term transductions. Note that,
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by definition, MSO-TT C MSO-TGT. Properness of this inclusion will be shown in

Example 1(5, binary); thus, in general, the unfolding of term graphs is not MSO
definable.

Special cases Two special cases of interest are the following. First, an MSO
graph transducer is said to be “direction preserving” if edges of the output graph
correspond to (directed) paths in the input graph. If, in particular, the input
graph is a tree, then all edges in the output graph lead from (a copy of) a node
of the input tree to (a copy of) one of its descendants. Formally, an MSO graph
transducer T from (X, I7) to (X9, %) is direction preserving if, for every graph
g1 € Gz, if ((¢,u),7,(¢;u')) is an edge of Tgr(g1) then there is a directed
path from u to u' in g;. We will indicate the direction preserving property by
a subscript ‘dir’. Thus, MSO-TGTg;r denotes the class of all term transductions
defined by direction preserving MSO term graph transducers. We will show that
these transducers are related to Only Synthesized attribute grammars.

Second, an MSO tree transducer is said to be a “relabeling” if it just relabels all
nodes of the input tree. Formally, an MSO tree transducer T' = (C, ¥, X) from ¥
to A is an MSO relabeling if (1) the copy number of T'is 1, (2) xi(z,y) = edg;(z,y)
for every i € rki(A), and (3) for every ¢t € T's and u € V} there is a unique § € A
such that (t,u) | 1s(x). The class of all tree transductions defined by Mso
relabelings will be denoted MSO-REL. Note that MSO-REL C MSO-TTgjy-

An inclusion diagram of the classes of tree transductions defined above is
given in Fig. 1. Its correctness will follow from Example 1 below, in particular
Example 1(3, stars), Example 1(5, binary), and Example 1(6, yield).

MSO-TGT

MSO-TGTgjr MSO-TT

MSO-TTgir

MSO-REL

Fig. 1. An inclusion diagram of classes of tree transductions



We observe here that, restricting attention to input trees over X', all the above
properties of MSO graph transducers T are decidable: whether or not 7" is an MSO
term graph transducer, is an MSO tree transducer, is direction preserving, or is
an MSO relabeling. This is because for each of these properties a closed formula
¢ € MSOL(X') can be found such that T" has the property iff ¢ = ¢ for every tree
t € Tx. Decidability now follows from the classical fact that {t € T | t |E —¢} is
a regular tree language ([Don, ThaWri]), and the well-known fact that emptiness
of regular tree languages is decidable (see, e.g., [GécSte]). As an example, for the
direction preserving property the formula is ¢ =V, y(¢'(z,v)), where ¢'(z,y) is
the conjunction of all formulas x; ¢ (z,y) — path(z,y), for every edge formula

Xi,e,c! (ZL”, y)

Examples We now give some examples of MSO definable graph transductions.

Ezample 1. (1, clean) The cleaning of term graphs (see Section 2.1) is MSO de-
finable, i.e., for every operator alphabet X' there is an MSO graph transducer
T from (Xg,rki(X)) to (X, rki(X)) such that for every term graph t over X,
Ter(t) = clean(t). The copy number of T is 1. For every ¢ € Y it has node
formula

Yo (z) = (labs(x) V lab(, 4)(z)) A Vy(root(y) — path(y,z)),

and for every i € rki(X) it has edge formula x;(z,y) = edg;(z,y). Through the
node formulas, only those nodes of the input term graph ¢ are copied to the
output graph that are descendants of root(t). The labels of those nodes stay the
same, except that root(t) is unmarked (if it was marked by #), and the edges
between them are just copied to the output graph. This shows that the output
graph is clean(¢).

(2, relab) If ¢1(z),...,dn(z) is a sequence of formulas in MSOL; (X), then
there is an MSO relabeling T' from X' to X' x {true,false}" such that, for every
t € T and u € Vi, laby(y)(u) = (o,b1,...,by) where o = lab;(u) and, for every
i € [1,n], b; = true iff (¢t,u) | ¢;(z). In fact, for o' = (0,b1,...,b,), the node
formula 9, (z) of T is the conjunction of the formula lab, (z) with all formulas
¢i(x) for which b; = true and all formulas —¢;(z) for which b; = false.

(3, stars) We give an Mso tree transducer T' from X to A, where X' = YU X5,
with 20 = {0,}, and EQ = {O’}, and A= A()UAl UAQ, with AO = Eo, AQ = EQ,
and A; = {x}. Note that rki(A) = rki(X) = {1,2}. The transducer transforms
a tree by inserting a node with label x on each of its edges. See Fig. 2 for an
example. The transducer T' = (C, ¥, X) is defined as follows.

— The copy set C is {o,n}, where o stands for ‘old’, and n for ‘new’. A node
(o,u) of T(t) is an old copy of the node u of ¢ (with the same label). A node
(n,u) is a new copy of the node u; it has label x, and it has node (o,u) as
its child. Two copies are made of every node except the root.
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1/\1

Fig. 2. Example of a tree ¢ and its transduction 7 (t)

a a

— ¥ consists of the node formulas

Ys5,0(x) =labs(z) forallde X,
Puo(x) = false,

Ysn(z) = false, for all § € X, and
Yy n(x) = 200t ().

— X consists of the edge formulas

Xioo(Z,y) = false for i € {1,2},
Xinn(2,y) = false for i € {1,2},
Xiomn(2,y) = edg;(z,y) for i € {1,2},
Xin,0(z,y) = (z =y), and
X2,n,0(%,y) = false.

Note that T is a direction preserving MSoO tree transducer. Thus, 7 is in MSO-TTg;r,
but not in MSO-REL because for an MSO relabeling the output tree has the same
size as the input tree.

(4, path) The next example is adapted from [FiilVag]. It is a direction pre-
serving MSO tree transducer T from X to A, where the input alphabet X is
{o,%,a}, with tkx (o) = 2, and rkx(x) = rkyx(a) = 0, and the output alpha-
bet A is {1,2,%,a}, with rka(1) = rka(2) = 1, and rka(x) = rka(a) = 0. If
the input tree ¢ contains exactly one leaf labeled *, the transducer transforms
it into a tree over A, which codes the path leading from the root of ¢ to the
leaf labeled * in the obvious way. Otherwise, the output is a. For example,
T(o(o(a,0(a,%)),0)) = 1(2(2(+)), and T(o(x,(a,*))) = T(o(a, 0(a,a))) = a.
The copy number of T is 1. The node and edge formulas of T" are

Y1(z) = us A Jy, z(edg, (z,y) A path(y, z) Alab.(2)),

a(x) = us A Ty, z(edg, (z, y) A path(y, 2) Alab.(z)),
Yi(z) = us A lab,(z),
a(x) = —us A root(x),

x1(z,y) = edg(z,y),
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where ‘us’ is the closed formula Jz(lab.(z) A Vy(lab.(y) — y = 2)), expressing
that the input tree has a unique star.

(5, binary) Consider the MSO term graph transducer T from X to A, where
Y = A = {o,a}, with rkx(c) = 1, rka(o) = 2, and rkx(a) = rka(a) = 0.
The transducer transforms a linear input tree into a full binary output tree,
of the same height. To do this, it turns the input tree into a term graph by
changing every edge (with label 1) into two edges (with labels 1 and 2). This
term graph is then unfolded into a full binary tree. The copy number of T is 1,
it has node formulas ¢, (z) = lab,(x) and v, (z) = lab,(z), and edge formulas
x1(z,y) = edg, (z,y) and x2(z,y) = edg, (z,y). Note that, again, T is direction
preserving. Thus, 7 is in MSO-TGTg;;, but not in MSO-TT; in fact, it should be
obvious that, for every 7 € MSO-TT and every input tree ¢, the size of T (¢) is
linear in the size of ¢, where the constant is the copy number of T'.

(6, yield) Finally, we consider an example of an MSO tree transducer that is
not direction preserving. Let the input alphabet be X' = XqUX5, for some Xy and
Y5. The output alphabet is A = AgUA;, with A; = Xy and Ag = {6 | o € Xp}.

We present an MSO tree transducer T' such that for any tree t € T'sy, T () is
equal to the yield of ¢ as a monadic tree (a string can be seen as a monadic tree,
with its first symbol as root, the second symbol as child of the first, etcetera, up
to the last symbol, which is the leaf of the tree). We have to beware, because all
labels in the monadic tree that constitutes the yield have rank 1, except for the
last one, which has rank 0. We will therefore use elements of A; for all of the
labels, except the last one, for which we will use a corresponding label from A.
To do this we need the following MSO formula over X, which, for a node z of a
(binary) tree, checks that it is on the path from the root to the rightmost leaf:

rm(z) = Vy(root(y) — path,(y, z))

where the formula path, (z,y) expresses that there is a path from z to y of which
the edges are all labeled 2 (obtained by changing edg(z,y) into edg,(z,y) in the
formula path(z,y), see Section 2.2).

Let T = ({¢}, {¢o }oexy, U {¥s}oex,, {x1}) be the MSO tree transducer from
X to A, with

Yo (z) =labg(x) A ~rm(x)
Y5 (z) =labg(2) A rm(z)
x1(z,y) = leaf (z) A x(z,y) Aleaf(y)
where
x(z,y) = 3z (Fz(edg, (2, z1) A pathy(z;, 2)) A Jz.(edgy (2, 2:) A path, (z,v))) -
For leaves = and y, the formula x(z,y) checks that y directly follows z in the
left-to-right order of leaves. Note that in this formula, 2z is the least common

ancestor of  and y, and z; and z, are its two children. The formula path, (z,y)
is analogous to path,(z,y), as explained above.
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Note that we could as well have taken i (z,y) = x(z,y), because, by defin-
ition, an edge in the output graph is only drawn if both nodes it is incident to
exist, so this need not be checked explicitly. However, as observed before, such
a check can always be added to xi(z,v), and that is what we have done here.
Note also that 7 is in MSO-TT, but not in MSO-TGTg;,; in fact, it is not difficult
to see that, for every T € MSO-TGTq;r and every input tree ¢, the height of T (%)
is linear in the height of ¢, where the constant is the copy number of T' (cf. the
similar statement on size in the previous example).

Composition We end this section by stating a well-known and basic prop-
erty of MSO definable graph transductions, and its consequences for the specific
transductions considered in this paper. It is proved, e.g., in Proposition 3.2(2)
of [Cou3].

Proposition 1. MSO-GT is closed under composition.

An immediate consequence of this proposition is that MSO-TT is closed un-
der composition, and that MSO-TToMSO-TGT C MSO-TGT. To see that also
MSO-GTgqir, MSO-TTgir, and MSO-REL are closed under composition, it suffices
to know the following about the proof of Proposition 1. If 77 and T" are MSO
graph transducers with copy sets C' and C”, then their composition is realized
by an MsoO graph transducer T' with copy set C" x C’. Moreover, for every input
graph g1, the output graphs Tgr(g1) and 7, (7, (g1)) are isomorphic, with node
((¢", "), u) corresponding to node (c”, (¢, u)).

Proposition 2. MSO-GTgjy, MSO-TT, MSO-TTgir, and MSO-REL are closed un-
der composition; MSO-TT o MSO-TGT C MSO-TGT and MSO-TTgir © MSO-TGTg;r C
MSO-TGTqir-

It will follow from our results that MSO-TGTq;, is also closed under compo-
sition (see Section 9), thus strengthening the last inclusion in Proposition 2. It
is straightforward to show that MSO-TGT is not closed under composition, by a
size argument similar to the one in Example 1(5, binary).

4 Attributed tree transducers

We will show that MSO definable term transductions can be computed by at-
tribute grammars, and that MSoO definable tree transductions can be computed
by SUR attribute grammars. To obtain precise characterizations, we consider
two types of tree transducers that are based on attribute grammars: the rela-
beling attribute grammar (see [BloEng]) and the attributed tree transducer (see
[Fiil, EngFil, FHVV, KiihVogl]). We prove that MsO term graph transducers
have the same power as two-stage attribute grammars, of which the first stage
is a relabeling attribute grammar, and the second stage is an attributed tree
transducer. For MSO tree transducers the second phase is SUR. Such two-stage
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attribute grammars will be called attributed tree transducers with look-ahead
(att®).

A relabeling attribute grammar is a quite restricted type of tree transducer:
it only changes the labels of the nodes of the input tree. All its attributes have
finitely many values, and, for each node of a given input tree, the new label of the
node is the value of its meaning attribute. Since it is finite-valued, a relabeling
attribute grammar can be viewed as a finite-state tree automaton that relabels
the nodes of the tree. It is the look-ahead stage of an att®.

An attributed tree transducer is a much more powerful device. It is an at-
tribute grammar in which all attribute values are trees and the semantic rules
are limited to involve substitution only. For a given input tree, the output tree
is the value of the meaning attribute at the root. It is the computation stage of
an att®.

In this section we first define relabeling attribute grammars, attributed tree
transducers, and attributed tree transducers with look-ahead. Then we discuss
a normal form for attributed tree transducers, and we define the notion of a
semantic graph for attributed tree transducers in this normal form.

4.1 Formal definitions

Let X and A be operator alphabets. A relabeling attribute grammar from X to
A is a finite-valued noncircular attribute grammar G = (X,S,1,2, W, R, am)
with W(an) = A4, such that for every t € Tx and u € V;, decqi({am,u))
has the same rank as labs(u). The tree transduction computed by G is the to-
tal function r(G) = {(t,t') € Ty x Ta | Vo = Vi, By = Ey, and laby(u) =
deca,i({am,u)) for all u € V;}; r(G) is called an attributed relabeling. The set of
all attributed relabelings is denoted ATT-REL. In Section 6.1 we will show that
ATT-REL equals the class MSO-REL of MSO relabelings.

Let ¥, A be operator alphabets (the input and output alphabet, respec-
tively). An attributed tree transducer (att, for short) from ¥ to A is an attribute
grammar G = (X, S, 1,2, W, R, an,) with the following two properties:

— 2 ={Tx}, and
— every semantic rule is of the form

(ao,io) = f({ar,ir), .., (ar,ir),
where for all t1,...,t; € Ta,
Qs eote) =6y =ty G = 1]
for some linear r € TA({&1, ..., &k })-

For the notation and terminology used for r see the end of Section 2.1.

Note that we did not require G to be noncircular. Although we are only
interested in noncircular attributed tree transducers, we need circular ones as a
technical tool (see Sections 7 and 8). A circular attributed tree transducer only
translates input trees with a noncircular dependency graph.
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The tree transduction computed by attributed tree transducer G is the partial
function G from T to Ta such that for every tree ¢ € Tx with noncircular
dependency graph D(t), G(t) = decg +({am, root(t))).

The class of all tree transductions that can be computed by noncircular
attributed tree transducers is denoted ATT. Note that ATT contains total func-
tions only. The class of tree transductions computed by noncircular attributed
tree transducers that satisfy the single use restriction (SUR), is denoted ATTg;.
The corresponding classes of tree transductions computed by 0S attributed tree
transducers are denoted ATT,s and ATTog sur, respectively.

From here on, we will identify the right-hand side f({a1,i1),..., (ak,ir)) of
a semantic rule as above, with the tree r[& — (aq,i1),...,& — {(ak,ir)]. Note
that, since the (a;,i;) are all distinct (see Section 2.3), this is a linear term in
TA((TUS) x N). As an example, with § € Ay and ¢ € Ay, the semantic rule

<a70> = f((ﬂa 1)7 <a7 2))7 with f(t17t2) = 5(t1, 5(07 t2))

is identified with
(a,0) = 3((B,1),0(c, (e, 2))).

Note that f(ti,t2) = r[&1 — t1,& — to] for r = 6(&1,0(c,&2))). As a second
example, the semantic rule («,0) = f((8,1)) with f(t) =t = &[& — t], is
identified with {(«,0) = (8, 1).

In exactly the same way, for an input tree ¢, the right-hand sides of semantic
instructions in R(t) will be identified with trees in T'A (A(#)). Thus, for a decora-
tion dec of t and an instruction {a, u) = r, dec({«, u)) is the result of substituting
dec((B,v)) for every (3,v) in r.

Linearity of the terms used in the semantic rules is a convenient technical
detail which is intuitively required for SUR att’s. For att’s that are not SUR it
is an inessential restriction, because it can always be achieved by duplicating
attributes. To see this, we give an example of a rule that is not linear, and
transform it to two linear rules. With § € A,, a typical nonlinear rule would be
(a,0) = 6({a, 1), {@,1)). We can make it linear by adding an attribute o’ with
rule (a/,0) = (a, 1), and changing the rule for a into («,0) = 6({c, 0), (c, 1)).
Note that this transformation does not preserve the SUR because («a, 1) is used
twice.

An attributed tree transducer with look-ahead (att?, for short) from ¥ to A
is a pair G = (G1,G2) where G is a relabeling attribute grammar from X' to (2,
and (G is an attributed tree transducer from {2 to A, for some operator alphabet
2. The tree transduction computed by G is r(G1) 0 Gs. The att® G is noncircular,
0S, or SUR, if G5 is (with no restrictions on G except that it is noncircular).
Obviously, the class of all tree transductions that can be computed by noncircular
attributed tree transducers with look-ahead is ATT-REL o ATT. Restricting the
att®’s to be SUR, or 0S, or both, they compute the classes ATT-REL o ATTgyr,
ATT-REL 0 ATTyg, and ATT-REL 0 ATTs gur, respectively.

We now give some examples, numbered (3)—(6), corresponding to the Mso
term graph transducers of Example 1(3)—(6). All examples are noncircular.
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Ezample 2. (3, stars) The tree transduction 7 of Example 1(3, stars) is com-
puted by an att G with one synthesized attribute «, which is also the mean-
ing attribute, and semantic rules R(a) = {(@,0) = a} and R(0) = {(a,0) =
o(x({a, 1)), *({e,2)))}. Note that G is 0s and SUR, and so T € ATTog sur-

(4, path) The tree transduction 7 of Example 1(4, path) cannot be com-
puted by an attributed tree transducer, as proved in [FiilVag]. We now show
that it can be computed by an attributed tree transducer with look-ahead, i.e.,
that it is the composition of an attributed relabeling #(G1) and an attributed
tree transduction G». The relabeling attribute grammar G; has a synthesized
attribute ‘ns’ that counts the number of descendants that are labeled by *, with
W(ns) = {0,1,many}, where ‘many’ means ‘more than one’. It has meaning
attribute a that adds to the label of each node the values of the ns-attribute of
its children, with W(a) = {a,*} U{(0,,7) | 4,4 € W(ns)}. The semantic rules
of Gy are

R(o) = {(0s,0) = (ns, 1) + (ns,2), (a,0) = (0, (ns, 1), (ns,2)) },

where addition is defined in the obvious way (1 + 1 = many, and many plus
anything equals many),

The att G5 has one synthesized attribute 8, with semantic rules

R(a) ={(8,0) =0},
R(x) ={(8,0) =« },

and, for i,j € W(ns),

{ (8,00 =1((8,1)) } ifi=1andj=0,
R(o,i,j) = {(8,0) =2((8,2)) } ifi=0andj=1,
{(B,0) =a} otherwise.

It should be clear that 7 = r(G1) o G2, and so T € ATT-REL 0 ATTos sur-

(5, binary) The term transduction 7 of Example 1(5, binary) is computed
by an att G with two synthesized attributes o and o/ (where « is the meaning
attribute), and semantic rules R(a) = {(«,0) = a,(/,0) = a} and R(o) =
{{a,0) = o((c, 1), (e, 1)),{c/,0) = o({x,1),{a’,1))}. Thus, T € ATTos. Note
that 7 cannot be computed by a SUR attributed tree transducer with look-ahead,
because for a transduction in ATT-REL o ATTg,, the size of the output tree is linear
in the size of the input tree, where the constant is the number of attributes of
the att times the maximal size of the right-hand sides of its semantic rules. Note
also that if semantic rules with nonlinear right-hand sides were allowed, G' could
do without ', and have rules («,0) = a for a, and {(a,0) = oc({(«, 1), {a, 1}) for
.
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(6, yield) Finally, we show that the tree transduction 7 of Example 1(6,
yield) is in ATT-REL 0 ATTgy,, i.e., can be computed by a SUR att® (Gy,Gs).
The obvious idea is to construct an att G with a synthesized attribute ‘up’
and an inherited attribute ‘down’, that makes a depth-first right-to-left walk
through the input tree, adding one symbol to the output tree at each leaf. The
only problem is that it has to treat the rightmost leaf differently from the other
leaves. Thus, the relabeling attribute grammar G; will mark the rightmost leaf.
The output alphabet of G is X U Ay. It has an inherited attribute ‘rm’ with
W (rm) = {true, false}, root rule (rm,0) = true, and, for o € X5, internal rules
(rm, 1) = false and (rm,2) = (rm,0). It has meaning attribute o with internal
rule {(«,0) = o for o € X5, and the following internal rule for o € Xy:

(o, 0) = o if (rm,%)) = true,
o otherwise.

Now the semantic rules of G5 are: for o € X5,
R(o) = { (down, 2) = (down, 0), (down,1) = (up,2), (up,0) = (up,1) };

for 0 € Xy, R(6) = {(up,0) = 6} and R(c) = {{up,0) = o({(down,0))}; and
R(root) contains a “dummy” rule (down,0) = L, where L is any element of Ay.

It should be clear that 7 = r(G;1) o Gy. Thus, T € ATT-REL 0 ATTg,,. Note
that 7 cannot be computed by an 0S attributed tree transducer with look-
ahead, because for a transduction in ATT-REL o ATT,s the height of the output
tree is linear in the height of the input tree, where the constant is the number
of attributes of the att times the maximal height of the right-hand sides of its
semantic rules. ad

4.2 Operator form

To simplify proofs we will consider attributed tree transducers for which every
right-hand side of a semantic rule contains exactly one output symbol. Here we
show that this is, in a certain sense, a normal form for attributed tree transducers.

An attributed tree transducer G from X to A is in operator form if every
semantic rule of G is of the form (agp,i0) = §({a1,01),-- ., (ak,ix)) for some
0 € Ag. Thus, for a tree t € Ty, the semantic instructions in R(t) are of the
form (ag, ug) = 6({a,u1), ..., (ak,ur)), and a decoration dec of ¢ should satisfy
dec({ag, uo)) = d(dec({a1,u1)),...,dec({ag, ur))), accordingly.

We first show that for every att there is an equivalent one for which every
right-hand side of a semantic rule contains at most one output symbol.

Lemma 3. For every att G there is an att G1 such that Gi = G and every
semantic rule of Gy is either of the form (ag,i0) = 6({a1,%1),- .., {(ak,ix)), for
some § € Ay, or of the form {(ap,i0) = {(a1,i1). If G is SUR or 0s, then so is
G:.
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Proof. The straightforward idea is to introduce new attributes for the subtrees
of the right-hand side of a semantic rule. As an example, the semantic rule
(a,0) = 6((B,1),d(c,(a,2))) can be changed into the semantic rules (a,0) =
0((B,1),{a’,0)), (a’,0) = 6({a’,0), {a,2)), and (a",0) = ¢, where o' and o' are
new synthesized attributes.

Formally we transform G into 1 by iterating the following procedure. Let

(a,i) = r be a semantic rule such that r = 6(r1,...,r;,...,7) and r; is not an
attribute occurrence, i.e., r; ¢ (S UI) x N. Replace this semantic rule by the
two semantic rules («,i) = §(r1,...,7j—1,{(c’,0),7j41,...,7) and (', 0) = r;,

where o' is a new, synthesized, attribute. Moreover, since the new attribute is
not used in the R(o)’s to which («,i) = r does not belong, it is defined there by
a “dummy” rule (¢/,0) = L, where L is any element of 4.

It should be clear that one such replacement does not change G and preserves
the SUR and 0s properties. Iteration of these replacements leads to an att of the
required form. O

A semantic rule of the form (ag,i0) = (ay,41) is called a copy rule. To put an
att G from X to A into operator form, we just replace such a copy rule by the
rule (ag,i0) = id({a1,%1)), where ‘id’ is a new output symbol of rank 1, the
identity operator. The new att outputs trees over A U {id} from which then all
occurrences of id have to be removed to obtain the output tree of G.

For an operator alphabet A and a symbol ‘id’ of rank 1, not in A, let A'd
denote the operator alphabet A U {id}. For a tree t over Ald, the pruning of t is
the tree prune(t) over A which is obtained from ¢ by pruning all occurrences of id.
In other words, prune(id(t)) = prune(t), and, for § € A, prune(d(t1,...,t;)) =
d(prune(ty),...,prune(ty)).

The effect of the identity operator, in general, is stated in the following
lemma. In the statement of the lemma we apply the function ‘prune’ to right-
hand sides 7 of semantic rules of an att from X to A4, This is well defined because
r is (identified with) a tree over the operator alphabet AU {id} U ((TU S) x N).

Lemmad. Let G be an att from X to A and let Gprune be the att from X
to A which is obtained from G by changing every semantic rule {c,i) = r into
(o, iy = prune(r). Then Gprune = G o prune. Moreover, G is 0S iff Gprune is OS,
and, fort € T's;, G is SUR on t iff Gprune S SUR on t.

Proof. Obviously, a tree t € T’ has the same dependency graph D(¢) in both G
and Gprune- Hence, Gprune is SUR on t iff G is SUR on ¢, and Gprune is noncircular
on t iff G is noncircular on ¢. For such a noncircular ¢, it is straightforward to
show that the mapping decg ; o prune is a decoration of ¢ for Gprune. Thus, since
t has a unique decoration, decg decg,+ o prune, and so Gprune = Goprune.

]

prune>t —

We now show in which sense operator form is a normal form for attributed tree
transducers.

Lemmab’. For every att G from X to A there is an att G' in operator form
from X to A such that G = G' o prune. If G is SUR or 0S, then so is G'.
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Proof. Let G be the att obtained from G by Lemma 3, and change G; into G’
by replacing every copy rule {ag,ip) = (a1,%1) by {ag,ip) = id({@1,41)). Then
G! = (@1, and so, by Lemma 4, G = G, =G/ = @' o prune. O

prune prune

The operator form is used in Section 5 to facilitate the proof that every
attributed tree transduction is an MSO definable term transduction. In fact, for
an att in operator form the output tree is the unfolding of a term graph which is
closely related to the dependency graph of the input tree, and which is therefore
MSO definable in a straightforward way. This term graph is defined in the next
subsection.

4.3 Semantic graphs

If G is an att in operator form, and ¢ is an input tree with noncircular dependency
graph D(t), then the nodes and edges of D(t) can be labeled in a straightforward
way such that, after reversing the direction of all its edges, it turns into a term
graph of which the unfolding is the output tree G(¢). This term graph will be
called the “semantic graph” of ¢. In fact, an attribute of D(t) is labeled with the
single operator d € A used in the semantic instruction that defines the attribute,
and an edge of D(t) is labeled according to the order of the attributes in the
instruction that defines the dependency. Moreover, the mark # is added to the
label of {am,root(t)). We now turn to the formal definition.

Let G be an att from X' to A in operator form. The semantic graph S (t) of a
tree t € T’y is the graph Sg(t) = (V, E,lab) over (Ay,rki(A)), where V = A(#),
and E and lab are determined as follows. If {ag,up) = d({a1,u1),. .., (ag, ug))
is a semantic instruction in R(¢), then ((ao,wo),J, {@j,u;)) is in E for every
J € [1,k], lab({ao, up)) = 9 if (g, up) # (am,root(t)), and lab({ag, ug)) = (4, #)
if (@, uo) = {am,root(t)).

It should be clear that S¢(t) satisfies all requirements of a term graph over
A, except that it may be circular. Hence, for every t € Ty, Si(t) is a term
graph over A if and only if S¢(#) is noncircular if and only if D(#) is noncircular.
Moreover, if S (t) is a term graph, then root(Sg () = (@m,root(t)). Also, S¢(t)
is a forest if and only if G is SUR on t.

We now show that the output tree is the unfolding of the semantic graph of
the input tree.

Lemma6. Let G be an att from X to A in operator form, and let t € T's; be an
input tree with noncircular D(t). Then G(t) = unfold(Sq(t)). If, moreover, G is
SUR on t, then G(t) = clean(Sg(t)).

Proof. Let S = Sg(t). Since D(t) is noncircular, S is a term graph over A.
Define the mapping dec : A(t) — Ta such that dec({a, u)) = unfs({a, u)). Since
t has a unique decoration decg ., it suffices to show that dec is a decoration of
t. When this is established, it follows that decs: = dec, and hence that G(t) =
decg,i({am,root(t))) = unfg((am,root(t))) = unfg(root(S)) = unfold(S).

A mapping is a decoration of ¢ if all semantic instructions in R(t) are obeyed.
If R(t) contains a semantic instruction (oo, uo) = d({a1,u1), ..., (o, ur)), then
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labs({ao, uo)) = d (or (0,#)) and ({ao,uo),j, (aj,u;)) € Eg for all j € [1,k],
and hence unfs({ag,uo)) = d(unfs({ay,u1)),...,unfs({ax, ur))), i-e., dec obeys
this semantic instruction.

If G is SUR on t, then Sg(t) is a forest. Clearly, unfold(7) = clean(7) for any
forest 7. O

Ezample 3. To illustrate Lemma 6, we give a simple example of a (SUR) at-
tributed tree transducer G in operator form. Given a tree t, it reproduces the
monadic tree that constitutes the path from the root of ¢ to its leftmost leaf, cf.
Example 2(4, path). The input alphabet of G is ¥ = Yy U Xy, with Xy = {0}
and Yy = {a,b}, and the output alphabet is A = A; U Ag, with A; = {0}
and Ay = {a,b}. There is only one, synthesized, attribute a. The rules are sim-
ple: the single rule in R(o) is (a,0) = o({a, 1)), R(a) contains the single rule
(a,0) = a, and R(b) the single rule (o, 0) = b. For the tree t = o(o(a,a),o(b,a)),

Fig. 3. Dependency graph

the dependency graph D(t) is given in Fig. 3, the semantic graph Sg(t) in
Fig. 4, and the output tree G(t) = o(o(a)) in Fig. 5. Note that since G is SUR,
unfold(S¢(t)) = clean(Sg (¢)). a

5 From ATT to MSO

In this section we will prove that every noncircular attributed tree transducer
can be simulated by an MSO term graph transducer, i.e., that ATT C MSO-TGT.
By Lemma 5 it suffices to show this for att’s in operator form, provided we also
show that MSO-TGT o{prune} C MSO-TGT.

Recall that for an MSO term graph transducer T' and an input tree ¢, 7 (t) =
unfold(7g(t)); thus, the output tree is obtained by unfolding the term graph
Ter (t), which is the output graph of the MSo graph transducer T'.
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(0, #)

Fig. 4. Semantic graph

Fig. 5. Output tree

Lemma 7. For every noncircular attributed tree transducer G in operator form
there is an MSO term graph transducer T such that T = G. Moreover, if G is SUR,
then T is an MSO tree transducer, and if G is 0S, then T is direction preserving.

Proof. Let G = (X,S,I,2,W, R, am) be a noncircular att in operator form with
2 ={Ta}. We will abbreviate SU I by A.

By Lemma 6, G(t) = unfold(S¢(t)) for every ¢ € Ts. Thus, it suffices to
define an Mso graph transducer T such that, for every t € T's, Tgr(t) = Sc(t),
the semantic graph of t. To simplify the description of this 7', we introduce
semantic graphs S(o), for ¢ € X, and S(root). These graphs are (partially)
labeled versions of the usual dependency graphs D(o) and D(root), as defined
in Section 2.3, with the edges reversed. They are the atomic graphs from which
all semantic graphs S¢ (t) are built, just as the dependency graphs D(t) are built
from the D(o) and D(root).

For x € ¥ U {root}, the semantic graph of x is the graph S(z) = (V, E,lab)
over (A,rki(A)) where V=A x [0,tk(0)]if z=0 € Y and V =A x {0} if z =
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root, and E and lab are determined as follows. If (g, i0) = 6({a,41),. .., (o, ik))
is a rule in R(z), then ({(ao,io),J,(a;,%;)) is in E for every j € [1,k], and
lab({a,i0)) = d. Note that lab is a partial function.

The Mso graph transducer defining the semantic graphs of the input trees of
G is

T = (A, {¢5,a}5€A#,a€Aa {Xj,oz,a’ }jErki(A),ma’eA)a

where the copy set, edge formulas, and node formulas are defined as follows (in
that order).

— The set of copy names is A = SUI, the set of attributes of G. For each node u
of an input tree ¢, T makes a copy (a,u) for every attribute «, corresponding
to node (@, u) of Si(t). Thus, all these copies are nodes of the output graph
Sa(t).

— The edge formulas check for a dependency between attributes. In particular,
the edge formula xj o, (%,y) checks the semantic rules to see if there is a
semantic instruction that defines («,z) in terms of (a',y). In what follows
edg,(z,y) stands for z = y.

For all j € rki(A) and o, o' € A, the edge formula X;.q o (2, y) is defined
to be the disjunction of all formulas Jz(lab,(2) A edg;(z,z) A edg; (2,v)),
for all 0 € ¥ and i,i' € [0,rk(0)] such that ({a,1%), ], (a’,i'}) is an edge of
S(o), and the formula root(z) Az = y in case ({a,0), j, (a',0)) is an edge of
S(root).

— The node formulas determine the operators in A by which the attributes are
defined, and they determine the root of the semantic graph S (). Again,
edg,(z,y) stands for z = y.

Let § € A and a € A. We first consider the case that a # ay,. Then the
node formula 15 4) (2) is defined to be false, and the node formula 15 o (z)
is defined to be the disjunction of all formulas 3z(lab,(z) A edg,(z, x)), for
all 0 € ¥ and i € [0,rk(0)] such that («,:) has label § in S(o), and the
formula root(z) in case {«,0) has label § in S(root).

To define the node formulas for am, let 5 , () be the disjunction of all
formulas 3z(lab, (2) A edg;(z, x)), for all 0,4 such that (am, i) has label § in
S(o). Then (54),am (T) = r00t(2) A5, (), and Y5,q,,(T) = ~root(z) A
05 (@).

It should be obvious that the above formulas closely correspond to the definition
of Si(t) in Section 4.3. More exactly, for § € A and a # am, (t,u) = Vs o(x) iff
there is a semantic instruction of the form (o, u) = 4(...) € R(t), and similarly
for the other node formulas. Also, (t,u,v) = Xj,a,a’(z,y) iff there is a semantic
instruction in R(t) of the form (a,u) = 0(...,(a’,v),...) where (o', v) is the
Jj-th argument of ¢. This implies that T (t) = Sg(t) for every t € T’x.

If G is 0s and ({«a, u), j, (8, v)) is an edge of Si(t), then v is a descendant of
u (in fact, either v = u or v is a child of u). Hence T is direction preserving in
that case.

Now assume that G is SUR. Then, for every tree t € T, Si(t) is a forest.
Thus, T need not be a tree transducer. However, in this case G(t) = clean(S¢g(t))
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for every t € Ty, by Lemma 6. Since ‘clean’ is definable by a direction preserving
MsO graph transducer, as shown in Example 1(1, clean), we can replace T by the
MsO tree transducer T" such that 7' = T, = Ty o clean which can be found by
Proposition 1 (MSO-GT is closed under composition). Then G(t) = T'(¢) for every
t € Tx. If, moreover, G is 0s, then T' is direction preserving by Proposition 2
(MSO-GTgi, is closed under composition). O

It now remains to be shown that for every term graph transducer 7" from X to Ald
there is a term graph transducer 7" from X' to A such that 7'(t) = prune(7 (¢))
for every t € Tx;. Recall from Section 4.2 that the mapping ‘prune’ removes all
occurrences of ‘id’ from a tree. Thus, by Proposition 1, it suffices to construct
an MSO graph transducer which defines a mapping that extends ‘prune’ to term
graphs, in such a way that unfold(prune(7)) = prune(unfold(r)) for every term
graph 7.

We first define the extension of ‘prune’ to term graphs. It is convenient to
define it for clean term graphs only. Let ¢ be a clean term graph over A, Then
the (clean) term graph prune(t) over A is defined as follows. For a node u of ¢,
let the “forward node” of u, denoted fw(u), be the first descendant of u that does
not have label id. Formally, if lab;(u) € A then fw(u) = u, and if lab;(u) = id
then fw(u) = fw(u - 1). Now we define Virunery = {fw(u) | u € Vi} = {u €
Vi | labs(u) € A}, Eprunery = {(u,i,fw(v)) | u € Virune), (4,4,v) € Ei}, and
labyrune(t) (u) = labg(u) for every u € Viupe(r)- Obviously this defines the old
prune(t) for trees over Ald,

It should be clear that root(prune(t)) = fw(root(t)) for every clean term
graph t; this is because, in t, every node u with lab;(u) € A is a descendant of
fw(root(t)). It should also be clear that unfold(prune(t)) = prune(unfold(t)). In
fact, it is straightforward to show from the definitions that unfy.ne(s) (fw(u)) =
prune(unf;(u)) for every u € V;, by induction on u. The result then follows by
taking u = root(t) and using the fact that fw(root(t)) = root(prune(t)).

The next lemma shows that the mapping ‘prune’ is an MSO definable graph
transduction.

Lemma8. Let A be an operator alphabet. There is a direction preserving MSO
graph transducer T such that Tg (t) = prune(t) for every clean term graph t over
Aid,

Proof. Tt is not difficult to find a formula ¢(z,y) in MSOLy(A'Y) such that, for
every term graph t and nodes u,v € V4, (t,u,v) | ¢(x,y) iff v is the forward
node of u, i.e., fw(u) = v. In fact, ¢(z,y) = ¢'(z,y) A —labiq(y), where ¢'(x,y)
is obtained from the formula for path(z,y) in Section 2.2, by changing edg(z, y)
into labig () A edgy (z,y).

The required MSO graph transducer 7 has copy number 1, node formulas
s(x) = labs(z) for every 6 € A, and edge formulas x;(z,y) = Jz(edg;(z,2) A
#(z,y)) for every i € rki(A). |

We now prove the simulation of attributed tree transducers by MSO term graph
transducers.

26



Theorem 9. For every noncircular attributed tree transducer G there is an MSO
term graph transducer T such that T = G. Moreover, if G is SUR, then T is an
MSO tree transducer, and if G is 0S, then T is direction preserving.

Proof. Let G be a noncircular att from X to A. By Lemma 5 there is a noncircu-
lar att G’ in operator form from X to A'd such that G = G’ o prune. Moreover, if
G is SUR or 0S, then so is G'. By Lemma 7 there is an MSO term graph transducer
T' such that 7' = G'. Moreover, if G’ is SUR, then T is an MSO tree transducer,
and if G' is 0s, then T’ is direction preserving.

We may assume that, for every t € T, T, () is clean. In fact, if this is not
the case, then, since unfold(clean(r)) = unfold(r) for every term graph 7, we
can replace 7' by an MSO graph transducer that defines 7y, o clean which can
be found by Propositions 1 and 2, and the fact that cleaning is definable by a
direction preserving MsSO graph transducer, as shown in Example 1(1, clean).

Let T be the MSO term graph transducer with 74, = 7, o prune which can be
found by Proposition 1 and Lemma 8. Since unfold(prune(r)) = prune(unfold(7))
for every clean term graph 7 (cf. the discussion before Lemma 8), we obtain, for
t € T, that

7 (t) = unfold(Tg(t)) = unfold(prune(7,,(¢))) = prune(unfold(7,,.(t))) =
prune(T (1)) = prune(G'(1)) = G(¢).

Note that if 7" is an MSO tree transducer then so is T' (because prune transforms
trees into trees), and if 7" is direction preserving then so is T' (by Proposition 2
and Lemma 8). |

6 Characterizing unary and binary Mso formulas

To show that MSO definable term transductions can be computed by attribute
grammars, we will use the characterizations proved in [BloEng] of Mso formulas
Y(z) € MSOL;(X) and x(z,y) € MSOLy(X), for trees in Ts. These charac-
terizations are recalled in this section. The characterization of unary formulas
is already in terms of attribute grammars, and we use this characterization to
show that the class MSO-REL of MSO relabelings (defined in Section 3 as a “spe-
cial case”) is equal to the class ATT-REL of attributed relabelings (defined in
Section 4.1). The characterization of binary formulas is in terms of tree-walking
automata that employ unary formulas as tests.

6.1 Unary Mso formulas

Let t(z) be a formula in MSOL; (X). It is proved in Theorem 18 of [BloEng]
(and independently in [NevBus]) that there exists a finite-valued noncircular
attribute grammar G = (X,S,1,02, W, R, ay,) with W(ay,) = {true,false} such
that

for every ¢t € Ty and u € Vi, decq i ((am, u)) = true iff (¢,u) | ¢(x).
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This also holds the other way around: for every such attribute grammar there
is a formula ¢ (x) € MSOL, (X)) satisfying the above condition. We now use this
characterization to show that the class MSO-REL of MSO relabelings is equal to
the class ATT-REL of attributed relabelings. This implies that the look-ahead
stage of an att® can as well be realized by an MSO relabeling.

Theorem 10. MSO-REL = ATT-REL.

Proof. We first show MSO-REL C ATT-REL. Let T' be an MSO relabeling from X
to A. By the above mentioned characterization of unary formulas, there exists
for every node formula ¢5(x) of T a finite-valued noncircular attribute grammar
G5 over X such that decg; +({(am,s,u)) = true iff (¢,u) = ¥s(z), where amy s is
the meaning attribute of G5. Let G be the relabeling attribute grammar obtained
by taking the union of all G, in the obvious way, and adding a new meaning
attribute am with W(am) = A and the semantic rule

(am,0) = the unique d € A such that (am,g,0) = true

in every R(c). It should be clear that #(G) = T. In fact, for every ¢t € Tx;, u € V;,
and § € A, lab, gy (u) = 6 iff decg ¢ ((am,u)) = § iff decg; ¢ ((am,s,u)) = true
iff (¢,u) = 9s(x) iff laby) (u) = 6. This also shows that G is indeed a relabeling
attribute grammar, because decg ¢({am,u)) has the same rank as laby(u),
which has the same rank as lab;(u).

Next we show ATT-REL C MSO-REL. Let GG be a relabeling attribute grammar
from X to A. We now claim (as in the first part of the proof of Theorem 19 of
[BloEng]) that for every § € A there is a formula ts(z) in MSOL; (X) such
that, for every t € T and u € Vi, (t,u) | os(z) iff lab, gy (u) = 6. In
fact, let G5 be the attribute grammar that is obtained from G by adding a new
meaning attribute am s with W(am,s) = {true, false} which has, for every o € X,
the internal rule (am,5,0) = ({(om,0) = §). By the characterization of unary
formulas mentioned above, there is a formula vs(z) such that (t,u) |= vs(z)
iff decg;,t({am,s,u)) = true iff decg ¢({am,u)) = 0 iff lab, (g4 (u) = J. This
proves the claim. Clearly, the formulas ¢s(z), § € A, uniquely determine an
MsO relabeling T such that laby (u) = lab,q¢)(u), ie., T = r(G). O

6.2 Binary MsoO formulas

It is shown in [BloEng] that a formula x(z,y) € MSOL2(X) can be computed
by a tree-walking automaton. A tree-walking automaton (see, e.g., [AhoUll,
EngRozSlu, KamSlu]) is a finite-state automaton that walks on a tree from
node to node, following the edges of the tree (downwards or upwards). Here,
and in [BloEng], we allow the tree-walking automaton to test any Mso definable
property of the current node, using formulas from MSOL; (X). Let A be a tree-
walking automaton corresponding to x(z,y). Then, for every tree ¢ € T and
nodes u,v € V4, (t,u,v) E x(z,y) if and only if A can walk from u to v in ¢,
starting in an initial state and ending in a final state.
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We recall the formal definition of the tree-walking automata of [BloEng]. The
instructions used by tree-walking automata are called directives (as in [KlaSch]).
Let X be an operator alphabet. The (infinite) set of directives over X is

Dy = {l:]i€rki(2)} U {t:|i € rki(¥)} UMSOL, (5).

A directive is an instruction of how to move from one node to another: |; means
“move along an edge labeled i”, i.e., “move to the i-th child of the current node
(provided it has one)”; 1; means “move against an edge labeled i”, i.e., “move
to the parent of the current node (provided it has one, and it is the i-th child of
its parent)”; and 1 (x) means “check that ) holds for the current node (and do
not move)”. Formally, we define for each ¢t € Tx; and each directive d € Dy the
node relation R;(d) C V; x V4, as follows:

Ri(Li) = {(u,v) | (u,i,v) € By},
Rt(Tl) = {(U,U) | (Uaiau) € Et}a and
Ri((2) = {(u,u) | (£,u) = ¢(x)}.

Syntactically, a tree-walking automaton is just an ordinary finite automaton (on
strings) with a finite subset of Dy as input alphabet. However, the symbols of
Dy are interpreted as instructions on the input tree as explained above.

Let ¥ be an operator alphabet. A tree-walking automaton (with MSO tests)
over X' is a quintuple A = (Q, A, 6, I, F), where

— (@ is a finite set of states,
— A is the instruction set, a finite subset of Dy,
— 0 CQ x A xQ is the transition relation,

the elements of which are called transitions,
— I C ( is the set of initial states, and
— F C Q is the set of final states.

For a tree-walking automaton A = (Q, A, 6,1, F) and a tree ¢, an element (g, u)
of Q x V; is a configuration of the automaton. Intuitively, it denotes that A is in
state ¢ at node u. One step of A on t is defined by the binary relation — 4 ; on
the set of configurations, as follows. For every ¢,¢' € Q and u,u’ € V4,

(q,u) » a4 (¢’ u') iff 3d€ A:(q,d,q") € § and (u,u’) € Ri(d).
To indicate the directive that is executed by A in this step, we also write

d
(q7 U) _»A7t (qla ul)'
For each tree t € Tx, A computes the node relation Ri(A) = {(u,v) €
Vi x Vi | (q,u) »%, (¢',v) for some g € I and ¢' € F'}. Thus, A computes all
pairs of nodes (u,v) such that A can walk from u to v in ¢, starting in an initial
state and ending in a final state.

Ezample /. Let X = YoU X5, and consider the edge formula x1(z,y) of the Mso
tree transducer of Example 1(6, yield). For nodes 2 and y of a tree ¢t € T, it
checks that x is a leaf and y is the next leaf after z, in the left-to-right order of the
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leaves of ¢t. The following tree-walking automaton A = (@, A, 4§, I, F) computes
Ri(A) = {(u,v) | (t,u,v) E x1(z,y)}, for every t € Ty, i.e., it walks from one
leaf to the next. The transition graph of A is depicted in Fig. 6, in the way usual
for finite automata. Thus, A has states @ = {1,11, 111, 1v, V}, initial state I = {1},

2 leaf(z)
o
@ @

T2 b

©

Fig. 6. The tree-walking automaton for x1(z,y)

and final state F = {v}. The instruction set is A = {l1, 2,11, T2, leaf(z)},
and the transition relation consists of the transitions (1,leaf(z), 1), (11,12, 11),
(11, 1y, 100), (111, 4o, 1V), (1V,}1,1V), and (1v,leaf(z), V).

On a given tree, the automaton A first checks that it is at a leaf. If so, it
walks to the next leaf along the shortest undirected path: it walks upwards over
2-labeled edges as far as possible (in state 11), moves to the other child of its
parent (through state 111), and walks downwards along 1-labeled edges as far as
possible (in state 1v). O

The characterization of binary MS0 formulas by tree-walking automata is stated
next; it is Theorem 13 of [BloEng]. For a formula x(z,y) in MSOL2(X) and a
tree t € Ty, we denote by R:(x) the node relation {(u,v) € V; x Vi | (t,u,v) |E
Xx(z,y)}. The characterization says that binary Mso formulas and tree-walking
automata compute the same node relations. We also need a special case of
this. We will say that a formula x(z,y) in MSOLy(X) is direction preserving
if (t,u,v) = x(z,y) implies that v is a descendant of u, for every ¢ € Tx and
u,v € Vi. Moreover, we will say that a tree-walking automaton is descending if
it does not have directives 1; in its instruction set.

Proposition11. For every formula x(z,y) € MSOLy(X) there is a tree-walking
automaton A over X such that, for all t € Tx, Ri(A) = Ri(x). The other way
around, for every tree-walking automaton A over X there is a formula x(z,y) €
MSOLy(X) such that, for all t € Ts;, Ri(x) = R¢(A). The same two statements
hold for direction preserving formulas and descending automata.

The special case of this characterization was not explicitly stated in [BloEng].
From automata to formulas it is obvious because a descending automaton always
walks from a node to one of its descendants. From formulas to automata, it was
shown in the proof of Theorem 13 of [BloEng] that, in general, the automaton
can always compute (¢, u,v) E x(z,y) by walking from u to v along the shortest
undirected path in ¢. Thus, if x is direction preserving, the automaton walks
downwards only.

30



Determinism The formulas y;(z, y) used in an MSO term graph (or tree) trans-
ducer are all functional, i.e., the node relation R;(x;) is functional for every input
tree t. This follows, of course, from the fact that every node u of a term graph
has a unique i-th child w - 4. It is shown in [BloEng] that such relations can be
computed by deterministic tree-walking automata. This will be essential in the
proof of the simulation of MSO term graph transducers by attribute grammars,
in the next section.

A tree-walking automaton A = (Q, A,d,I, F) over X is deterministic if the
following three conditions hold: (1) I is a singleton, (2) if (¢,d,q') € §, then
g ¢ F, and (3) for every tree t € Ty and every configuration (g,u), there is at
most one configuration (¢',u’) such that (q,u) -4, (¢',u').

Note that the automaton of Example 4 is deterministic. In [BloEng] a stronger
definition of determinism is given (which is not satisfied by the automaton of
Example 4). The above definition suffices for our present purposes.

A tree-walking automaton A is functional if the node relation R;(A) is func-
tional for every input tree ¢. Obviously, every deterministic tree-walking automa-
ton is functional. The next result is Theorem 14 of [BloEng].

Proposition 12. For every functional tree-walking automaton A over X there
is a deterministic tree-walking automaton A' over X with Ri(A') = Ri(A) for
every t € Ts. Moreover, if A is descending then so is A'.

As for Proposition 11, the second statement was not explicitly stated in Theo-
rem 14 of [BloEng], but is obvious from its proof.

7 From MSO to ATT

In this section we prove the more difficult part of our main result, viz. that every
MSO term graph transducer can be simulated by an attributed tree transducer
with look-ahead. The constructed att® is, however, not necessarily noncircular
(though it is, of course, noncircular on every output tree of its relabeling attribute
grammar). Moreover, for an MSO tree transducer, the att® is not necessarily SUR
though it is SUR on every output tree of its relabeling attribute grammar. These
problems are taken care of in the next section.

One of the essential differences between attributed tree transducers and MSO
term graph transducers is that the former operate locally, i.e., attributes of
a node can only be computed in terms of attributes of its neighbors (viz. its
children, its parent, or itself), whereas the latter operate “globally”, i.e., edges
of the output graph can be established between (copies of) nodes of the input
tree that are not necessarily neighbors, but may be far apart. On the other
hand, attributed tree transducers have copy rules by which they can transport
attribute values through the tree.

Thus, to facilitate the simulation of MSO term graph transducers by at-
tributed tree transducers, we first prove that every MSO term graph transducer
can, in a certain sense, be simulated by one that is “local”, i.e., establishes edges
between (copies of) neighbors only. Moreover, we want to forbid term graphs
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with multiple edges; this is related to the requirement in att’s that the right-
hand side of a semantic rule should be linear. Finally, we require that the root
of the output term graph is a copy of the root of the input tree.

An MSoO term graph transducer T = (C,¥,X) from X to A is local if the
following three conditions hold:

— For every edge formula xj.. (z,y), every t € Tx;, and every u,v € V;, if
(t,u,v) = Xje,or(2,y) then v = w or v is a child of u or v is the parent of .

— For every t € T's;, Tge(t) has no multiple edges, i.e., no edges ((c,u), 4, (¢/,v))
and ((c,u),i, (¢',v)) with j # .

— There exists ¢ € C such that for every ¢t € T'x, root(7g:(t)) = (cm,root(t)).

To alleviate the locality restriction, we will allow a local MSO term graph trans-
ducer to use the identity operator ‘id’. This corresponds to the use of copy rules
in attributed tree transducers, cf. Section 4.2 where the identity operator was
used to put att’s into operator form. The formulation of the next lemma, is similar
to that of Lemma 5.

Lemma13. For every MSO term graph transducer T from X to A there is a
local MSO term graph transducer T' from X to A such that T = T' o prune. If
T is an MSO tree transducer then so is T', and if T is direction preserving then
so is T'.

Proof. Let T = (C,¥,X) be an MSO term graph transducer from X to A. We
may assume, by Propositions 1 and 2 and Example 1(1, clean), that T produces
clean term graphs only, i.e., T4 (t) is clean for every t € T'x.

We first discuss the intuitive ideas behind the construction of T'. Let t € T's,
T = Tg(t), and 7" = T;.(t). The (clean) term graph 7' will have the same
nodes (c,u) € C x V; as 7, but it will have additional id-labeled nodes, in such
a way that prune(r’) = 7 (see Section 5 for the definition of ‘prune’). Then
T(t) = unfold(r) = unfold(prune(r')) = prune(unfold(7’)) = prune(7”(t)), as
required. The new, id-labeled, nodes of 7’ and the edges of 7’ are constructed as
follows. Consider an edge (¢,u) % (¢,v) in 7. The difficult point for 7" is that
the nodes u and v may be far apart in ¢. Thus, in 7 the edge will be divided
into small pieces, by introducing id-labeled nodes that are copies of nodes of ¢
on an undirected path from u to v, see Fig. 7. In particular, the edge is replaced
by a path in 7/ of the form

1 1 1
(C,U) i) (Claul) > (Cnaun) - (CI,U)

where (¢1,u1),- .., (¢p,uy) are id-labeled nodes, n > 1, ¢1, ..., ¢, are new copy
names, and u1, ..., U, are the nodes on an undirected path in ¢ from u to v. More
precisely, u; = u, u, = v, and u;11 = u; or u;y; is a child of u; or w;4q is the
parent of u;, for every i € [1,n—1]. If we view (¢, u) and (¢/,v) as having “value”
unf,(c,u) and unf,(c',v), respectively, then the value of (¢',v) is transported
backwards along the above path, from v to u, in order to be used in the value of
(c,u). The problem for T” is that, to transport this value through the tree, it has
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. (¢m, root(t))

s
i »

Fig. 7. To the left: 7 = Ty (¢), to the right: 7' = T, (), where dashed lines symbolize
paths in 7’ corresponding to edges of 7, plus the root path

to know the proper route from u to v. Now, since (¢,u) 2% (¢, v) in 7, the edge
formula x; . (z,y) of T is satisfied by (¢, u,v). Hence, by the characterization
of binary MSO formulas in Proposition 11, there is a tree-walking automaton
A = Aj .~ that knows how to walk from u to v. The formula x;j . (z,y) is
functional, because every node of 7 has a unique j-th child, and so we may
assume that the automaton is deterministic (see Proposition 12). Hence A has
a unique walk (g,u) =% ; (¢',v), starting at u in its initial state ¢ and ending
at v in one of its final states ¢'. If, in detail, the walk is

(qr,u1) > Ay (@2, u2) >4t > a4 (Gn,un) (1)

with (g1,u1) = (¢,u) and (gn,u,) = (¢',v), then the nodes uy,...,u, are the
ones that will be used in the above path in 7. As the new copy names ¢y, ...,¢,
we will use ((j,¢,¢),q1),---,((J,¢,¢'),qn) which uniquely identify the states
¢i,-.-,qn of the automaton A = A; ... Thus, the above path of 7' now has
the following form, where e = (j,¢,¢'), g¢ = ¢ = ¢ is the initial state of A,
(gi,u;) >t (@iv1,uir1) for every i € [1,n — 1], and ¢y, is a final state of A:

(cu) & ((e,qe)su) > ((e,q2),us) 2 - -
-5 (e, an=1),un-1) = ((e,qn), ) = (¢, v). (2)

It should be clear that in this way the first locality requirement for T" is satisfied.
The second is also satisfied because if j # i then e = (j,c¢,¢') differs from
e' = (i,c,c"), and hence ((e,qe),u) # ((€,¢e ), ). Finally, to satisfy the third
locality requirement, viz. that root(7') = (¢m,root(t)), we introduce a new copy
name ¢, and we add to 7’ the “root path”

(Cm,u1) RN (Cm, Un) RN (c,u) (3)
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where u; = root(t), u, = u, (¢,u) = root(r), (¢m,u1),- .., (m, u,) are id-labeled
nodes, with n > 1, and uy,...,u, are the nodes on the path in ¢ from root(t)
to u, see Fig. 7. In this way, the “value” unf,(c,u) = unfold(r) is transported
from u to root(t).

We now turn to the formal definitions. In what follows we will denote ele-
ments (j,¢,c) of rki(A) x C' x C by e. We will also denote rki(A) x C' x C' by
E. Thus, T has an edge formula x.(z,y) for every e € E. For every e € E, let
Ae = (Qe, Acy de, {gc }, Fe) be a deterministic tree-walking automaton such that
for all t € T, and u,v € V4, (u,v) € Re(A) iff (t,u,v) E xe(z,y), according to
Propositions 11 and 12 (recall that x.(z,y) is functional). We will write —,
instead of =4, ;.

We will need an Mso formula root.(x), with ¢ € C, such that, for ¢t € T
and u € V4, (t,u) |= root.(z) iff (c,u) is the root of T = Tg (). Since we have
assumed that 7 is clean, it should be clear that the root of 7 is the unique node
without incoming edges, and so we can take root.(z) to be the conjunction of
all formulas =3y(x;.¢ c(y,2)), for j € rki(A) and ¢’ € C.

The local MSO term graph transducer T’ = (C', %', X') from X to A is now
defined. The set of copy names of 77 is C' = CU{(e,q) |e € E,q € Qe} U {cm}-
The node formulas of T" are defined as follows. All node formulas that are not
mentioned, are defined to be false. We also give some informal comments, related
to the informal explanations above.

— Forall § € A and c € C, 5 .(z) = s,.(7).

This means that all nodes of T are also nodes of 7/, with the same labels.

— For all e € E and ¢q € Q., wi’d7(e7q) (z) is defined in such a way that, for
all t € Ty and w € Vi, (t,w) | ¢{d7(e7q)(l‘) iff there are nodes u,v € V;
such that (ge,u) =}, (¢, w) =}, (¢',v) for some ¢' € F,. By Proposition 11
such a formula exists. In fact, applying Proposition 11 to the tree-walking
automaton (Qe, Ae,de, {q1}, {g2}), which is A, with start state ¢; and final
state g», we obtain, for any two states ¢i,¢2 of A., a formula ¢g, 4, (z,y)
which expresses that (¢1,2) = (¢2,y). Then

Yia (o) (@) = 395 2(Pga (U5 ) A by1. (2, 2)),

where ¢, r. (z, 2) is the disjunction of all ¢, 4 (z, 2), for ¢' € Fe.
Through this node formula, we only add an id-labeled node ((e,q),w) to
7' when it is needed on a path (2) of 7' that replaces an edge of 7, as
discussed above, i.e., when the configuration (g, w) is on the walk (1) of A,
that determines that path.

— g .., (%) is the disjunction of all formulas Jy(path(z,y) Aroot.(y)), for c € C.
Thus, an id-labeled node (cm,w) is only added to 7' when it is needed on
the root path (3).

The edge formulas of T' are now defined as follows. Again, edge formulas that
are not mentioned, are defined to be false.
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— For every € = (jaca cl) € Ea X;7C7(e7qe)(l‘ay) = (1‘ = y)
This edge formula establishes the first edge of a path (2) of 7' that replaces
an edge of 7.

— For every e = (j,¢,c') € E and g € F, X’l’(e’q)’c,(a:,y) = (z =y).
This edge formula establishes the last edge of a path (2) of 7'.

— For every e € F and q,q¢' € Q.,

Xll’(e,q),(e,q’)(xa y) = Td, (Ia y) V-V Td,, (Ia y)

where {dy,...,d,} ={d € A. | (¢,d,q') € §.} and, for d € Dy, the formula
Ta(z,y) is defined as follows:

e if d =; then 74(z,y) = edg;(z,y),

o if d =1, then m4(z,y) = edg;(y, z), and

o if d = §(x) then Ta(z,y) = ($(z) Az = ).
These edge formulas establish all other edges of a path (2) of 7'. Each such
edge corresponds to one step of the automaton A, in the walk (1). Note that,
for every ¢t € T, Ri(7q) = Re(d).

~ X1.em e (T,y) = edg(z,y), and for every c € C,

Yoo T, y) = (r00te(x) Az = y).
The second formula establishes the last edge on the root path (3) of 7, and
the first formula establishes all other edges on that path.

This ends the definition of T".

We will now show the correctness of T'. To this aim, let again t € Ty,
T = Tge(t), and 7" = T, (t). We have to prove that 7" is local, that 7' is a clean
term graph such that prune(r’) = 7, that 7’ is a tree if 7 is one, and that T" is
direction preserving if T is.

We first make four easy observations. First, it is immediate from the def-
initions that the first two requirements for locality hold for T'. Second, if T
is direction preserving, then every edge formula y.(z,y) of T is direction pre-
serving, and so, by Propositions 11 and 12, A, is descending. This means that
A, has no transitions (g, 1;,q"), which implies that all edge formulas of 7" are
direction preserving, i.e., that 7" is direction preserving. Third, it is straightfor-
ward to see from the definition of — 4, that, for every ¢ € T and u,u’ € V;,
(t,u,u') |= X’17(e7q)7(e7q,)(a},y) iff (¢,u) —e (¢',u’). Fourth, since all automata
A, are deterministic, it is easy to see from the definitions (and the previous
observation) that each id-labeled node of 7' has at most one outgoing edge, with
label 1.

To prove the remaining facts, we show that 7' has the special form that was
suggested in the intuitive introduction of this proof, see Fig. 7. By the definition
of Y5 (), the nodes of 7' of the form (c,u) are exactly the nodes of 7, with the
same labels. All other nodes of 7/ have label id. To describe the id-labeled nodes
and the edges of 7', we associate with each edge (c,u) 5 (¢/,v) of 7 a particular
path in 7' as follows. Let e = (j,¢,¢') and consider the walk (1) of the tree-
walking automaton A = A, from u; = u to u, = v, with ¢4 = ¢. and ¢, € F,.
Such a walk exists because (t,u,v) |= x.(z,y), and it is unique because A, is
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deterministic. Then we associate with (¢,u) 2 (¢/,v) the path (2) of 7. It is easy
to check from the definition of 7" that this path indeed exists in 7. In fact, each
id-labeled node ((e, ¢;),u;) exists because the walk (ge,u) =%, (gi,ui) =%,
(gn,v) implies that (t,u;) |E 1/Ji’d7(e7qi)(x). The edges of the path are clearly
established by the edge formulas of T'; in particular, (g;,u;) a4t (¢it1,Wit1)
implies (¢, u;,uiv1) = X'L(e,qi)’(e’qiﬂ)(x,y). Having associated a path of 7' with
every edge of T, we define one additional path of 7/, the “root path”. It is the
path (3), where u; = root(t), u, = u, (¢,u) = root(r), and uq,...,u, are the
nodes on the path in ¢ from root(¢) to u. It is easy to check from the definition
of T' that this root path exists in 7’.

Having defined these special paths, we now claim that every id-labeled node
and every edge of 7' is on one of these paths. Consider an id-labeled node
((e,q),w) with e = (j,¢,¢'). Since (t,w) E ¢{d7(e7q)(l‘), there are nodes u,v €
Vi such that (ge,u) =7, (q,w) =%, (¢',v) for some ¢' € F.. Consequently

(t,u,v) = xe(z,y) and so 7 has an edge (c,u) 2 (¢/,v). This means that
(ge,u) =74 (q,w) =7, (¢'yv) is in fact the unique walk (1) of A, from u to
v, and hence the node ((e, ¢),w) is on the path (2) associated with this edge of
7. A similar (but easier) argument shows that all id-labeled nodes of the form
(em,w) are on the root path (3). Thus, every id-labeled node of 7' is on one
of the special paths. Since, as observed above, an id-labeled node has at most
one outgoing edge, all these edges are also on the special paths. The remaining
edges of 7' are of the form (c,u) EN ((e,qe),u) with e = (4, ¢,c’); obviously, the
node ((e, ge),u) has at most one such incoming edge, and hence this edge is also
on a special path (2). This shows that also every edge of 7' is on one of the
special paths. Having shown that 7' is of the above special form, we now prove
the remaining facts.

Since every node (¢,u) has the same number of outgoing edges in 7' as in
7, with the same labels, 7' satisfies the second requirement for being a term
graph. Moreover, the special paths of 7/ do not contain cycles, because the A,
are deterministic and hence the walks (1) do not contain repetitions. A cycle of
7' would consist of consecutive special paths, and thus would give a cycle in 7.
Hence 7’ is noncircular. Finally, since 7 is clean, 7' has root (¢, root(t)), which
shows that 7' is a clean term graph, and that the third locality requirement
holds. It should now be clear, from the special form of 7’ and the definition of
‘prune’; that prune(r') = 7.

It remains to be shown that 7’ is a tree if 7 is one. It obviously suffices,
in view of the special form of 7/, to prove that the special paths have no id-
labeled nodes in common. Suppose that the special paths associated with two
distinct edges (c1,u1) 5 (¢}, v1) and (c2,u) & (ch,v2) of 7 have an id-labeled
node in common. Since id-labeled nodes have exactly one outgoing edge, these
paths have to end at the same node (¢}, v1) = (¢}, v2). But then (¢}, v1) has two
incoming edges in 7, contradicting the fact that 7 is a tree. O

We now prove that every MSO term graph transducer can be simulated by
a, possibly circular, attributed tree transducer with look-ahead. More precisely,
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we show the following theorem.

Theorem 14. For every MSO term graph transducer T' from X to A there exist
an attributed relabeling r and an attributed tree transducer G such that, for every
tree t € T, G is noncircular on r(t) and G(r(t)) = T (t). Moreover, if T is an
MSO tree transducer, then G is SUR on r(t) for everyt € Ts;, and if T is direction
preserving, then G is 0S.

Proof. Let T = (C,¥,X) be an MSO term graph transducer from X to A. We
may assume, by Lemmas 13 and 4, that T is local. Let ¢, be the copy name
that satisfies the third locality requirement.

Based on the characterization of unary MsoO formulas, Theorem 10 shows
that it suffices to define an MSO relabeling r instead of an attributed relabeling.
The MSO relabeling r will be used to compute the truth values of the node and
edge formulas of T'. Since T is local, the truth values of the edge formulas can
indeed be stored in the labels of the nodes. Thus, r will be of the type discussed
in Example 1(2, relab), from X to X’ = ¥ x {true, false}", where each symbol
o' = (0,b1,...,by) stores truth values for the unary formulas ¢1 (), ..., ¢n(x)
that we wish to consider. To avoid having to order these formulas, we will write
[¢i(x)]gl for b,

The formulas that determine r are all the node formulas ¢5 () € ¥, and all
the formulas x;j c 0 (z-i,2-i") with xj . (2,y) € X, and i,i" € {0}Urki(A)U{1}.
What we mean by the latter formulas is the following. For i € rki(A), z-i denotes
the i-th child of z, -0 denotes x itself, and x- 1 denotes the parent of z. Formally,
Xj,e,er (@ - 1,2 -i') is the formula Ty, z(edg;(x, y) A edg; (x,2) A Xj,e,er (¥, 2)), With
edgy(z,y) = (z =y) and edgy(z,y) = edg(y, z).

The att G = (X',S,1,2,W, R, any,), with 2 = {Ta}, is defined as follows.
For each copy name ¢ of T, G has a synthesized attribute a,. and an inherited
attribute 8.. The meaning attribute an of G is a.,,.

For t € Tx and u € V;, the attribute (@, u) of r(t) will have the value
unf,(c,u) where 7 = Tg(t). Since T is local, the first two locality requirements
imply that

unf,(c,u) = é(unf,(c1,u1),...,unf (e, ug))

where each u; is either u itself or one of its children or its parent, and the nodes
(c1,u1),- .-, (ck,ur) of 7 are all distinct. Thus, the (synthesized) attribute {c., u)
depends on the a-attributes of itself, its children, and its parent. If T is direction
preserving, then there is no dependency on the attributes of the parent, and the
inherited attributes 3. are not needed, i.e., G is 0S. Otherwise, the inherited
attribute 3. is used to transport the attribute a, of a node down to its children,
by a copy rule, cf. Fig. 8.

We now define the semantic rules of G. All root rules of G are “dummy”
rules, i.e., rules (3;,0) = L, where L is any element of Aq. For ¢’ € X', the
semantic rules in R(o’) are defined as follows.
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Fig. 8. Edge of the output graph (dashed line) and attribute dependencies (solid lines),
for an edge from child to parent

— If [ths,c(x)]s = true and [xjcc; (x - 0,2 -4;)], = true for all j € [1, k]
(where k € rki(A), § € Ay, ¢c,e1,...,¢, € C, iry... i € [0,tk(c")] U {1},
and (e1,11),. .., (ck, k) are all distinct),
then R(o') contains the rule (a.,0) = 6({(yey,m1), .-y (Yo, Mi))
where (ve,,m;) = (a;,i;) if i; € [0,rk(0")] and (vc;,m;) = (B.;,0) if ij =1.

— If [xj,e,c(z-3,2-0)],» = true (where i € [1,rk(0")], j € rki(A), and ¢/, ¢ € C),
then R(0') contains the copy rule (8.,i) = (a.,0).

Attributes (a.,0) or (B.,4) for which no semantic rule is defined above, are
defined by dummy rules (a.,0) = L or (B.,i) = L, respectively. Attributes for
which more than one semantic rule is defined above, are also defined by dummy
rules (this can only happen when o' does not occur in any tree r(t)). Note that in
the first item above, (Y., m1), ..., (Ye,, M) are all distinct, i.e., the right-hand
side of the semantic rule is linear, as required.

This ends the definition of G. To show the correctness of G, let t € T's; and
T = Tgr(t). The definition of the attributed relabeling r implies the following
facts. For a node u of r(t) with label o', [t)5,.(2)]s = true iff (¢,u) = ¢5..(z) iff
(¢,u) is anode of T with label 6. Also, [xj,c,c'(z-i,z-i")]y = trueiff (¢,u-i,u-i") =
Xjew (2 -iy2-i') iff (¢,u-i) & (¢',u-i") is an edge of T, where u- 1 denotes the
parent of u. We will refer to these facts as “the correctness of r”.

Suppose that G is noncircular on r(¢). Define the mapping dec : A(r(t)) = Ta
as follows. For ¢ € C' and u € V%,

— dec({a¢,u)) = unf,(c,u) if (¢c,u) € V;, and L otherwise, and
— dec({B.,u)) = unf,(c,v) where v is the parent of u, if ((¢,u), 7, (c,v)) € E;
for some ¢’ € C and j € rki(A), and L otherwise.

The correctness of r implies that dec is a decoration of r(t), and consequently
dec = decg (1), and so, using the third locality requirement, we obtain that

G(r(t)) = dec({am,root(r(t)))) = unf, (cm,root(t)) =
unf, (root(r)) = unfold(r) = T (¢).
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To prove that G is noncircular on r(t), and that G is SUR on r(t) if 7 is a
tree, we consider the semantic graph S (r(t)), where G’ is the att in operator
form which is obtained from G by changing every copy rule (3.,i) = (a.,0) into
(Be,1) = id({ae,0)), cf. Lemma 5 and its proof. It now suffices to show that
S (r(t)) is noncircular, and that S/ (r(t)) is a forest if 7 is a tree. To prove
these facts, we consider the edges of Sg/(r(t)). By the definition of G and the
correctness of r, the edges of Sg/(r(t)) are of one of the following three forms

aa: {a,u) EN (aer,u-i) with i € N and (¢,u) & (¢/,u-i) in 7,
aB: (ag,u) L (Ber,u) with (¢,u) & (¢,u-1) in 7, or
ﬁa: (ﬂc’,’U/) i) <aC’au' T)a

where, again, u- T denotes the parent of u. Moreover, if edge (8a) is in Sg (r(t))
then so is edge (af) for some ¢ € C.

This shows that a cycle in Sg/(r(t)) is changed into a cycle in 7 by changing
every edge (ac,u) % (g, u') into (c,u) 5 (¢/,u'), and every two consecutive
edges (ae,u) 5 (8o, u) EN (o u- 1) into (¢,u) 2 (¢, u- 1). Since 7 is noncircu-
lar, so is Sgv(r(t)), which means that G is noncircular on r(¢).

It also shows that if a node (., u) of Sg:(r(t)) has two incoming (aa)-edges,
then (¢,u) has two incoming edges in 7. Similarly, if a node (8., u) of Sq(r(t))
has two incoming edges (which are necessarily (af)-edges), then (¢’,u- 1) has
two incoming edges in 7 from two nodes (c;,u) and (eq,u). If (a.,v) has two
incoming (Sa)-edges, then (¢’,v) has two incoming edges from nodes (c1,u1)
and (c2,us2), for two children wuq,us of v. Finally, if (a.,u) has an incoming
(ar)-edge and an incoming (Ba)-edge, then (¢, u) has two incoming edges from
nodes (c1,u1) and (ea,us), where us is a child of u and wu; is not. Altogether
this shows that if Sq/(r(¢)) has a node with two incoming edges, then so has 7.
Thus, if 7 is a tree, then Sq (r(t)) is a forest, which means that G is SUR on r(t).

This proves the theorem. We finally note that 7 can in fact be obtained
from Sg/(r(t)) by first removing all (isolated) nodes (ae,u) of Sg/ (r(t)) with
(c,u) ¢ V;, and then applying ‘prune’ (and removing the root mark # if 7 has
none). a

An Example In the remainder of this section we give an example of the imple-
mentation of an MSO term graph transduction by an attributed tree transducer
with look-ahead, as described in Lemma 13 and Theorem 14.

Consider the MsO tree transducer T = ({c}, ¥, X) of Example 1(6, yield)
which transforms a binary tree into its yield, viewed as a monadic tree. Recall
that T is from ¥ = Yo U Xy to A = AgU Ay, with Ay = Xy and Ay ={6 |0 €
Yo}. Recall also that T has the following node and edge formulas:

Yo,c(x) =laby (z) A 7 rm(z) for o € Xy,
(

Ys,0(x) =labg(x) A rm(z) for o € Xy,
X1i,e,c(x,y) = leaf(z) A x(z,y) Aleaf(y),
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where the formula y(z,y) checks that y directly follows z in the left-to-right
order of leaves, and the formula rm(z) expresses that x is a node on the path
from the root to the rightmost leaf. We will also need the formula Im(z) =
Vy(root(y) — path, (y, z)) which expresses that x is a node on the path from the
root to the leftmost leaf.

In the following, let e = (1,¢,¢). Clearly, this is the only element of E =
rki(A) x C'x C. Let A, = A =(Q,A,4,I,F) be the deterministic tree-walking
automaton of Example 4 which is equivalent with x.(z,y), see Fig. 6.

The local Mso tree transducer T’ constructed in the proof of Lemma 13 has
copy names C' = {¢, I, I, 111, 1V, V, ¢ }, where we have identified the copy name
(e, q) with ¢ for every ¢ € @, because there is only one automaton. We now give
the node formulas of T", or rather, node formulas that are equivalent to the ones
that are actually constructed. First, the node formulas of 7" include those of T,
with a prime. Second, after analyzing the precise behavior of A, it can be seen
that 7" has the following node formulas ¢, ,(z) for ¢ € Q:

biq,1(z) = leaf(z) A = rm(z),
1d (z) = ~rm(z),
Pia,mi(z) = "leaf( ),
Ylav(z) = =lm(z), and
1dv(av) leaf() = lm(z).

Third, since the root of the output tree is the leftmost leaf, ¢{; . (=) = Im(z).
Next, we give the edge formulas of T”. First, since ¢. = 1, it has the edge formula
X’l’c’l(x,y) = (z = y). Second, since F' = {V}, Xll,v,c(l'ay) = (z = y). Third, the
transitions of A result in the following six edge formulas:

Xi,Lm(@,y) = (leaf(f) ANz =y),
X'LILH(??,?J) = edgy(y,z),
Xll,II,III(xay) = edg, (y,7),

X'1,HLIV(93,?J) = 2( 'Y,
X'LIVJV(??,?J) = edg; (z,y), and
Xivv(@,y) = (leaf( )AT=1y).

Fourth, X} .. (z,y) = edg(z,y) and, since the root of the output tree is the
leftmost leaf, x} . .(z,y) = (leaf(z) Alm(z) Az = y).

In what follows, it is assumed that each of the above edge formulas X ., .,(z,y)
of T" is restricted in such a way that (t,u,v) = X} ., ., (2,y) implies that (c,u)
and (c2,v) are nodes of the output tree 7'(t), as discussed in Section 3 and, in
fact, as assumed in the proof of Theorem 14.

We now turn to the attributed relabeling r and attributed tree transducer
G, constructed in the proof of Theorem 14 for the local MSO tree transducer T".
As explained in that proof, r computes the truth values of the node and edge
formulas of T". In this example, since the truth values of the formulas leaf(z)
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and lab,(z), for o € X, are obvious from the X-label of the node z, and since
most of the formulas xj . (z - 4,2 - 4') are trivial for similar reasons, it suffices
that r computes the truth values of the formulas rm(x), lm(z), Jy(edg, (v, z)),
and Jy(edg,(y,z)). Thus, the symbols of the output alphabet X’ of r are of the
form o' = (0,b1,ba,bs,bs), with 0 € X and b; € {true, false}.

The att G has synthesized attributes a., a1, . .., ay, a.,,, with an = a.,, and
it has inherited attributes B and Bqr. In fact, since, for ¢ > 1 and ¢, € C”,
[Xj,e1,e2(® - 4,2 - 0)],» can only be true for ¢; = 11 and ¢, € {11,111}, the other
inherited attributes of G will be defined by dummy rules only, and hence are
superfluous.

For o' € X}, if [rm(z)],» = false, then R(o') contains the semantic rules
(611, 2) = {aq1,0) and (Br11, 1) = {aqrr, 0), and all other 8-rules are dummy rules.

VIV I VIV 1l

Fig. 9. All walks of the automaton on tree ¢

The synthesized attributes have the following semantic rules. We do not
mention the dummy rules, i.e., we define the attribute a,. only for leaves, and
an attribute o with ¢’ # ¢ only for nodes = for which v{, ..(#) holds.

— For o/ = (0,b1,b2,b3,bs) € X, R(c") contains the rule {(a.,0) = o({ar, 0)) if
[rm(z)], = false, and the rule (., 0) = ¢ otherwise.

— For o' € X with [rm(z)],» = false, R(c") contains (a1,0) = (a1, 0).

— For every ¢’ € X' with [rm(z)], = false, R(c”) contains (ag1,0) = (011,0) if
[Fy(edg, (y, x))]sr = true, and (arr, 0) = (B, 0) if [Fy(edg, (y, x))],» = true.

— For o' € XY, R(o") contains (ag, 0) = (a1v,2).
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— For every o' € X' with [lm(z)], = false, R(¢’) contains (ayy,0) = (arv, 1)
if o' € X, and (arv,0) = (avy, 0) otherwise.

— For ¢’ € X with [Im(z)],» = false, R(¢") contains (ay,0) = (a.,0).

— For every ¢’ € X' with [lm(z)],» = true, R(¢') contains (am,0) = (am, 1) if
o' € X}, and (am,0) = (., 0) otherwise.

This ends the description of r and G. To conclude the example, we consider how
G acts on tree t = $($(a, $(b,a)),a), where a,b € Yy and $ € X5, with output
T(t) = a(b(a(a))). Figure 9 shows all walks of the automaton on ¢. Figure 10
gives the dependency graph D(r(t)). It shows the inherited attributes to the

L/ Nt vvel I
&

VvV cl Il 1l

WV

VvV cl Il 1l

Fig. 10. The dependency graph of r(t)

left of each node, and the synthesized attributes to the right. The label of each
node is the one in ¢. The attribute names have been abbreviated. Attribute am
is denoted m, a. is denoted c, and the attributes oy and 3, are both denoted g,
for all ¢ € Q. Note that the direction of the edges in D(r(t)), i.e., the direction
in which the attributes are evaluated, is opposite to the direction in which the
automaton walks on ¢ (cf. the first part of the proof of Lemma 13).

We can easily infer the values of the attributes. Let the leaves of ¢ be num-
bered u; through w4, from left to right. The values of the a. are decq ; ({ac, ua)) =
a, decai({ae,us)) = a(a), decg (({ae,u2)) = ba(a)), and decq i({ae,u1)) =
a(b(a(a))), and the other occurrences of a, have value L. The rules for all the
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other attributes merely copy values, so, in particular, decg :({om,root(t))) =
alb(a(@))).

It should be clear that r and G are very similar to 7(G1) and G» of Exam-
ple 2(6, yield). Roughly speaking, the attribute ‘down’ of that example corre-
sponds to the attributes ag, arr, agrr, B, and S, and the attribute ‘up’ to the
attributes a., ary, ay, and an,.

8 Noncircularity and single use

We have shown in Theorem 14 that every MSO term graph transducer can be
simulated by a, possibly circular, att®. We might be quite satisfied with this,
but it is even more satisfactory to have a noncircular att®, and, thus, to be able
to state that MSO-TGT C ATT-REL o ATT. That this is possible will be proved in
this section. Thus, we will show the following theorem. Note that without the
last statement, the theorem says the following: for every att® that computes a
total function there is an equivalent noncircular att®.

Theorem 15. Let r be an attributed relabeling and G be an att which is noncir-
cular on r(t) for every input tree t of r. Then there exist an attributed relabeling
r' and a noncircular att G' such that r' o G' = r o G. Moreover, if G is SUR on
r(t) for every input tree t of r, then G' is SUR, and if G is 0S, then so is G'.

To prove this, it suffices to prove the following lemma. Note that the first sentence
of this lemma says the following: for every att G there is a noncircular att®
(G1,G>) such that G C r(G1) o Gs.

Lemma 16.

1. For every att G there exist an attributed relabeling ro and a noncircular att
G’ such that G'(ro(t)) = G(t) for every input tree t on which G is noncircular.
Moreover, for every input tree t, if G is SUR on t, then G' is SUR on ro(t).

2. For every noncircular att G' there exist an attributed relabeling r1 and a
noncircular SUR att G" such that G" (r1(t)) = G'(t) for every input tree t on
which G’ is SUR. Moreover, if G' is 0S, then so is G''.

In fact, assuming this lemma, the first part of Theorem 15 can be proved as
follows. Take " = r o ry. By Proposition 2 and Theorem 10, ATT-REL is closed
under composition, and hence 7’ is an attributed relabeling. Then, for every
input tree ¢t of v, G'(r'(t)) = G'(ro(r(t))) = G(r(t)) because G is noncircular on
r(t). To prove the second part of Theorem 15 (with »"/ and G" instead of ' and
G', respectively), take " = ' o ry. Again, r" is an attributed relabeling. Let
t be an input tree of r. Since G is SUR on r(t), G' is SUR on ro(r(t)) = r'(¢).
Hence G"'(r1(r'(t))) = G'(r'(t)), and so G"(r"(t)) = G(r(t)). Note that for the
0s-part we only need the second statement of Lemma 16, because every 0S att
is noncircular.

In the remainder of this section we prove Lemma 16. The lemma holds for
arbitrary attribute grammars, in such a way that G’ has the same semantic
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domains and uses the same functions f in its semantic rules (and similarly for
G"). The reader who is not interested in technical subtleties should skip the
remainder of this section.

We start with the first part of Lemma 16. Let G = (X, S,I,2,W, R, a,,) be
an arbitrary att, with 2 = {Ta}. We will abbreviate S U I by A. Note that if
the dependency graph D(root) of the root is circular, then G is circular on every
input tree, and Lemma 16 holds trivially. Hence, we may assume that D(root)
is noncircular.

The relabeling ry will add is-graphs, well known from the circularity test
for attribute grammars, to the labels of the nodes of an input tree ¢. This will
allow G’ to see whether or not G is circular on #. Let us first recall these well-
known ideas from [Knu], in our notation. An is-graph is a subset of I x S. For
o € X}, and is-graphs q1,...,qx, D(0)[q1,--.,qr] is the unlabeled directed graph
obtained from the dependency graph D(o) of o by adding all edges ({(«, 1), (3, ))
with (a,8) € ¢;, for i € [1,k]. Furthermore, mo(D(o)[g1,---,qk]) is the is-
graph consisting of all (a, ) such that there is a path from {(a,0) to (8,0)
in D(o)[q1,---,qx]. For an is-graph ¢, D(root)[q] is the unlabeled directed graph
obtained from D(root) by adding all edges ((«,0), (5,0)) with (a,3) € ¢. For
t € Ts; and u € V;, the is-graph of u, denoted is(u), is defined recursively to be
the is-graph is(u) = mo(D(0)[is(u - 1),...,is(u - k)]), where lab;(u) = 0 € X
The circularity test for a single tree t € Ty is now as follows: D(t) is circu-
lar iff either D(root)[is(root(¢))] is circular or there exists u € V; such that
D(o)[is(u - 1),...,is(u - k)] is circular, where lab;(u) = o € Y.

We now define the attributed relabeling ro. Let @ = P(I x S) be the set of
all is-graphs, and let ©® = {root, nonroot}. The output alphabet X’ of 7o (which
will also be the input alphabet of G') consists of all symbols

(0797 (quqla o -,Qk))

of rank k, with k > 0,0 € X, 0 € O, q; € Q for all i € [0,k], and ¢ =
mo(D(0)[q1,- -, qr]). Note that g is superfluous; it is added to simplify the de-
scription of the semantic rules of G'. The attributed relabeling rq relabels a node
u of a tree t € T’y that has label o € X}, with the label (0,8, (q0,q1,...,qx)) €
X', where ¢; = is(u-i) for all i € [0, k], and § = root iff u = root(t). It is straight-
forward to define a relabeling attribute grammar G such that r(Gy) = ro. It has
a synthesized attribute ‘is’ with W (is) = @ to compute is(u) for every node u, an
inherited attribute ‘r’ with W(r) = © to indicate the root, and a (synthesized)
meaning attribute ‘lab’ with W (lab) = X’ to compute the new label of every
node. It has one root rule: (r,0) = root. For every o € X, it has the internal
rules

(is,0) = mo(D(0)[(is, 1), ..., (is, k)])
(r,7) = nonroot for all i € [1,k]
(lab, 0) = (o, (r,0), ({is, 0, (is, 1), ..., (is, k})).

From these rules it should be clear that r(Gp) = ro.
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We now turn to the definition of the att G’ from X’ to A. For G' we will use
the same notation as for G, with primes. The attributes of G’ are S’ = SU(Sx Q)
and I' = TU (I x Q), with o/, = ap,. We denote S’ U I' by A’

The idea in the construction of G’ is the following. Let t' be a tree over X',
and let ¢ be the tree over X that is obtained from ¢' by changing every label
(0,0,(90,q1,---,qr)) into o. Let us first consider the case that ¢’ = r¢(t). Then
the attribute (a,u) of ¢t in G is simulated in G’ by the attribute ((«, ), u) of
t' if is(u) = ¢ and w is not the root, and by the attribute (o, u) if u is the
root. The remaining attributes of ¢ are superfluous and get a dummy value.
This will guarantee that G'(ro(t)) = G(¢t) if D(t) is noncircular. If D(t) is cir-
cular, then all cycles of D(¢) will be broken in D'(#') because we will define
D'(0,6,(qo,q1,---,q)) to have no edges whenever D(o)[q1,...,qr] is circular
(and when D(root)[qo] is circular, if # = root). Now consider the case that
t" # ro(t). Then a possible cycle in D(¢) will be broken in D'(t') either for the
same reason as above, or because the g; in the labels of ¢’ do not “fit”. Roughly
speaking, the semantic rules for a symbol (0,6, (g0, q1,---,qx)) in G' will be the
same as the semantic rules for o in G, except that every (a,i) is replaced by
((er,q:),%). Now, if a node w of ¢’ has label (0,0, (¢0,¢1,- -, qk)), and its i-th child
has a label of the form (—,—, (po,...)) that does not “fit”, i.e., with po # ¢,
then a path in D(t) through («,u -4) will be broken in D'(t") because (a,u -14) is
split into ((«, po), u - %) and ((«, ¢;),u - i) between which there is no connection,
see Fig. 11. It remains to specify the semantic rules of G'. For {o,i) € A" x N,

Q laby (u) = (6,0, (..., qr,...))

o Q . T(a,q,«) laby (u - r) = (', (py, .- .))
Tm,pm

Fig. 11. Nonfitting labels of a parent and child

a dummy rule for (o,7) is a semantic rule («',i) = 1, where L is an arbitrary
element of Ag. Note that dummy rules do not produces edges in dependency
graphs.

The root rules of G' are the root rules of G, together with dummy rules for
the attributes in I x Q.

The internal rules of G’ for a symbol o' = (0,60, (g0, q1,---,qr)) € X' are
defined as follows, distinguishing between the two possible values of 6.

Case 1: § = nonroot. If D(o)[q1,-. -, q] is circular, then all internal rules for
o' are dummy rules. Otherwise, R'(¢") consists of all rules of R(¢), in which every
(o, i) is replaced by ((a,q;),i), and dummy rules for the remaining attributes.
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Case 2: § = root. If D(0)[q1,- - ., qx] is circular or D(root)[go] is circular, then
all internal rules for ¢’ are dummy rules. Otherwise, R'(c") consists of all rules
of R(o), in which every («,i) with ¢ # 0 is replaced by {((a, ¢;), i), and dummy
rules for the remaining attributes.

This ends the construction of G'. Clearly, if G is SUR on t € T, then G’ is
SUR on ro(t). In fact, G' is then SUR on any tree t' € T's; that is obtained from
t by changing each label ¢ into some (0,6, (0,41, --,qk))-

We will now first show that 7o and G' compute the same tree transduction
as G, for noncircular input, and then we will show that G’ is noncircular.

Let t € Ty and t' = ro(t), and assume that both D(t) and D'(¢') are noncir-
cular. We have to prove that G'(t') = G(t). For that purpose we define a valuation
val : A'(t') — T of the attributes of ¢’ as follows. Let u be a node of ¢ with
label (0,0, (g0, 41, - - -, qk))- If 8 = nonroot, then val({(c, go),u)) = decq,:({, u))
for every a € A, and val({a’,u)) = L for all remaining attributes o' € A’. If
6 = root, then val({«o, u)) = decg({a, u)) for every @ € A, and val({a',u)) = L
for every o' € A x Q.

We claim that val is a decoration of ¢ (for G’). In fact, for every node
u of ¢ with label (0,0, (¢0,q1,---,qk)), it follows from the definition of ro that
g; = is(u-i) for all ¢ € [0, k], and that 6 = root iff w is the root. Since D(¢) is non-
circular, this implies that D(o)[g1, ..., qk] is noncircular, and that D(root)[qo]
is noncircular if w is the root. It now follows from the definition of the semantic
rules of G’ (and the fact that decq s is a decoration of t) that val is a decoration
of t'. Hence, since D'(t') is noncircular by assumption, val = decgrp and so
Gg'(t") = decgr v ({aly,root(t))) = val({am,root(t))) = deca t({am,ro0t(t))) =
Gg(t).

Finally we show that G' is noncircular, i.e., that D'(¢') is noncircular for
every tree t' € Tx:. We claim that the following four statements hold for every
node u of t', with label o' = (0,0, (¢0,q1,---,qk))-

1. If # = nonroot and (a’,3') € is'(u), then there exist a, 3 € A such that
o = (a7QO)7 ﬂl = (ﬂaQO)a and (aaﬂ) € qo-

2. If = root and (o', B') € is'(u), then o/, 8’ € A and (¢, B') € qo.

3. If D'(¢")[is'(u - 1),...,is'(u - k)] is circular, then D(o)[q1,.-.,qx] is circular.

4. If D'(root)[is'(u)] is circular, then § = root and D(root)[qo] is circular.

From Statements (3) and (4) the noncircularity of D'(#') can be proved as
follows. Assume that D’(t') is circular. Then either there is a node u such
that D'(a")[is'(u - 1),...,is'(u - k)] is circular, or D'(root)[is'(u)] is circular for
u = root(t). In the first case, Statement (3) implies that D(o)[q1, ..., qx] is cir-
cular, and so, by the definition of the semantic rules of G', D'(¢') has no edges,
contradicting the circularity of D'(¢")[is'(u-1),...,is'(u-k)]. In the second case,
Statement (4) implies that § = root and D(root)[go] is circular, and so also in
this case, by the definition of the semantic rules of G', D'(¢') has no edges. This
implies that is’(u) has no edges, and so, since G' and G have the same root rules,
D(root) = D'(root) = D'(root)[is’(u)] is circular. We have assumed, however,
that D(root) is noncircular.
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It remains to show the above four statements. First Statements (1) and (2)
are proved simultaneously, by induction on u, and then Statements (3) and (4)
are proved. In these proofs the following lemma is useful. Let 7 : A" — A be
defined by 7((a, q)) = 7(a) = a for « € A and q € Q.

Lemma 17. Let u be a node of t' € Ts; with label o' = (0,0, (q0,q1,---,qk)),
and assume that Statements (1) and (2) hold for w-1,...,u-k. If

(@ do)er(ar,in)ex(as, iz) - - en(al, in)

is a path in D'(o")[is'(u - 1),...,is'(u - k)], with e; = ((j_,,ij-1), (), i5)), and
e1 is an edge of D'(c"), then

(m(ag),io)m(er)(m(al) in)m(e2)(m(ay), iz} - w(en)(m(ar,), in)
is a path in D(0)[q1, ..., qk], with w(e;) = (w(aj_1),ij-1), (m(a)),ij)).

Proof. Let the label of u -7 be (or,0y, (ph,p1,---,p},)), for r € [1,k]. Now the
essence of the whole construction of G’ is that if the given path uses an edge
from is'(u-r), r € [1, k], then p§ = ¢, see Fig. 11. The formal proof is as follows.

It is an immediate consequence of the definition of the semantic rules of G’
that if e; is an edge in D’(0'), then 7(e;) is an edge in D(o) and hence in
D(0)[q1,- - -, qk]- Now consider an edge ej1 = ({af,7), (e, ,7)) from is'(u - 7);
or more precisely, (o, o/, ) € is'(u - r) with ij = ij4; = r € [1,k]. Since e; is

an edge of D'(0"), j > 1. Since, clearly, the edge e; = ((aj_;,ij-1), (a},7)) is in
D'(0"), it follows from the definition of the semantic rules of G' that o = (a, g;)
for some inherited attribute « € A. Hence, by Statements (1) and (2) for « - r,
6 = nonroot, ¢. = p, o, = (8,py) for some 3 € A, and (a, ) € pg. So
(a,B) € gr. Since w(a}) = a and w(a} ;) = B, this implies that m(ej11) =

((m(a}),m), (m(ayy),r)) is in D(o)[q1, ..., qx]. This proves the lemma. a

The proof of Statements (1) and (2) is now straightforward. Assume by induction
that the statements hold for u - 1,...,u - k. Recall that is'(u) is equal to the
graph mo(D'(o")[is' (v - 1),...,is'(u - k)]). Consider a path from (a/,0) to (4',0)
in the graph D'(o")[is'(u-1),...,is'(u - k)]. Such a path must start and end with
an edge in D'(0'). Hence, by the definition of the semantic rules of G’, there
exist «,3 € A such that either # = nonroot, o/ = (a,qo), and 8 = (3,q),
or § = root, @ = a, and ' = B. According to the above lemma, there is a
path from (w(a'),0) = (@, 0) to (w(8'),0) = (B,0) in D(o)[q1,.-.,qx], and so
(o, B) € mo(D(0)[q1,-- -, qk]) = qo-

Now the proof of Statement (3) is straightforward. Consider a cycle in the
graph D'(o")[is'(u-1),...,is'(u- k)]. It must contain an edge from D’(¢’), which
we can take as the first edge. Since we know that Statements (1) and (2) hold
for all nodes, the above lemma gives us a cycle in D(0)[q1,- - -, Gk]-

Finally we prove Statement (4). It follows from the circularity of the graph
D'(root)[is'(u)], the noncircularity of D'(root), and the fact that the root rules
of G’ involve attributes from A only, that is’(u) must have an edge that involves
attributes from A. By Statements (1) and (2) this implies that # = root and
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is'(u) C qo. Hence, since D'(root) = D(root), all edges of D’(root)[is'(u)] are
also edges of D(root)[qo], and so D(root)[go] is circular.

This shows that G’ is noncircular, and ends the proof of the first part of
Lemma 16.

We now turn to the proof of the second part of that lemma, but for simplic-
ity we use G and G’ instead of G' and G", respectively. Since the idea of the
construction is similar to that of the first part of the lemma, we will not give a
detailed correctness proof.

Let G = (X,S,I,2,W, R, a,,) be an arbitrary noncircular att from X' to A.
We will turn semantic rules into dummy rules whenever an attribute is used
more than once. To see whether an attribute of a node w is used more than
once, we do not only need the dependency graph D(o) of the label o of u, but
also the dependency graph of the label of the parent of u (or the dependency
graph of the root, if u is the root). To provide this information is the job of
the relabeling r1. Let © be the set of all pairs (0,4) such that either § € X and
i € [1,rk(#)], or @ = root and ¢ = 0. The attributed relabeling r; has output
alphabet X' = X x ©, and r; relabels a node u of a tree t € T's; that has label
o, with the label (o0,8,4) such that (1) if w = v - j then § = lab;(v) and @ = j,
and (2) if u = root(t) then 8 = root and ¢ = 0. This can easily be realized by a
relabeling attribute grammar that has inherited attributes ‘par’ and ‘num’ with
root rules (par,0) = root and (num,0) = 0, and internal rules (par,i) = o and
(num, ) =i, 7 € [1,7k(0)], in R(0o).

The att G', from X’ to A, has attributes S’ = S x © and I' = [ x O, with

! = (a@m,r00t,0).

am

The root rules of G’ are the root rules of G in which every (a, 0} is replaced by
((a,root, 0), 0}, together with dummy rules for the remaining attributes. In fact,
we assume that D(root) does not contain a node with more than one outgoing
edge (otherwise G is not SUR on any input tree and Lemma 16(2) is trivial). The
internal rules of G' for the symbol (a,0,i) are defined as follows. If D(o) has
a node with more than one outgoing edge, or a node («,0) with one outgoing
edge such that {a,i) has at least one outgoing edge in D(f), then all internal
rules of (0,6,i) are dummy rules. Otherwise, R'(0,6,) consists of all rules of
R(0), in which every {(«, 0) is replaced by ((«, 8,1),0) and every («, j}, j # 0, by
((a,0,7),7), and dummy rules for the remaining attributes.

The idea in the construction of G’ is the following. Let ¢’ be a tree over X’,
and let ¢ be the tree over X that is obtained from ¢’ by changing every label
(0,0,4) into o. Let us first consider the case that ¢ = r{(¢). Then the attribute
(ar,u) of tin G is simulated in G’ by the attribute ((«, 8,),u) of t', where (o, 0, 1)
is the label of w in 71 (¢). This guarantees that G'(r1(t)) = G(t) if G is SUR on t.
If G is not SUR on ¢, then all “bad” nodes of D(¢) (i.e., nodes with more than
one outgoing edge) are not bad any more in D’(t') because we defined D'(a,6,1)
to have no edges whenever D(c), combined with the parent dependency graph
D(#), has bad nodes. Now consider the case that ¢’ # r1(¢). Then a bad node of
D(t) is removed from D'(t') either for the same reason as above, or because the
labels of ¢’ do not “fit”. In fact, if a node u of ¢ has label #, and its i-th child
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has a label (0,6’,i") in ri(¢) that does not “fit”, i.e., with (¢',i") # (8,%), then
a bad node (a,u - i) of D(¢) is not bad in D'(¢') because it is split into the two
nodes ((«,0,7),u-4) and ((a,0',i"),u-i). Note finally that G’ is still noncircular:
a cycle in D'(#') would produce a cycle in D(¢t) when replacing every ((«, ,1), u)
by (a, u).

This ends the proof of the second part of Lemma 16, and thus also ends the
proof of Theorem 15.

9 Main results

In this final section we combine all previously proved results, and derive our
main results: the equivalence of MSO term graph transducers and attributed tree
transducers with look-ahead, and the equivalence of MSO tree transducers and
attributed tree transducers with look-ahead that satisfy the single use restriction.

Theorem 18. MSO-TGT = ATT-REL 0 ATT, MSO-TT = ATT-REL 0 AT Tgyr,
MSO-TGTgir = ATT-REL 0 ATTyg, and MSO-TTqir = ATT-REL 0 ATTgg gur-

Proof. The C-inclusions are an immediate consequence of Theorems 14 and 15.

Without ATT-REL, the D-inclusions are stated in Theorem 9. Then, the class
ATT-REL can be added because of the equality ATT-REL = MSO-REL (Theo-
rem 10) and the composition results of Proposition 2 (recalling that MSO-REL C
MSO-TTgjr)- |

Together with Theorem 10 this characterizes all classes of tree transductions
from Fig. 1 in terms of attribute grammars. In the remainder of the section we
discuss a number of issues related to these results.

Look-ahead As observed in the introduction, an attributed tree transducer
with look-ahead can also be viewed as one attribute grammar of which the
attributes can be evaluated in two phases (see [Blo]). Such an attribute grammar
is like an att, except that it also has “flags”, i.e., attributes with finitely many
values. The semantic rules for flags use flags only, and therefore the flags can
be evaluated in a first phase. The “tree attributes”, i.e., the attributes a with
W(a) = Ta, have conditional semantic rules in which the flags can be tested,
i.e., a semantic rule in R(o) is of the form

r1 if C1
(i)=1q: (4)
rn  if ¢y
where ¢, ...,c, are mutually exclusive, exhaustive tests on the flags, and r; €

TA((TUS) x [0,rk(0)]) for every j € [1,n]. The root rules are of a similar form.
As an example, the tree transduction of Example 2(4, path) can be computed by
such an attribute grammar, with a flag ‘ns’ which is defined as in Example 2(4,
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path), and a tree attribute S which has the same semantic rules in R(a) and
R(x) as in Example 2(4, path) and the following conditional semantic rule in

R(o):

1({(B8,1)) if (ns,1) =1 and (ns,2) =0,
(8,0) = ¢ 2((3,2)) if (ns,1) =0 and (ns,2) =1,

a otherwise.

The reason that we have not chosen for this model is that it leads to more
complicated definitions of noncircularity (cf. [Boy]) and the single use restriction.
The usual notion of dependency graph takes a worst case view on dependencies
in the sense that for a conditional semantic rule (4), it would assume («,i) to
depend on all attributes occurring in rq, ..., r,, whereas, for a particular input
tree, (o, 7) depends of course on the attributes of one r; only.

Another, equivalent, way of viewing an att®, based on Theorem 10, is as
an att which has conditional rules as above, in which the conditions ¢y,...,¢,
are unary MsoO formulas ¢ (x),...,9¥,(z), where x refers to the node under
consideration (usually referred to by the number 0). The tree transduction of
Example 2(4, path) can be computed by such an attribute grammar, with one
attribute S which, again, has the same semantic rules R(a) and R(x) as in
Example 2(4, path), but now has the following conditional rule in R(o):

1((8,1)) if Vy((edg, (z,y) = v1(y)) A (edgs(2,y) = 10 (y))),

(8,0) = €2((8,2)) if Vy((edg, (z,y) = vo(y)) A (edgy(z,y) — v1(y))),
a if =y (z),

where v1 (z) is a formula expressing that x has exactly one descendant with label
x, and vo(z) expresses that x has no descendant with label x. This seems to be
an attractive formal model, which was in fact used in the proof of Theorem 14,
in disguise.

It is natural to extend the att® by allowing semantic conditions on the flags,
which are specified for each operator (and the root) in addition to the semantic
rules. Such an extended att® G computes a partial function: it accepts only those
input trees ¢ for which decq,; satisfies the semantic conditions. Using the charac-
terization of unary Mso formulas proved in [BloEng, NevBus] (see Section 6.1) it
is straightforward to show (see [Blo]) that the domains of these functions are ex-
actly the MsO definable tree languages. Thus, the att® with semantic conditions
computes precisely the partial MSO term transductions (of which the domain is
specified by a closed MsO formula, see [EngOos, Cou3]), and similarly for the
SUR and OS restrictions.

Time complexity It is known from [CouMos| that MSO definable graph trans-
ductions can be computed in polynomial time. As an immediate consequence of
Theorem 18 we obtain that the MSO definable tree transductions can be com-
puted in linear time, in the size of the input tree. In fact, it is well known that
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attribute grammars can be evaluated in linear time, provided each semantic
rule can be evaluated in constant time. This condition is obviously satisfied for
finite-valued attribute grammars (and hence for attributed relabelings), and for
SUR attributed tree transducers. If one is willing to accept a term graph as the
representation of the output tree, then it also holds for arbitrary att’s. The next
corollary also follows from the results in Section 7 of [BloEng], where it is shown
that both unary formulas and functional binary formulas can be evaluated on
trees in linear time.

Corollary 19. MSO definable tree transductions can be computed in linear time.
Using a term graph to represent the output tree, MSO definable term transductions
can be computed in linear time.

Context-free graph grammars Let REGT denote the class of regular tree
languages (see, e.g., [GécSte]). According to the classical result of [Don, ThaWri],
this is also the class of MSO definable tree languages. Let us now consider the
class MSO-TGT(REGT) of images of the MsoO definable tree languages under MSO
definable term transductions. As observed in the Introduction, it is shown in
[Oos, Eng4, EngOos] that MSO-GT(REGT), the class of images of MSO definable
tree languages under MSO definable graph transductions, is equal to the class
of context-free graph languages. Thus MSO-TGT(REGT) = unfold(CF-TGL), the
class of all term languages unfold(L) where L is a set of term graphs that can
be generated by a context-free graph grammar. This class was investigated in
[EngHey], where it was shown that it equals the class ATT(REGT) of images
of the regular tree languages under attributed tree transductions. Since it is
straighforward to prove that REGT is closed under attributed relabelings, this
result is now an immediate consequence of Theorem 18.

We have, however, skipped some details. First, as also observed in a foot-
note in the Introduction, there are two different types of context-free graph
languages: HR (hyperedge replacement) and NR (node replacement). The re-
sult of [Oos, Eng4, EngOos] is for NR, but the result of [EngHey] is for HR.
However, there is another type of MSoO definable graph transductions, closely re-
lated to the one defined here, in which the incidence relation between nodes and
edges has to be defined by a binary formula, see [Cou4]. It is shown in [CouEng]
that MSO-GT'(REGT) is the class of HR, context-free graph languages, where the
prime indicates this other type of MSO definable graph transductions. Now it is
easy to see that for term graphs there is no difference between the two types
of MSO definable graph transductions, i.e., Theorem 18 holds for both types:
MSO-TGT' = MSO-TGT and similarly for the other three classes. Consequently,
the class unfold(CF-TGL) is the same for HR and NR.. Second, the notion of term
graph is defined in a slightly different way in [EngHey], and called “jungle”. This
does not make a difference, because jungles can be transformed into term graphs,
and vice versa, by Mso definable graph transductions (of both types). Third, the
attributed tree transducers defined in [EngHey] are not of the type defined here
(as introduced in [Fiil]), but are ordinary attribute grammars of which all at-
tributes have trees as values (as considered, e.g., in [EngFil]). The domain of
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such an attributed tree transducer is the set of all derivation trees of the un-
derlying context-free grammar, and the result of [EngHey] concerns the class of
all ranges of such attributed tree transducers. It is however straightforward to
prove, using the close relationship between regular tree languages and derivation
tree languages of context-free grammars (see, e.g., [GécSte]), that this class of
ranges equals ATT(REGT).

Consider now the class MSO-TT(REGT) of images of the MSO definable tree
languages under MSO definable tree transductions. This is the class of tree lan-
guages that can be generated by context-free graph grammars. Thus, by The-
orem 18, it is equal to the class ATTg,,(REGT) of images of the regular tree
languages under SUR attributed tree transductions. This result is in fact also
clear from the proof of [EngHey].

Corollary 20. ATTs,,(REGT) is the class of tree languages that can be generated
by (HR or NR) context-free graph grammars.

Tree transducers In tree language theory several types of tree transducers are
studied, apart from the attributed tree transducer (see, e.g., [GécSte]). In what
follows we consider total deterministic transducers only. We consider three types
of such transducers.

First the top-down tree transducer, which is well known to be equivalent
with the 0s attributed tree transducer (see [CouFra, Fiil]). To ensure closure
under composition, the top-down tree transducer was extended with regular
look-ahead in [Engl]. Let T® denote the class of all tree transductions that
are computed by top-down tree transducers with regular look-ahead. It is not
difficult to understand, and is proved in [EngMan], that preprocessing the input
tree with an attributed relabeling has the same effect as regular look-ahead.
This implies that ATT-REL o ATT,s = T®. Thus, by Theorem 18, MSO-TGTg;, =
TR i.e., the direction preserving MSO definable term transductions are exactly
the top-down tree transductions with regular look-ahead. Since TR is closed
under composition (see [Engl]), this implies that MSO-TGTg;; is closed under
composition (see Proposition 2 and the discussion following it).

Second the bottom-up tree transducer, which is incomparable with the top-
down tree transducer. The result of [FiilVag] shows that not every bottom-up
tree transducer can be simulated by an att. However, since every bottom-up tree
transducer can be simulated by a top-down tree transducer with regular look-
ahead, the class of bottom-up tree transductions is included in MSO-TGTg;;.

Third the macro tree transducer, introduced in [CouFra, EngVog], which ex-
tends the top-down tree transducer with parameters (and thus can be viewed as
a model of denotational semantics). Every attributed tree transduction can be
computed by a macro tree transducer and thus, since every macro tree trans-
ducer with regular look-ahead can be simulated by one without, the same is true
for attributed tree transductions with look-ahead. Hence, by Theorem 18, every
MSO definable term transduction can be implemented by a macro tree trans-
ducer. Using results from [Eng2, EngVog], it can now be shown that the class of
macro tree transductions is MSO-TGTqir © MSO-TGT. A precise characterization
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of the MsoO definable tree transductions (MSO-TT) as a subclass of the macro tree
transductions is presented in [EngMan)].

Closure under composition When looking for a model for the implemen-
tation of the tree transductions in MSO-TT or MSO-TTg;r, a good guideline is
that these classes are closed under composition, by Proposition 2. Thus, in
[EngMan], the class MSO-TTg;, is shown to be equal to a subclass of T® which
is well known to be closed under composition. When searching for our main
result MSO-TT = ATT-REL o ATTg,,, we were also guided by closure under com-
position. The main reason for the introduction of the single use restriction in
[Gan, GanGie, Gie] was that the SUR attribute coupled grammars are closed
under composition. An attribute coupled grammar is an attribute grammar in
which a distinction is made between syntactic attributes (which have trees as
values) and semantic attributes (which have arbitrary values). The single use
restriction is imposed on the syntactic attributes only (which is why it is ac-
tually called the syntactic single use requirement in [Gie]). Taking syntactic
attributes only, the result of [Gan, GanGie, Gie] shows that ATTs,, is closed
under composition. Adding “flags”, i.e., attributes with finitely many values, as
semantic attributes, it shows that the class ATT-REL o ATTg,, of SUR attributed
tree transductions with look-ahead is closed under composition. It is observed in
[Gie] that the same construction proves that the composition of a SUR attribute
coupled grammar with an arbitrary attribute coupled grammar can again be
realized by an attribute coupled grammar. This corresponds to the fact that
MSO-TT o MSO-TGT C MSO-TGT, as stated in Proposition 2.
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