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Abstract. A formula from monadic second order (MsoO) logic with one
free variable can be used to define a property of the nodes of a tree.
Similarly, an MSO formula with two free variables can be used to define a
binary relation between the nodes of a tree. It is proved that a node rela-
tion is MSO definable iff it can be computed by a finite-state tree-walking
automaton, provided the automaton can test MSO definable properties
of the nodes of the tree; if the relation is a function, the automaton is
deterministic. It is also proved that a node property is MSO definable
iff it can be computed by an attribute grammar of which all attributes
have finitely many values. MsO definable node properties are computable
in linear time, MSO definable node relations in quadratic time, and MSO
definable node functions in linear time.

1 Introduction

It is shown in [Biic, Elg] that a set of strings can be defined in monadic second
order logic if and only if it can be recognized by a finite-state automaton. This
result can be viewed as an equivalence between specifications (in the specification
language of monadic second order logic) and implementations (on the machine
model of the finite-state automaton). It was generalized in [Don, ThaWri] to
sets of node-labeled ordered trees, with an appropriate generalization of the
finite-state automaton to the bottom-up finite-state tree automaton. The trees
considered are the usual representations of terms over a finite set X of operators.
In this paper we extend the result of [Don, ThaWri] to the specification and
implementation of binary relations on the nodes of trees, and to the specification
and implementation of properties of the nodes of trees.

A monadic second order (Mso) formula with k free object variables defines
a k-ary relation on the nodes of each tree over Y, and we are interested in
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the implementation of these relations for ¥ = 2 (binary relations) and k = 1
(properties). First we are looking for a simple machine model that computes
the node relations defined by MsO formulas with two free variables. Here we
say ‘computes’ rather than ‘recognizes’, because we are mainly interested in
functions on nodes of trees and view relations as a nondeterministic variant of
functions. Thus, for a given tree ¢ and a given node u of ¢, we wish the machine
to find the (or a) node v such that the pair (u,v) is in the relation specified by
the Mso formula on ¢.

Note that there is an easy and well-known answer to the recognition problem:
it is not difficult to see, using the result of [Don, ThaWri], that there is a finite-
state tree automaton that, for given ¢, u, and v, finds out whether v and v satisfy
the Mso formula in ¢, provided the nodes v and v are indicated by special labels.
Since the finite-state tree automaton is basically a parallel recognition device, it
does not seem to be useful for the purpose of sequential computation. Instead,
we propose a variation of the tree-walking automaton introduced in [AhoUll]. A
tree-walking automaton A is a finite-state automaton that walks on the tree from
node to node, following the edges of the tree. It can read the label of the current
node z. It can also test whether x is the root of the tree, and if not, whether it is
the first, second, ..., or last child of its parent node. Depending on the outcome
of these tests, A can decide to move up to the parent of z or down to a specific
child of z. The automaton A computes the relation that consists of all pairs (u, v)
such that when A is dropped on node w in its initial state, it makes a walk on the
tree and reaches node v in a final state. We will show that this automaton model
is not powerful enough to compute all MSO definable node relations. Therefore
we strengthen its computation power by allowing it to test any MSO definable
property of the current node rather than just the ones mentioned above, using
MSO formulas with one free variable. Our first result is that the nondeterministic
(deterministic) “tree-walking automaton with MsSO tests” computes exactly the
MSO definable binary node relations (functions, respectively).

Second we are looking for an implementation model that computes the node
properties defined by MsO formulas with one free variable. One reason for doing
so is that, through the tree-walking automaton with MSO tests, we have reduced
the implementation of MSO definable node relations to that of MSO definable
node properties.

Properties are boolean attributes, and attribute grammars are a well-known
formalism for the computation of attributes of nodes of trees, introduced in
[Knu]. Thus, an attribute grammar with a designated boolean attribute com-
putes a node property. An attribute grammar is “finite-valued” if all its at-
tributes have finitely many values, or equivalently, all its attributes are boolean.
Our second result is that the finite-valued attribute grammar computes exactly
the MsO definable node properties. Note that the finite-valued restriction of the
attribute grammars corresponds to the finite-state restriction of the tree au-
tomata; without such a restriction attribute grammars can compute arbitrary
node properties. Note also that properly speaking, attribute grammars are still
a specification language, but they are certainly closer to implementation than



MsSO logic, and their implementation has been studied extensively (see, e.g.,
[DerJouLor, Eng2]). Since the attributes of a tree can be evaluated in linear
time (in the size of the tree), our second result implies that MsoO definable node
properties can be computed in linear time and that MSO definable binary node
relations can be computed in quadratic time, and, in general, MSO definable
k-ary node relations in time O(n*). Moreover, using additionally an algorithm
from [KlaSch], Mso definable node functions can be computed in linear time.

There are two reasons for our interest in MSO definable functions, relations,
and properties of nodes of trees. The first concerns graphs that consist of a tree
with additional pointers. Trees can be naturally defined as a recursive datatype,
such that each node of the tree is a record with a field containing relevant
information, and fields with pointers to the children of the node. However, in
many applications one needs additional pointer fields in the record. For example,
to visit the nodes of the tree in pre-order, it is convenient to have a pointer from
each node to the next one, in this order. Clearly, such a new pointer field defines
a (partial) function on the nodes of the tree. The general idea of defining “graph
types”, i.e., recursive data types consisting of trees with additional pointer fields,
is investigated in [KlaSch], where a pointer field is defined by a tree-walking
automaton, or rather by its corresponding regular expression, called routing
expression. By our results, such a pointer field may as well be specified by an
MSO formula with two free variables.

The second reason is related to the first, but is of a more theoretical nature. In
the theory of context-free graph grammars, i.e., grammars that generate sets of
graphs, a notion of MSO definable graph transduction has been developed (see,
e.g., [Eng3, EngOos2, Cou2, Coul]) closely related to the well-known notion
of interpretation of one logical structure in another (see [ArnLagSee| for the
history of this notion). The output graph ¢’ of such a transduction is defined in
terms of the input graph g by means of MSO formulas, to be interpreted in g,
as follows. The nodes of ¢’ form a subset of the nodes of g, viz. all nodes of g
that satisfy a given Mso formula with one free object variable. The edges of ¢’
are defined by a given MSO formula with two free object variables: this formula
defines a binary relation on the nodes of g, which, restricted to the nodes of ¢,
is taken as the set of edges of ¢’. In the case that the nodes and edges of ¢ are
labeled, there are such MSO formulas for each node label and each edge label. It
is shown in [EngOosl, EngOos2] (for one type of context-free graph grammar)
and in [CouEng] (for another type) that a set of graphs can be generated by a
context-free graph grammar if and only if it is the image of an MSO definable tree
language under an MSO definable graph transduction. Thus, using our results,
the nodes of these graphs can be computed by a finite-valued attribute grammar,
and their edges by (nondeterministic) tree-walking automata. As a special case
of MSO graph transductions, one may consider the case that both the input and
output, graphs are trees: MSO tree transductions. Since the edges of the output
tree can be viewed as pointers (to the i-th child, for each i), they correspond to
functions on the nodes of the input tree, as explained above. Thus, they can be
computed by deterministic tree-walking automata. This is used in [Blo, BloEng2]



to show that the MSo tree transductions can be computed by two-stage attribute
grammars: in the first stage the MSO tests on the nodes of the input tree are
evaluated, by attributes of type boolean, and in the second stage the output tree
is computed, by attributes of type tree.

After recalling some notions from automata theory and monadic second order
logic in Section 2, we define in Section 3 the MSO definable k-ary node relations
and discuss some of their elementary properties, including some relationships
to finite tree automata. In Section 4 tree-walking automata with MSO tests are
defined, and some of their basic properties proved. Section 5 contains our first
result: the equivalence between MSO formulas with two free variables and tree-
walking automata with MSO tests, including the functional/deterministic case. It
is also shown in Section 5 that the MSO tests are really needed. Our second result
is proved in Section 6: the equivalence between MSO formulas with one free vari-
able and finite-valued attribute grammars. Moreover, the first and second result
are combined in a straightforward way to give an “Mso-free” characterization of
the MSO definable binary node relations: they are computed by a finite-valued
attribute grammar followed by an ordinary tree-walking automaton (without
MSO tests). Section 7 contains the consequences of these results for the time
complexity of computing MSoO definable k-ary relations.

Readers who are not familiar with attribute grammars, and do not want to be
bothered by them, can read Sections 2 to 5. They can also read Section 7, except
for the case £ = 1 in the proof of Theorem 20 which is based on the previous
section and shows that MSO definable node properties can be computed in linear
time. Readers who are interested in our second result only, can read Sections 2-4
(without Lemmas 4 and 8) and Section 6 (without the third subsection).

The results of this paper were proved as part of [Blo], the Master’s Thesis
of the first author. A preliminary version of this paper appeared in [BloEngl].
Recently, the second main result was shown independently in [NevBus].

2 Preliminaries

In this section we recall some well-known concepts concerning finite (tree) au-
tomata and monadic second order logic on trees.

N ={0,1,2,...}, and for m,n € N, [m,n] = {i | m < i < n}. For a set
S, P(S) is its powerset. For binary relations Ry and Rs, their composition is
RyoRy = {(z,2) | Iy : (x,y) € Ry and (y,2z) € Ra}; note that the order of
R, and R; is nonstandard. The transitive reflexive closure of a binary relation
R is denoted R*. A binary relation R is said to be functional if it is a partial
function, i.e., if (z,y), (z,2) € R implies y = 2.

Trees

We view trees as finite, directed graphs with labeled nodes and edges, in the usual
way. Let X and I' be alphabets of node labels and edge labels, respectively. A
graphover (X, I') is a triple (V, E,lab), with V" a finite set of nodes, E C V' xI'xV



the set of labeled edges, and lab : V' — X' the node-labeling function. For a given
graph g, its nodes, edges, and node-labeling function are denoted V,, E,, and
labg, respectively.

The trees we consider are the usual graphical representations of terms, which
form the free algebra over a set of operators. An operator alphabet X is an
alphabet X together with a rank functionrk: ¥ — N. Forallk e N, X, = {0 €
Y | rk(o) = k} is the set of operators of rank k, i.e., with k arguments. The rank
interval of the operator alphabet X' is rki(X) = [1, m] where m is the maximal
rank of the elements of X

The nodes of a tree over X are labeled by operators. To indicate the order
of the arguments of an operator, we label the edges by natural numbers. A tree
over X' is an acyclic connected graph g over (X, rki(X)) such that (1) no node
of g has more than one incoming edge, and (2) for every node u of g and every
i € [1,rk(labg(u))], v has exactly one outgoing edge with label ¢, and u has
only outgoing edges with labels in [1,rk(lab,(u))]. The set of all trees over X' is
denoted T's;. A subset of T's; is also called a tree language.

The root of a tree t is denoted root(t). Note that the direction of the edges of
t is from root(t) to the leaves of ¢. For nodes u and v of ¢, if (u,i,v) € E;, then
u is called the parent of v, and v is called the i-th child of u, denoted by u - i.
For technical convenience, we also define v -0 = u. An ancestor of a node u is
either u itself, or an ancestor of its parent. The least common ancestor of nodes
u and v is denoted lca(u,v). If u is an ancestor of v, then v is a descendant of
u. For a node u of t, t,, denotes the subtree of ¢ with root u: the subgraph of ¢
induced by the set of all descendants of u.

Finite automata

We consider (nondeterministic) finite automata on strings and (deterministic
and nondeterministic) finite tree automata (see, e.g., [HopUll] and [GécSte],
respectively).

Let ¥ be an (ordinary) alphabet. A finite automaton over X is a quintuple
A= (Q,X,5I,F), where () is a finite set of states, X' is the input alphabet,
6 C @ x X x (@ is the transition relation, I C () is the set of initial states, and
F C @ is the set of final states. The elements of § are called transitions. For every
string w € X*, A induces a state transition relation R4(w) C Q X @, as follows.
Foro € ¥, Ra(o) = {(¢,4") | (¢,0,¢") € 6}. For the empty string e, R4(e) is the
identity on Q. For 01,...,0, € ¥, Ra(01---0pn) = Ra(0o1)0---0 Ra(0y). The
language recognized by A is L(A) = {w € X* | Ra(w) N (I x F) # 0}. L(A) is
called a regular language.

The finite tree automata that we usually consider are the well-known total
deterministic bottom-up finite-state tree automata. Let X be an operator alpha-
bet. A finite tree automaton over X' is a quadruple M = (Q, X, , F), where @ is
a finite set of states, X' is the input alphabet, 6 = {0, },ecx where, for o € X},
d, : Q% — @ is the transition function for ¢, and F C @ is the set of final states.
For every tree t € T, and node u € V4, the state in which M reaches u, denoted
statepr,t(u), is defined by bottom-up induction as follows: if lab(u) = o € X,



then stateps:(u) = dy(statepr,s(u - 1),...,staterr+(u - k)). The language recog-
nized by M is L(M) = {t € Tx | stateps+(root(t)) € F}. L(M) is called a regular
tree language.

For atree t € Ty and a node u € V¢, the set of successful states of M at u, de-
noted succyr(u), is defined by top-down induction as follows: succyy ¢ (root(t)) =
F, and if labs(u) = 0 € X} and 1 < i < k, then succprs(u - i) is the set of
all states ¢ € @ such that 0,(q1,.-.,¢i—1,4,qi+1,---,qr) € succar,(u), where
q; = statear(u - j) for 1 < j < k, j # i. Intuitively, ¢ is in succar(u) if the
automaton, assuming that it reaches v in state ¢ (rather than in statens:(u)),
will reach the root of ¢ in a final state. In the following lemma it is shown that
for every node u of a tree t, t is recognized by M if and only if the state in which
M reaches u is successful at w.

Lemmal. Let M be a finite tree automaton over X, and let u be a node of a
tree t € T's;. Then t € L(M) iff statear, (u) € succare(u).

Proof. Tt is straightforward to prove this statement by top-down induction on
u. By definition of L(M) it holds for u = root(t). Now let ¢ € [1,rk(lab;(u))].
From the definition of ‘succ’ and ‘state’ it easily follows that statear.(u - i) €
succpr,(u - i) iff statepr s (u) € succpr(u). This implies that the statement holds
for u - i whenever it holds for u. O

A nondeterministic finite tree automaton over X' is a quadruple M = (Q, X, 6, F),
where @, X, 6, and F are as above, except that, for every o € X}, 0, C QF x Q
is a transition relation. As a shortcut, we take the usual subset construction
as definition of L(M): the language recognized by M is L(M) = L(P(M))
where P (M) is the (deterministic) finite tree automaton (Q', X, §', F') with Q' =
P(Q), F' is the set of all P C @ such that PN F # (, and, for every o €
S, 0Py P = {qg € Q| 3, aqr : ((q1,---,qr),q) € 65 with ¢; €
P; for all i € [1,k]}.

Monadic second order logic

Monadic second order logic can be used to describe properties of graphs (see,
e.g., [Coul, Coud, Eng3, Eng5, Eng0os2]), and hence in particular to describe
properties of trees. For an operator alphabet X, we use the language MSOL(X)
of monadic second order (Ms0) formulas over X'. Formulas in MSOL(X) describe
properties of trees over Y. This logical language has node variables z,y, ..., and
node-set variables X,Y,.... For a given tree ¢t over X, node variables range over
the elements of V;, and node-set variables range over the subsets of V;.

There are three types of atomic formulas in MSOL(X): lab,(x), for every
o € ¥, denoting that x has label o; edg;(z,y), for every i € rki(X'), denoting
that there is an edge labeled i from z to y, i.e., that y is the i-th child of z;
and x € X, denoting that x is an element of X. The formulas are built from the
atomic formulas using the connectives -, A, V, —, and <, as usual. Both node
variables and node-set variables can be quantified with 3 and V. We will use



edg(z,y) to abbreviate the disjunction of all edg;(z,y), i € rki(X); it denotes
that z is the parent of y. Moreover, we will use root(z) for =3y (edg(y, x)), which
denotes that z is the root, and leaf(z) for —Jy(edg(z,y)), which denotes that x
is a leaf. Finally, we will use x = y for VX (z € X < y € X), denoting that x
equals y.

For every k € N, the set of MSO formulas over X' with k free node variables
and no free node-set variables is denoted MSOL (X).

For a closed formula ¢ € MSOLy(X) and a tree t € Ty, we write t |= ¢
if t satisfies ¢. Given a tree t, a valuation v is a function that assigns to each
node variable an element of V4, and to each node-set variable a subset of V;. We
write (¢,v) |= ¢, if ¢ holds in ¢, where the free variables of ¢ are assigned values
according to the valuation v. If a formula ¢ has free variables, say, x, X,y and
no others, we also write ¢(z, X,y). Moreover, we write (t,u,U,v) E ¢(z, X,y)
for (t,v) = ¢(z, X,y), where v(z) = u, v(X) = U, and v(y) = v.

The tree language defined by a formula ¢ € MSOLy(Y) is L(¢) = {t € T |
t = ¢}. L(¢) is called an MSO definable tree language.

The following classical result from [Don, ThaWri] shows the equivalence be-
tween monadic second order logic and finite tree automata, as a means of defining
tree languages by specification and computation, respectively. It was first shown
for the special case of string languages in [Biic, Elg]. See Sections 3 and 11 of
[Tho], and [Eng4], for a discussion of such results.

Proposition 2. A tree language is MSO definable if and only if it is regqular.

Since emptiness of regular tree languages is decidable (see, e.g., [GécSte]), Propo-
sition 2 implies that MSO logic on trees is decidable.

Proposition 8. It is decidable for a formula ¢ € MSOLo(X) whether or not
L(¢) = 0.

3 MSO Node Properties and Relations

The aim of this paper is to investigate ways of defining properties of the nodes of
trees, and relations between the nodes of trees. One way of doing this is by MSO
formulas with free node variables. In this section we define the MSO definable
node properties and node relations, and we discuss the well-known technique of
coding the values of the free variables by marking the nodes of the input tree.

Let X' be an operator alphabet. A node property over X is a subset of {(¢,u) |
t € Ty and u € V;}. For k € N, a k-ary node relation over X is a subset of
{(t,u1,...,ur) | t € Ty and u; € V; for all i € [1,k]}. Thus, a node property
associates with each tree t a property of the nodes of ¢, and a k-ary node relation
associates with each tree ¢t a k-ary relation on the nodes of ¢. Note that a unary
node relation is the same as a node property, and that a nullary node relation is
the same as a tree language. We will be interested in particular in binary node
relations.



Let ¢(z1,...,2,) € MSOLL(X) be an Mso formula with & free node variables.
For each tree t € T's;, ¢(z1,...,x)) defines the relation

Rt(¢) = {(Ul,...,Uk) € V;tk | (taula"'auk) |: ¢('T17"'7'Tk)}'

In this way, ¢(x1,...,x) defines the node relation

R(¢) ={(t,u1,...,ur) |t € Tx,(u1,...,ur) € Re(d)}.

R(¢) is called an MSO definable k-ary node relation.

Note that for k = 0, i.e., for a closed formula ¢, R(¢) is the tree language
L(¢) as defined in Section 2. For £ = 1 we also write P(¢) for R(¢), to stress
that it is a node property.

The set of all MSO definable node properties is denoted MSO-P, and the set
of all MsoO definable binary node relations is denoted MSO-R.

We will need the following basic, well-known fact: if a binary node relation is
MsO definable, then so is its transitive reflexive closure (see, e.g., [Coul]). For a
formula ¢(z,y) € MSOL(Y), we define the formula ¢*(z,y) = VX ((closed(X) A
z € X) > yeX), where closed(X) =Vz,y((z € X Ap(z,y)) =y € X).

Proposition4. Let X be an operator alphabet. For every tree t € Tx; and every
formula ¢(x,y) € MSOL(X), Ri(6*) = Re(9)*.

In order to compute the node relation of an MSO formula ¢(zy,...,zx) by a
tree-walking automaton (for k = 2) or by an attribute grammar (for k = 1), we
will first use the classical result of Proposition 2 to construct a finite tree au-
tomaton that recognizes all trees mark(¢,uy, ..., ux) such that (¢,u1,...,ux) E
¢(z1,...,x). Here mark(t, us, ..., u) is the tree ¢ in which the nodes uy, ..., ug
are marked by special labels. This is a slight variation of a well-known technique,
which is in fact used in the proof of Proposition 2.

Let X be an operator alphabet, and k > 1. Define By = {0,1}* \ {0}*. Let
YU(X x By) be the operator alphabet such that rk(o) = rkx (o) for every o € X,
and rk({(o,b1,...,b;)) = rkx(o) for all {o,b1,...,bx) € ¥ x By. Note that the
symbol (0,0, ...,0) is excluded; its role is played by the symbol o. We use this
alphabet to attach k different marks to the labels of the nodes of a tree. Let ¢ be
a tree over X, and let uy,...,ur € V;. The marked tree mark(t,uq,...,ux) over
Y U(X x By) is defined as (V;, E;, lab) where, for every v € V4, lab(v) = laby(v) if
v # u; for all i, and lab(v) = (lab:(v), (v = u1),..., (v = ug)) otherwise (where
(v =wu;) = 1iff v equals u;).

The following lemma shows that it is possible to move arbitrarily between
free variables in the formula and marks in the tree.

Lemmab. Letk > 1 and j € [1,k]. For every ¢(z1,...,x) € MSOL(X) there
is a formula Y(zjq1,...,25) € MSOL;_; (XU (X x By)) such that, for allt € Tx;
and uy,...,u, € Vi,

(t,ur,...,ur) E o(z1, ..., 2) iff

(ark(t, ur, .y 105), U1, ooy Up) (T, Th),



and vice versa, i.e., for every formula ¥ (xj41,...,2) € MSOL,_;(XU(X x By))
there exists a formula ¢(z1, ..., z1) € MSOLE(X) such that the above equivalence
holds for all t € T, and uq,...,uy € V;.

Proof. The proof is straightforward. From an Mso formula ¢(zy,...,x) we con-
struct ¥(zj41,...,2) as follows:

’(ﬁ(xj+1, e ,xk) =
Vzq,...,z;((marked; (z1) A --- A marked;(z;)) = ¢'(z1,...,21)),

where marked;(z) = 3(o,b1,...,b;) € ¥ x Bj : by = 1 Alaby,y, ..,y (2), and

¢'(z1,...,x1) is obtained from ¢(z1,...,x) by replacing all occurrences of all
lab, (y) by (laby(y) V 3(b1,...,b5) € By :1labgp, .. b,y (y))-

The other way around is similar. Let us assume that the variables z1,...,z;
donot occurin ¥(xj41,...,2r). We construct ¢(z1, ..., zx) from o (z1,...,25)

by replacing all occurrences of all lab,(y) by (lab,(y) AVi € [1,]] : y # x;), and
all occurrences of all lab,. 5, .5,y (y) by (labs (y)AVi € [1, 5] : (bi =1 =y = 2;)).
O

Note that in the above proof we have made use of formulas that strictly speaking
are not yet MSO formulas. As an example, the formula marked;(z) really is the
disjunction of all lab, 5, .5,y (®) such that (o,by,...,b;) € ¥ x B; and b; = 1.
In the remainder of the paper we will keep using such informal ways of writing
MSO formulas.

The next corollary, which is the case j = k of Lemma 5, allows us to apply
Proposition 2 to formulas with free node variables.

Corollary 6. Let k > 1. For every ¢(z1,...,x;) € MSOLy(X) there is a closed
MSO formula ¢ € MSOLy(XU(X X By,)) such that, for allt € Ts; and uy,...,uy €
Vi,

(t,ury ..., ug) |E o(xr, ..., zx) iff mark(t,u,...,ur) E ¥,

and vice versa, i.e., for every formula v € MSOLy(X U (X X By)) there exists
a formula ¢(xq,...,xr) € MSOLL(X) such that the above equivalence holds for
allt € Ts;, and uy,...,ur € V;.

Using Corollary 6 and Proposition 2 one can construct, for every MSo formula
¢(x1,...,xp) over X, a finite tree automaton M over X' U (X x Bj,) such that

(tyug,...,ur) E d(x1,. .., zp) iff mark(t,uq,...,u) € L(M).

We will have to compare the behavior of M on mark(¢,us,...,u) with its
behavior on t. Note that every tree ¢t over X is also a tree over the alphabet of
M, which is the reason for using o instead of (o, 0,...,0). Recall from Section 2
that, for a tree ¢t and a node w of ¢, stateys,;(w) is the state in which M reaches
w, and succar (w) is the set of successful states at w, i.e., the set of all states ¢
such that M, assuming that it reaches node w in state g, will reach the root in
a final state.



Lemma'7. Let M be a finite tree automaton over ¥ U (X x By). Let t € Tx,
Upy ..., up € Vi, and w € V;.

1. If w is not an ancestor of any u;, i € [1,k], then
StateM,mark(t,ul,...,uk)(w) = StateM,t(w)'

2. If w is an ancestor of every u;, i € [1,k], then
Such,mark(t7u1,...7uk)(w) = Such,t(w)'

Proof. The proof of (1) is by an easy bottom-up induction on w. The proof of
(2) is by an easy top-down induction on w, using statement, (1). The details are
left to the reader. O

Moreover, we will have to express the behavior of M on t € T's; as MSO definable
properties of the nodes of ¢. For this purpose, we now show that, for each ¢ € @,
{(t,w) | statears(w) = ¢} and {(¢t,w) | ¢ € succas,c(w)} are MSO definable node
properties.

Lemma8. Let X be an operator alphabet, and let M = (Q, X', 6, F) be a finite
tree automaton with ¥ C X'. For every q € Q there are MSO formulas statey(x)
and succy(x) in MSOL (X)) such that for all t € Ty and w € V;:

(t,w) = stateg(x) iff statepr(w) = q, and (t,w) | succy(x) iff ¢ € succars(w).

Proof. To obtain the formula state,(z) we will construct a finite tree automa-
ton M, over X' U (X x By) such that mark(¢,w) € L(M,) iff statear(w) = q.
Then, by Proposition 2 there is a closed formula ¢ such that mark(t,w) | ¢
iff mark(t,w) € L(M,), and by Corollary 6 (for k¥ = 1) there is a formula
¢(z) such that (t,w) E ¢(x) iff mark(t,w) E 1; thus, ¢(z) is the required
formula stateg(x). It is not difficult to construct the tree automaton M,. It
simulates M, but if it reaches the marked node, i.e., the node with some la-
bel (o,1) (recall that B; = {1}), it verifies whether or not M is in state g,
and continues to the root in an accepting or rejecting state, respectively. For-
mally, M, = (Q U {a,r}, XU (X x By),d',{a}) and ¢’ is defined as follows. Let
o€ Xyand qi,...,qr € QU {a,r}. If ¢; = a (¢; = r) for at least one 4, then
g1y (a1 ar) = 04 (a1, ax) = a (= r, respectively). Now assume that all
g; are in Q. Then 8! (q1,...,qx) = d,(q1,-..,qx) and 520’1>(q1,...,qk) = qa if
0s5(q1,---,qr) = q and 7 otherwise.

Similarly, to obtain the formula succy(x) it suffices to construct a finite
tree automaton M; over X' U (¥ x By) such that mark(t,w) € L(My) iff ¢ €
succpr(w). M, simulates M, but if it reaches the marked node, it switches
to state ¢. Formally, M, = (Q,¥ U (¥ x B1),0",F) and for 0 € X} and

Qe € Q00 @) = 0@y i) and 8 (@1, o) =¢. O

4 Tree-Walking Automata

A tree-walking automaton (see, e.g., [AhoUll, EngRozSlu, KamSlu]) is a finite-
state automaton that walks on a tree from node to node, following the edges
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of the tree (downwards or upwards). The automaton can test the label of the
current node, and it can test the labels of the incident edges. To enhance the
power of this basic model, we will allow the tree-walking automaton to test any
MSO definable property of the current node, using MSO formulas with one free
node variable. For a given tree ¢, two nodes v and v are in the node relation
computed by the automaton if the automaton can walk from u to v in ¢, starting
in an initial state and ending in a final state. In this section we define the tree-
walking automaton, and we show that its behavior is determined by a regular
“walking” language, consisting of all strings of instructions it can execute.

We start by defining the (infinite) set of instructions of our tree-walking
automata; they will be called directives (as in [KlaSch]). Let X' be an operator
alphabet. The set of directives over X is

Ds = {li]ierki(X)}U{t:|ie rki(X)} UMSOL,(¥).

A directive is an instruction of how to move from one node to another: |; means
“move along an edge labeled ¢”, i.e., “move to the i-th child of the current node
(provided it has one)”; 1; means “move against an edge labeled 7”, i.e., “move
to the parent of the current node (provided it has one, and it is the i-th child of
its parent)”; and ¥ (z) means “check that ¢ holds for the current node (and do
not move)”. Formally, we define for each ¢t € Tx; and each directive d € Dy the
node relation R;(d) C V; x V4, as follows:

Rt(iz) = {(U,’U) | (U,i,’l}) € Et}a
Rt(Tl) = {(U,’U) | (Uaiau) € Et}a and
Ry(yp(z)) = {(u,u) | (t,u) Fp(x)}.

Syntactically, a tree-walking automaton is just an ordinary finite automaton (on
strings) with a finite subset of Dy as input alphabet. However, the symbols of
Dy are interpreted as instructions on the input graph as explained above.

Let ¥ be an operator alphabet. A tree-walking automaton (with MSO tests)
over X is a finite automaton A over a finite subset A of Dy. We will call it a
basic tree-walking automaton if A contains no other Mso formulas than lab, (),
for all o € ¥, root(z), and Jy(edg;(y,z)), for all i € rki(X).

We note here that the directives 1;, 7 € rki(X), can be replaced by the single
directive 1, with R:(1) = {(u,v) | (v,i,u) € E; for some i € rki(X)}, for all
t € Tx. They are, however, convenient in examples and proofs.

For a tree-walking automaton A = (Q, A,0,1,F) and a tree ¢, an element
(q,u) of @ x V; is a configuration of the automaton. It signifies that A is in
state ¢ at node u. A configuration (g, u) is initial if ¢ € I, and finalif g € F. A
pair of nodes (u,v) is in the relation defined by A if A can move from an initial
configuration (g, u) to a final configuration (¢’,v). This is now formalized, in the
obvious way. Recall that, for a directive d, the state transition relation R4 (d) is
defined in Section 2, and the node relation R;(d) is defined above.

Let t € Ts. One step of A = (Q,A,6,I,F) on t is defined by the binary
relation — 4 ; on the set of configurations, as follows. For every ¢,¢' € @ and
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u,u’ € Vj,
(q,u) = ay (¢u) iff 3dE A (g,q) € Ra(d) and (u,u) € Ry(d).

To indicate the directive that is executed by A in this step, we also write

(q,u) —d»A’t (¢',u'). For each tree t € T'x;, A computes the relation
Ri(A) = {(u,v) € V; x Vi | (q,u) =%, (¢',v) for some ¢ € I and ¢' € F}.
Thus, A computes the node relation
R(A) = {(t,u,v) |t € Tx, (u,v) € Ri(A)}.

R(A) is called a regular node relation. The set of all regular node relations is
denoted REG-R.

Ezample 1. Let X be the operator alphabet YoU X5, with ¥y = {white, red} and
Y5 = {o}. We consider a tree-walking automaton A over X, i.e., an automaton
that walks on binary trees with white and red leaves. For a tree t over X, the
automaton A connects certain leaves of t, i.e., R;(A) consists of pairs (u,v) where
both u and v are leaves of ¢. If ¢ has exactly one red leaf, say v,eq, then all leaves
have a pointer to that red leaf, i.e., R¢(A) consists of all (u,vreqa) Where u is a
leaf. Otherwise, i.e., if there is no red leaf or if there is more than one, all leaves
are linked in left-to-right circular order, i.e., R;(A) consists of all (u,v) such that
v is the next leaf after u, in that order. Note that R;(A) is a partial function for
every t € Ty .

Let ‘orl’ be a closed MSO formula that is true iff there is exactly one red leaf,
i.e., orl = Jy(labrea(y) A Vz(labrea(2) = z = y)). We define A = (Q, A,4,I,F)
with Q = {qinarauapa d, Qﬁn}a I = {Qin}a F = {qﬁn}a A= {ilaslf2aT1aT2} U
{leaf(z) A orl,leaf(x) A —orl,labreq(z), root(x),leaf(x)}, and & consists of the
following transitions:

Gin, leaf (z) A orl,7), (gin, leaf(z) A —orl, u),
T, d7 ’I") for all d € {~L17 ~L27 Tla T?}: (T, labred(w)a qﬁn)7
u, T?a U), (ua I‘OOt(l‘), d)a (ua Tlap)a (pa ~L27 d)a and

(
(
(
(da Jfla d)a (da leaf(x), qﬁn)-

On a given tree, the automaton A first checks that it is at a leaf, and tests
whether or not there is exactly one red leaf. If so, it walks nondeterministically
on the tree (in state r) until it happens to find that red leaf. If not, it walks
to the “next” leaf along the shortest path: it first moves upwards over 2-labeled
edges as far as possible (in state u); then it either is at the root or it moves to
the other child of its parent (visiting its parent in state p); and finally it moves
downwards along 1-labeled edges as far as possible (in state d). O
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The node relation computed by a tree-walking automaton depends only on the
language (of strings of directives) it recognizes. In other words, for tree-walking
automata A; and A,, if L(A;) = L(A2) then R(A;) = R(Az2). We prove this
by associating a node relation with every language of strings of directives, in a
natural way (as is well known from program scheme theory, cf. [Engl]).

Let X be an operator alphabet. A walking language over X is a (string)
language over a finite subset of Dy. A walking string, i.e., a string from a walking
language, can be viewed as a sequence of instructions to be executed as a walk
on a tree; the language itself can be viewed as a nondeterministic choice between
such instruction sequences. This is formalized next. Let t € T's;. A walking string
w € D% computes the relation R;(w) CV; x V;, defined as follows: R;(¢) is the
identity on V4, and, for di,...,d, € Dy, Ri(dy -+ dy) = Re(dy) o0 Ry(dy,). A
walking language W C D3 computes the relation R (W) = [ J{R:(w) | w € W}.
Now, a walking language W computes the node relation R(W) = {(¢,u,v) | t €
Ty and (u,v) € Ry(W)}.

Example 2. We define a walking language W that computes the same node re-
lation as the tree-walking automaton A from Example 1. Let A be defined as in
Example 1. Then W is the regular language Wy U W5 over A, where

Wy = (leaf(z) Aorl) - {{1,2, 11, T2}" - labrea(z), and
Wy = (leaf(z) A —orl)- 15 {11 - |2, root(z)}- |1 -leaf(x).

Note that W = L(A). According to the next lemma this implies that R(W) =
R(A), which should also intuitively be clear. a

We now show that the node relation computed by a tree-walking automaton
depends only on the language it recognizes.

Lemma9. For every tree-walking automaton A, R(A) = R(L(A)).

Proof. Let A = (Q,A,4,I,F). We have to show that R;(A) = R;(L(A)) for
every tree t. It is straightforward to prove that, for all ¢q,¢' € Q, u,u’ € V;,
and w = dy - --d,, with d; € A, the following equivalence holds: there is a walk

(d0,u0) s (q1,w1) Sa - Bay (qnyun) of A on ¢ with (go,u0) = (q,1)
and (¢n,u,) = (¢',u’) if and only if (¢,¢') € Ra(w) and (u,u’) € Ri(w). This
equivalence implies that R;(A4) = {(u,u’) | g € I,¢' € F,w € A* : (¢,¢') €
R4(w) and (u,u’) € Ri(w)} = {(u,v') | Jw € L(A) : (u,u') € Re(w)} =
R (L(A)). 0

As a corollary we obtain the fact that a node relation can be computed by a
tree-walking automaton iff it can be computed by a regular walking language
(i.e., a walking language that can be recognized by a finite automaton).

Corollary 10. REG-R is the set of all R(W) where W is a reqular walking lan-
guage.
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It is not difficult to see how the well-known language operations of union (W; U
Ws), concatenation (W; - Ws), and Kleene star (W*), when applied to walking
languages, correspond to operations on the relations they compute. In fact, union
of languages corresponds to union of relations, concatenation of languages to
composition of relations, and Kleene star of a language to the transitive reflexive
closure of a relation. This is expressed in the next lemma (cf. Lemma 2.9 of
[Eng1]).

Lemmall. Lett be a tree over X, and let W, W1, Wy be walking languages over
Y. Then Rt(W1 U WQ) = Rt(Wl) U Rt(Wz), Rt(Wl . WQ) = Rt(Wl) ] Rt(WQ),
and Ry(W*) = R, (W)*.

Proof. The first equality is immediate from the definition of R;(W). It also
holds for arbitrary unions, i.e., if W; is a walking language for every i € N, then
Ri(U;en Wi) = Uien Re(Wi). The second equality is proved as follows:

Rt(Wl WQ) = Rt({wl - Wa | wy € Wl,’wg S WQ})
= U{Rt(wl "LUQ) | wy € Wl,’wg € WQ}
= U{Rt(wl) o Ry(w2) | w1 € Wi,wy € Wa}

= J{Ri(w1) [ w1 € Wi} o [ J{Ru(ws) | wa € Wa}
= Rt(Wl) ORt(WQ).

This implies that R;(W*) = R;(W)" for every i € N, and hence that R,(W*) =
Rt(UiGN W) = UieN Ry(W?) = UieN R(W)" = R (W)*. a

5 Characterizing MSO Node Relations

In this section we show one of our main results: a binary node relation can be
defined by an Mso formula iff it can be computed by a tree-walking automaton.
Moreover, if the formula defines a functional node relation on every tree, then the
automaton is deterministic. We also show that the MSO tests of the automaton
are really needed; there is a (functional) binary formula that cannot be computed
by any basic tree-walking automaton.

We first prove that the node relation of a tree-walking automaton is MSO
definable. Corollary 10 allows us to show in a straightforward way, using Kleene’s
theorem, that all regular node relations are MSO definable.

Lemmal2. REG-R C MSO-R.

Proof. Let A be a finite subset of Dyx. By Kleene’s theorem, the class of regular
(string) languages over A is the smallest class of languages that is closed under
union, concatenation, and Kleene star, and contains the empty language and
every language {d}, with d € A. By induction on this characterization we define
for every regular walking language W a formula ¢w (z,y) € MSOL2(X'), such
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that R(éw) = R(W). This proves the inclusion by Corollary 10. We use ‘false’
to stand for any formula that never holds (such as 3z : =(z = x)). Recall also
the definition of the transitive reflexive closure ¢*(z,y) of a formula ¢(z,y) from
Section 3 (just before Proposition 4). Let i € rki(X), ¢(x) € MSOL;(X), and
let W, W1, W5 be walking languages over Y. Then we define

og(z,y) = false

b1y (7, y) = edg;(z,y)
bir:y (2, y) = edg;(y, z)
DLp(a)} (@, ) = () A (T =y)
dw,ow, (2, y) = ¢w1 (,9) V ow, (7,y)
dw,-we (T,y) = 3z(dw, (2, 2) A dw,(2,1))
ow(z,y) = ¢ (z,y)

The correctness of the first four cases should be clear. The remaining three
cases follow from Lemma 11, together with the following equations that hold for
every tree t € T'x: Rt(¢W1UW2) = Rt(¢W1) U Rt(¢W1)7 Rt(¢W1-W2) = Rt(¢W1) °
Ri(dw,), and Ri(dw+) = Ri(dw)*, of which the last one follows from Proposi-
tion 4. O

We note here that Lemma 12 also holds for graphs in general, with the gen-
eralization of all relevant concepts from trees to graphs (in particular that of
a tree-walking automaton to a graph-walking automaton), see Theorem 5 of
[BloEngl]. However, in that case the inclusion is of course proper. For instance,
the relation that holds between two nodes u and v when they are in different
connected components of the graph, is Mso definable by the formula —(¢*(z, y))
where ¢(z,y) = edg(z,y) V edg(y, z). But a graph-walking automaton cannot
compute this relation, simply because it cannot walk from u to v. However, as
shown in Theorem 6 of [BloEngl], even for connected graphs there are node
relations that can be defined by an MSoO formula, but cannot be computed by a
graph-walking automaton.

We now prove the first main result of this paper. The idea of the proof is
similar to the one of Lemma 12 of [EngOos2], which is a key lemma in the proof
of the main result of [EngOosl, EngOos2], viz. the equivalence between context-
free graph grammars and MSO transductions of trees. In that lemma, there is
no tree-walking automaton, but an appropriate relabeling of the nodes of the
tree (instead of the MSO tests) and a regular language of strings of node labels
(similar to the walking language of the automaton, see Lemma 9).

Theorem 13. MSO-R = REG-R.

Proof. By Lemma 12 it suffices to show MSO-R C REG-R. Let X be an oper-
ator alphabet and let ¢(z,y) € MSOLy(X). By Corollary 6 (for ¥ = 2) and
Proposition 2 (applied to the resulting 1)) there is a finite tree automaton M
over ¥ U (X x Bs) such that for every tree ¢ € Ts; and nodes v and v of ,
(t,u,v) |E ¢(z,y) if and only if mark(t,u,v) € L(M).
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Let M = (Q, XU(X x Bs), d, F'). We will prove that there exists a tree-walking
automaton A over X with R(A) = R(¢), i.e., for every tree ¢t € Ty and nodes u
and v of ¢, (u,v) € R;(A) iff mark(¢,u,v) € L(M). This tree-walking automaton
A behaves in a special way: it walks along paths in the tree ¢ in which no edge
occurs more than once, that is, for every pair of nodes (u,v) € Rs(A) it always
takes the shortest path from u to v. In fact, A simulates the finite tree automaton
M on the path from u to v, using MSoO definable properties of the nodes on that
path to get information on the behavior of the automaton M on the rest of the
tree. More precisely, A simulates the computation of M on the path from u to
the least common ancestor lca(u,v) of u and v, and then simulates the reverse
computation of M on the path from lca(u,v) to v, nondeterministically.

The behavior of M on the parts of the tree outside the shortest path from u to
v, can be expressed through the formulas state,(z) and succ, () in MSOLy(X),
defined in Lemma 8. The formulas state,(x) are used to compute the state of
M at all those nodes that are children of nodes on the shortest path, but do not
lie on that path themselves. The formulas succ,(z) are used to check whether a
given state ¢ is successful at the node lca(u, v). The reader should realize that M
works on mark(t, u,v) whereas A walks on ¢. Thus, the formulas state,(z) and
succy () were defined for ¢, and not for mark(#, u,v). However, since the parts of
t outside the shortest path from w to v are labeled by symbols from ¥, Lemma 7
guarantees that A will test the correct information on the behavior of M.

We now define the tree-walking automaton A = (Qa,Aa,04,14,F4) over
X, To simplify the description of A we allow its transition relation § 4 to contain
transitions of the form (q,d; - - - dy, q¢') with ¢,¢' € Q4 and dy,...,d, € Aa;such
a transition stands for the n transitions

(qadlaq1)7 ((Ih d27 (I2), R (qn—Qadn—laqn—l): (qn—17 dnaql)

where ¢1,...,¢,—1 are (unique) new states.

The set, of states of A is Q4 = {gin,gan} U {up, | ¢ € Q} U {down, | ¢ € Q},
with 14 = {gin} and Fa = {gsn}. The states up, are used by A when walking
from a node u to lca(u,v) and simulating M, whereas it uses the states down,
when walking from lca(u, v) to the node v and simulating M reversely. We define
A4 to be the set of all directives that occur in d 4.

It remains to define d4. Let £k € N, 0 € X, and ¢,...,qk,q € Q. For each
such choice, 04 contains the transitions as specified below in points (1-8). Apart
from the formula succ,(z), we will use the unary formula

test(z) = lab, () AVm € [1, k] : Vy(edg,, (z,y) — state,,, (v))

which expresses that the current node has label ¢ and ¢y, ..., g; are the states in
which M reaches its children. Similarly, for i,j € [1, k] we will use the formulas
test;(«) and test; j(2) which are the same as test(z) except that the quantifica-
tion of m is restricted to [1,k] \ {i} and [1,k] \ {7, 7}, respectively. Recall that
By ={(1,0),(0,1),(1,1)} where (1,0) indicates v and (0, 1) indicates v (if u # v)
and (1,1) indicates both v and v (if u = v).
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(1) Start moving up:
if 5(0'71,0) (QIa R qk) = ¢, then

(gin, test(z),up,) € 6.

(2) Move one step up:
if 05(q1,-.-,qr) = q, then, for all i € [1, k],

(up,,, Ti - test;(z),up,) € da.

(3) Turn around:
if 05(q1,-..,qr) = g, then, for all 4, j € [1,k] with i # j,

(up,,, Ti -(test; j(z) A sucey(x))- |j,down,;) € 4.

(4) Move one step down:
if 05(q1,---,qr) = q, then, for all 7 € [1, k],

(downg, test; (x)- |, downg,) € 4.

(5) Stop moving down:
if 5(0'70,1) (QIa R qk) = ¢, then

(downyg, test(z), gfn) € dA.

Transition types (1-5) deal with the case that v and v are independent nodes,
i.e., one is not an ancestor of the other: A walks from u up to some node z, turns
around, and walks from z down to v. The fact that, when turning around, A
moves to a different child of z (in (3): i # j) guarantees that z = lca(u,v). In
the next transition types we additionally deal with the cases that v is a proper
descendant of u, that v is a proper ancestor of u, and that v = u, respectively.

(6) Start moving down:
if 0s,1,0)(q15- -+, qx) = ¢, then, for all i € [1, k],

(Gin, (test;(x) A sucey(z))- }i, downg,) € 4.

(7) Stop moving up:
if 5(0’0’” (ql, Cay qk) = ¢, then, for all i € [1, k‘],

(up,,, 1 -(test; (z) A succy(z)), gan) € 4.

(8) Start and stop:
if 6(0’,1,1) (q17 BEEE) qk) =q, then

(in, test(z) A succy (), gfin) € da.

This ends the description of the tree-walking automaton A. To show the correct-
ness of A the following three statements can be proved:
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(Sa) For every ¢ € Tx and all nodes u,v,w of t such that w is not an an-
cestor of v, (gin,u) =%, (up,,w) if and only if w is an ancestor of u and
).

q = statens mark(¢,u,v) (w

(Sb) For every ¢ € Tx and all nodes u,v,w of ¢t such that w is an ancestor
of v, (gin,u) =%, (downg,w) if and only if w is not an ancestor of u and

q € SUCCAL mark(t,u,v) (W)-

(Sc) For every t € T’y and all nodes u,v of t, (gin,u) =% ; (¢an,v) if and only if
StateM,mark(t7u,v) (U) € SUCCM, mark(t,u,v) (U)

Statements (Sa) and (Sb) can easily be proved by induction on the length of
the given walk, and on the distance between w and u. (Sa) is a consequence
of transition types (1) and (2), and (Sb) follows from (Sa) and transition types
(3), (6), and (4). Statement (Sc) can then be proved from (Sa) and (Sb), and
transition types (5), (7), and (8), by considering the last step of the walk and
the last node on the path from u to v. All the proofs need Lemmas 7 and
8. The details of the proofs are left to the reader. The correctness of A now
follows from (Sc) and Lemma 1: stateas mark(t,u,v) (V) € SUCCAL mark(t,u,v) (V) iff
mark(t, u,v) € L(M). O

We have proved that every Mso specification ¢(z,y) of a binary relation on the
nodes of a tree can be implemented by a tree-walking automaton A. However, in
general the automaton is nondeterministic, i.e., chooses nondeterministically its
way in the tree. This is of course unavoidable if, for some tree ¢, R:(¢) is not a
function: then there are distinct (u,v1) and (u,v2) in R;(¢) and, after starting at
node u, A has to walk either to v; or to vy, nondeterministically. We now show
that every functional MSO specification can be implemented on a deterministic
tree-walking automaton.

A node relation R is functional if, for every tree ¢, the relation {(u,v) |
(t,u,v) € R} is functional, i.e., is a partial function. We also say that an MsSO
formula, a tree-walking automaton, or a walking language is functional if it de-
fines or computes a functional node relation. The tree-walking automaton of
Example 1 and the walking language of Example 2 are functional. The walk-
ing languages in [KlaSch], which are described by so-called routing expressions
(similar to those in Example 2), are required to be functional.

A tree-walking automaton A = (Q,A,0,I,F) over ¥ is deterministic if
the following three conditions hold: (1) I is a singleton, (2) if (¢,d,q") € 6,
then ¢ ¢ F, and (3) for all distinct transitions (q,d1,q1),(q,d2,q2) € 9§, di
and dy are two mutually exclusive formulas in MSOL; (X'). Here, two formulas
¢1(z), p2(x) € MSOL1 (X)) are mutually exclusive if t = =3z(¢1(x) A ¢po(x)) for
every t € T'x; note that this holds iff L(3z(¢1 (z) A ¢2(z))) = 0, and hence is de-
cidable by Proposition 3. Obviously, every deterministic tree-walking automaton
is functional.

Theorem 14. For every functional tree-walking automaton A over X there is a
deterministic tree-walking automaton A’ over X with R(A") = R(A).

18



Proof. Let A =(Q,A,d,I,F). We may assume that [ is a singleton. If not, add
all transitions (gin,lab,(x),q), with o € ¥ and ¢ € I, to 0 where g, is the new
initial state.

The automaton A’ simulates A, but whenever A can choose between the
execution of several different transitions, A’ executes just one of these transitions,
after having tested that its execution can be continued with a successful walk of
A on the tree. To see that this is an MSO definable node property, let, for every
q € Q, swy(z) be the Mso formula such that (t,u) |= sw,(z) iff A has a successful
walk on ¢ that starts in configuration (g, u), i.e., (g,u) =%, (¢',v) for some final
configuration (¢', v). Note that swy(z) = Jy(¢q(x,y)), where ¢4(x,y) is the MSO
formula corresponding to the tree-walking automaton A, = (@, A,6,{q}, F)
according to Lemma 12. Now, for a transition (p,d,q) € 4, let swq4(z) be the
MsoO formula defined as follows: if d = |; then swq 4(2) = Jy(edg;(z,y) Asw,y(y)),
if d =1 then swq 4(z) = Jy(edg;(y, ) Aswy(y)), and if d = 1p(z) then swq 4(z) =
Y(x) A swy(z). Clearly, the formula swg,(x) expresses that the execution of
transition (p,d,q) can be continued with a successful walk.

Let (p,di,q1),---,(p,dn,qn) be all transitions in § that start with a state
p ¢ F. Corresponding to these, the automaton A’ has the following transitions,
where p1,...,pn are new states:

(p7 SWdy,q1 (x)apl)a (pa TSWdy,qy (1‘) N SWdy, g, (f),p2), tey
(pa TSWdy,q (:L”) N NSWd, gy (:E) N SWa, g, (w)apn)a
and (p17 d17 ql): R (pnadfh Qn)

The automaton A’ has no other transitions; it has the same initial state and final
states as A. Obviously, A’ is deterministic and computes the same node relation
as A. 0

Since every deterministic tree-walking automaton is functional, Theorems 13
and 14 together show that the class of node relations that can be computed
by deterministic tree-walking automata is exactly the class of functional MSO
definable node relations. In a formula: fMSO-R = dREG-R, where ‘f” and ‘d’
indicate functionality and determinism, respectively.

We end this section by showing that the MSO tests of the tree-walking au-
tomaton are necessary: the usual tree-walking automaton from the literature
(see, e.g., [AhoUll, EngRozSlu]) cannot compute all MSO definable node rela-
tions. Recall from Section 4 that a basic tree-walking automaton over X' is one
that uses only the MSO tests lab,(z), o € X, that test the label of node z, and
the MSO tests root(z) and Jy(edg;(y,)), ¢ € rki(X), that test whether x is the
root or the i-th child of its parent. A regular walking language that only makes
use of these MSO tests, is called a routing language in [KlaSch]. Regular tree
languages together with functional routing languages are proposed in [KlaSch]
as a way of defining recursive data structures, built with pointers. Recursive
data structures have an intrinsic tree structure, determined by a regular tree
language. The routing languages are used to specify additional pointers in the
tree structure, for instance to produce the data structure of circularly linked lists
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or root-linked binary trees. If ¢ is an instance of a data structure (i.e., a tree),
a tuple (u,v) in the relation defined by the routing language signifies a pointer
from node u to node v. Since the routing language is functional, the pointer at u
has a unique destination v. It is shown in [KlaSch] that many useful data struc-
tures can be defined in this way. We show here that there are data structures
that can be defined by functional regular walking languages, but not by routing
languages. Note that by Lemma 9 a node relation can be computed by a routing
language iff it can be computed by a basic tree-walking automaton.

Theorem 15. There is a deterministic tree-walking automaton A, such that
there is no basic tree-walking automaton B with R(B) = R(A).

Proof. Let X be the operator alphabet of Example 1, and let A,eq be the tree-
walking automaton of Example 1. Since A,eq is functional, there is a deterministic
tree-walking automaton A that computes the same node relation, by Theorem 14.
This node relation cannot be defined by a basic tree-walking automaton. We
prove so by contradiction.

Suppose there is a basic tree-walking automaton B = (Q, A, 6, I, F) with
R(B) = R(Aved).- We may assume that I = {qo}, cf. the proof of Theorem 14.
Intuitively, when B starts at a leaf u of a tree with white leaves only, it first
would have to visit all other leaves in order to be sure that they are all white.
However, in doing so, B cannot remember its starting point u, and therefore
is not able to find the leaf that is next to w in the left-to-right circular order.
Formally this is proved as follows.

Let t be any tree over X with #Q + 1 leaves, which are all white. Let #'
be the tree obtained from ¢ by changing the label of one of the leaves, say, the
first leaf, into red. Name the leaves in both trees ug through uxg in left-to-right
order. Thus, ug is white in ¢ and red in #', and wuy,...,uxg are white in both
trees. In the following, let succ(k) = (k + 1) mod(#@ + 1), giving the successor
of a node number in left-to-right circular order. Since ¢ has no red leaves, for
every k € [0, #Q)], there is a state fy € F, such that (qo,ur) =5 (fi>Usuce(k))-
On the other hand, since ¢’ has exactly one red leaf, for all £ € [0,#Q — 1],
there is no f € F such that (qo,ur) =% 4 (f; Usuce(r))- This implies that for all
k € [0, #Q — 1] the walk of B on t from ug t0 Ugyce(r) must visit ug. In fact, if
it would not visit ug the same walk could also be done on t' because B cannot
test the label of a node that it does not visit. Since the walk on ¢ from uxg to
ug also visits ug, this means that for all k € [0, #Q)], there is a ¢ € Q, with

(q0,ur) _»*37;: (qks 1) _»*B,t (fkausucc(k))'

But since there are #(Q + 1 possibilities for k, and only #Q states, there have
to be distinct k, k' € [0, #Q)] such that g, = qx . This implies

(q0,ur) =5t (qr,ur) = (qrrsw1) =5 (frrs Usuce(r))

and thus (ug, Usyce(r)) € Re(B) with k # k', a contradiction. O
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This shows that, when defining additional pointers in trees, MSO specifications
are more powerful than routing languages. Moreover, MSO logic is of course a
higher level specification language than regular expressions or finite automata.
With respect to efficiency, it is shown in [KlaSch] that, in recursive data struc-
tures, the pointers that are defined by (functional) routing languages can be
computed in linear time. It will be shown in Section 7 (Theorem 21) that func-
tional MSO specifications can be evaluated just as efficiently as functional routing
languages. Altogether, when defining additional pointers in trees, one may as well
use MSO specifications instead of routing languages.

Tree-walking automata can also be used to recognize tree languages: for a
tree-walking automaton A over X, the tree language recognized by A is {t € T’y |
(root(t),root(t)) € Ri(A)}. It is not difficult to prove, using Proposition 2 and
Theorem 13, that tree-walking automata with MSO tests recognize exactly the
regular tree languages. In analogy to the case of node relations (Theorem 15),
we conjecture that there is a regular tree language that cannot be recognized
by a basic tree-walking automaton. A similar result has been proved in The-
orem 5.5 of [KamSlu]. However, the tree-walking automaton in [KamSlu] has
directive 1 instead of all directives 1; with 7 € rki(X'), and does not have the
tests Jy(edg;(y, x)), 7 € rki(X). This means that it cannot test the “child num-
ber” of a node, and hence it cannot even perform a systematic search of the
input tree. Such an automaton seems to be too weak to be interesting. The tree-
walking automata of [AhoUll, EngRozSlu, KamSlu] are also of this type, but
they are used to compute string transductions, and hence the child number of a
node of the input tree can always be added to its label.

6 Characterizing MSO Node Properties

In this section we show our second main result: a node property can be defined
by an MSO formula iff it can be computed by an attribute grammar of which
all attributes have finitely many values. We start by recalling some terminology
concerning attribute grammars (see, e.g., [Knu, DerJouLor, Eng2]). Then we de-
fine the so-called node-selecting attribute grammar, which computes a property
of the nodes of the input tree, and show that these attribute grammars compute
exactly the MsO definable node properties. Finally, we define the concept of an
attributed relabeling of the nodes of a tree, and characterize the MSO definable
node relations by basic tree-walking automata that walk on relabeled trees.

Attribute Grammars

In order to allow the attribute grammar to work on arbitrary trees over an op-
erator alphabet, rather than on derivation trees of an underlying context-free
grammar, we consider a slight variation of the attribute grammar that was in-
troduced in [Fil]. The semantic rules of the attribute grammar are grouped
by operator rather than by grammar production, and there are special seman-
tic rules for the inherited attributes of the root. All operators have the same
attributes.
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Let X' be an operator alphabet. An attribute grammar over X is a six-tuple
G=(X,51,12,W,R) where

3] is the input alphabet.
— S is a finite set, the set of synthesized attributes.
I, disjoint with S, is a finite set, the set of inherited attributes.
2 is a finite set of sets, the semantic domains of the attributes.
- W:(SUI) — 2 is the domain assignment.
R describes the semantic rules; it is a function that associates a set of rules
with every o € X' U {root}:
e For o € X, R(0) is the set of internal rules for o; R(c) contains one rule

<a07i0> = f(<a17i1>7 ERD) <a7‘77:7“>)

for every pair (ag,ig), where either ag is a synthesized attribute and
io = 0, or ag is an inherited attribute and iy € [1,rk(o)]. Furthermore,
r>0,a1,...,ar € SUI, i1,...,ip € [0,rk(0)], and f is a function from
W(ay) x -+ x W(a,) to W(ap).

e R(root) is the set of root rules; R(root) contains one rule

(a,0) = f({a1,0),...,{ap,0))

for every ag € I, where r > 0, ayq,...,a, € SUI, and f is a function
from W(ay) x -+ x W(a,) to W(ap).

Usually, for an (internal or root) rule (ap,i0) = f({a1,%1),- .-, {(an, i) the func-
tion f is given as f = Axy,...,z,..e for some expression e with variables in
{z1,...,z,}. We will then informally denote the rule by {(ag,ig) = €’ where €’ is

obtained from e by substituting («;,i;) for z;, for all j € [1,r].

Noncircularity is defined for attribute grammars in the usual way, and can
be tested in the usual way (see [Knu]). All attribute grammars are assumed to
be noncircular.

If all sets in (2 are finite, then G is said to be finite-valued. This means that
each attribute has finitely many values. For our characterization of MSO definable
properties we will consider finite-valued attribute grammars only.

Let ¢ be a tree over X. The set of attributes of ¢ is A(t) = (SUT) x V;. We
now define how to give the correct values to the attributes of the tree. Let dec be
a function from A(t) to U2, such that dec({a,u)) € W(a) for all {a,u) € A(t).
Recall from Section 2 that, for u € V;, u - 0 = u. The function dec is a rootless
decoration of t if all internal rules are satisfied, i.e., for every node u € V; and
every rule

<Oéo,i0) = f(<a17i1>a IR (ahir»
in R(lab(u)),

dec({o,u - i0)) = f(dec({ar,u-i1)),...,dec({ar,u - ir})).
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The function dec is a decoration of t if it is a rootless decoration of ¢ and,
moreover, all root rules are satisfied, i.e., for every rule

<a070> = f((aho)a IR (ahO))
in R(root),
dec({ag,root(t))) = f(dec({a1,ro0t(t))),- .., dec({a;, root(t)))).

Since G is noncircular, every tree ¢t has a unique decoration, which will be denoted
by decg,:. This decoration can be computed bottom-up, in a nondeterministic
way. That is of course not the way it is usually done, but we need it to show that
a finite tree automaton can simulate an attribute grammar with finite semantic
domains. The idea is to compute a rootless decoration of every subtree of the
input tree, and check the root rules at the root. The following easy lemma shows
how to make a bottom-up move in the tree. Recall from Section 2 that ¢, denotes
the subtree of ¢ rooted at node u.

Lemma 16. Let t be a tree over X, and let u be a node of t. A function dec is
a rootless decoration of t, iff the following conditions hold:

— the restriction of dec to A(ty.;) is a rootless decoration of t,.;, for every
i € [1,rk(labs(u))], and

— for every rule
<a07i0> = f(<a17i1>7 ERR) <a7‘77:7“>)
in R(lab:(u)),

dec({ao,u - io)) = f(dec({ar,u-i1)),...,dec({ar,u-1i))).

The Characterization

The purpose of attribute grammars is to define attributes of the nodes of a tree,
and thus, in particular, properties of these nodes. MSO formulas with one free
variable can also be used to define properties of the nodes of a tree. These two
methods turn out to be equivalent when we restrict the attribute grammar to
be finite-valued, as will be shown in this subsection.

In order to define one particular node property with attribute grammars, we
use an attribute grammar G with a designated boolean attribute p. Given a tree
t, the attribute grammar “selects” all nodes u of ¢ with decg ((p,u)) = true.

A node-selecting attribute grammar over X is a pair (G, p) where G is a
finite-valued attribute grammar over X', and p is a boolean attribute of G, i.e.,
W (p) = {true, false}. The node property computed by (G, p) is

P(G,p) ={(t,u) | t € Ts;,u € V; and decg({p,u)) = true}.

P(G,p) is called an ATT-computable node property, and the set of all ATT-
computable node properties is denoted ATT-P. We will prove that MSO-P =
ATT-P.
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Lemmal7. ATT-P C MSO-P.

Proof. Let (G,p) be a node-selecting attribute grammar over ¥, with G =
(X,S,1,02,W,R). To show that the node property P(G,p) is MSO definable,
it suffices, by Proposition 2 and Corollary 6 (for k¥ = 1), to construct a nondeter-
ministic finite tree automaton M = (@, X U (¥ x By),0, F) such that, for every
t € Ty and u € V4, (t,u) € P(G,p) iff mark(¢,u) € L(M). In other words, M
should recognize an input tree mark(¢,u) iff decg ((p,u)) = true. To do this,
M simulates the attribute grammar G on t, by calculating a rootless decoration
of each subtree of ¢, in a nondeterministic way. Moving up in the tree, it makes
sure that all internal rules of G are satisfied. At the marked node of mark(¢, u)
it makes sure that the rootless decoration assigns the value true to attribute p.
M accepts mark(t,u) if the final rootless decoration satisfies the root rules. To
compute the rootless decorations, it suffices by Lemma 16 that M keeps in its
finite control the values of the attributes of the current node according to the
(guessed) rootless decoration of the subtree rooted at that node.
The set of states and the set of final states of M are

Q={d:SUIl > UN|VaeSUI:da) e W(a)},
F={deQ|Ya0) = f({ar,0),...,{an,0)) € R(root) :
d(ao) = f(d(al), .. ,d(ar))}.

Please note that (@ is indeed finite, because G is finite-valued. The automaton M
has the following transition relations. For o € X, it makes sure that all internal
rules at o are satisfied:

50 = {((dla v 7dk)ad0) | v<05077:0> = f(<a17i1>7 Ty <a7‘77:7“>) € R(U) :
di, (ao) = f(dll (041), s di, (aT))}a

and, for (o,1) € X} x By, it does so too, and at the same time makes sure that
the designated boolean attribute is set:

8oy = {((d1,...,dy),do) € 65 | do(p) = true}.

This ends the construction of M. To show its correctness, let ¢’ be a tree over
Y U (X x By), and let t be the tree over X obtained from ¢' by changing every
label (o, 1) into o. It can easily be proved by bottom-up induction on v, using
Lemma 16, that for every node v (of both #' and t), d € statep(ar) .y (v) iff
there is a rootless decoration dec of ¢, such that (1) d(a) = dec({(a,v)) for
every a € T U S, and (2) dec((p,u)) = true for every marked node u € Vi
(i.e., for every descendant u of v with label (o,1) in #', for some o € X). Now,
statep(ary,¢ (root(t')) N F # O iff for every marked node u € Vi, the unique
decoration decg s of t by G has decg +({p, u)) = true. This shows that, for every
t € Ty and u € Vi, mark(t,u) € L(M) iff decg({p,u)) = true iff (t,u) €
P(G, p). O
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Theorem 18. MSO-P = ATT-P.

Proof. By Lemma 17 it now remains to show that Mso-P C ATT-P. Let ¢(x) be
a formula in MSOL, (X). By Corollary 6 (for k¥ = 1) and Proposition 2, there is
a finite tree automaton M = (Q, X U (X x By), 4, F') such that, for every ¢t € T’s;
and u € V;, (t,u) € P(¢) iff mark(t,u) € L(M).

We will construct a node-selecting attribute grammar G = (X, 5,1, 2, W, R)
over X with designated attribute p, such that P(G,p) = P(¢). In other words,
G should be constructed in such a way that for every ¢ € Tx and u € V4,
deca,i({p,u)) = true iff mark(¢,u) € L(M).

The attribute grammar G has inherited attribute 3, with semantic domain
P(Q), and synthesized attributes «, u, and p, with semantic domains @, @, and
{true, false}, respectively. Formally we define S = {«, u,p}, I = {8}, and 2 =
{Q,P(Q), {true, false} }, and W is defined as W (a) = W(u) = Q, W(B3) = P(Q),
and W (p) = {true, false}.

Intuitively, for a tree ¢t over Tx; and a node u of ¢, the value of a at u is
staterr,t(u) and the value of 3 at w is succar¢(u), i.e., @ and 3 simulate the
behavior of the tree automaton M on the unmarked parts of mark(¢, ). Thus, if
u has label o, then mark(t, u) is recognized by M if §(,,1y applied to the a-values
of its children yields a successful value, i.e., a value in 3. Attribute u computes
this value, and attribute p of u is true if and only if it is in 3.

The set R(0), for o € X}, consists of the internal rules

(a,0) = 0, ({a, 1), {0, 2), ..., {a, k))
(:Uf, >_5(01)(<a 1> (a 2) "'7<a7k>)
By0) ={g € Q[ ds({, 1),...,¢,..., (o, k)) € (3,0)} for 1 <i <k

(3

(p,0) = ({1, 0) € (5,0))

where 0, ({at,1),...,¢, ..., (@, k)) stands for é,(e1,...,ex) with e; = (o, j) for

all j € [1,k]\ {i} and e; = q.
The set R(root) of root rules consists of one rule:

(8,0) = F

This ends the construction of G. Clearly, G is noncircular. In fact, it is a two-
pass attribute grammar (cf. [Boc, Eng2]): in the first pass over the input tree all
values of a and p can be computed bottom-up, and in the second pass all values
of 8 and p can be computed top-down.

To show the correctness of G, let ¢t be a tree over Y. In what follows we
write ‘dec’ instead of ‘decq . Since the rules for a and # mirror the inductive
definitions of stateys+ and succy s, respectively, it immediately follows that for
every node u of ¢, dec({a,u)) = statear,(u) and dec((3,u)) = succar,(u). We
now claim that for every node u of ¢, dec({u,u)) = statensmark(t,u)(u). In fact,
by the semantic rule for p, dec({(u, u)) = 6.5 1y(dec({a,u-1)),...,dec({a,u-k})))
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where o € X}, is the label of u. Since for every i € [1,k], dec({a,u - i)) =
statenst(u - i) = statens mark(¢,u) (¥ - 7) by Lemma 7(1), we obtain

dec((,u, u>) = 6(0,1) (StateM,mark(t7u) (u ) ]-)7 s 7StateM,mark(t7u) (u : k))

= staters mark(t,u) (%)

which proves the claim. Since, for every node u of ¢, dec({(8,u)) = succps,e(u) =
SUCCAL mark(t,u) (4) Dy Lemma 7(2), it follows from Lemma 1 that dec({(p,u)) =
(statens mark(s,u) () € SUCCH mark(t,u) (@) = (mark(t,u) € L(M)). This shows
the correctness of G. O

Attributed relabelings

In Section 5 we have characterized the MSO definable binary node relations to
be those that are computed by tree-walking automata. However, these automata
still make use of MSO tests, i.e., they test MSO definable node properties. The
results of this section now allow us to give an “MSo-free” characterization of the
MSO definable node relations. To this aim we define the notion of an “attributed
relabeling”: it is a relabeling of the nodes of a tree by the value of a designated
attribute. Formally this is defined as follows.

Let ¥ and A be operator alphabets (the input and output alphabet, re-
spectively). A relabeling attribute grammar from X to A is a pair (G, p) where
G is a finite-valued attribute grammar over X, and p is an attribute of G
with semantic domain A (i.e., W(p) = A), such that for every ¢ € Tx and
u € Vi, decgt({p,uw)) has the same rank as lab,(u). The relabeling computed
by (G,p) is r(G,p) = {(t,t') € Ty x Ta | Vi = Vi, By = E;, and laby (u) =
deca t((p,u)) for all u € V;}. 7(G, p) is called an attributed relabeling. Note that
it is a total function T, — Ta. The set of all attributed relabelings is denoted
ATT-REL.

If h is an attributed relabeling from X' to A, and R is a binary node relation
over A, then h~™!(R) is the binary node relation over X defined by h='(R) =
{(t,u,v) | (h(t),u,v) € R}. Thus, h~!(R) defines the same node relation on a
tree t € T'x as R does on the relabeled tree h(t) € Ta.

By BREG-R we denote the set of node relations that are computed by basic
tree-walking automata, and by ATT-REL™!(BREG-R) we denote the set of all
node relations h~'(R) with h € ATT-REL and R € BREG-R. Intuitively, a node
relation R’ in ATT-REL™!(BREG-R) is computed in two stages: for a tree ¢, an
attribute grammar is used to relabel the nodes of ¢ and then a basic tree-walking
automaton is used to walk from u to v on the relabeled tree, for every (¢,u,v) €
R'. We now show that ATT-REL™'(BREG-R) is exactly the class of MSO-definable
node relations.

Theorem 19. MSO-R = ATT-REL™!(BREG-R).

Proof. By Theorem 13 it suffices to show REG-R = ATT-REL™!(BREG-R). We
first prove ATT-REL™!(BREG-R) C REG-R. Let h = r(G,p) be an attributed
relabeling from X to A, and let A be a basic tree-walking automaton over A.
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We claim that for every § € A there is a formula ¢s(z) in MSOL;(X) such
that for every t € Tx and u € Vi, (t,u) F ¢s(x) iff labpy)(u) = d. In fact,
let (G',p') be the node-selecting attribute grammar that is obtained from G
by adding a synthesized boolean attribute p’ which has, for every o € X, the
internal rule (p’,0) = ((p,0) = J). Clearly, P(G",p') = {(t,u) | labp)(u) = d}
and hence, by Theorem 18, this node property is MSO-definable, i.e., there is
a formula ¢s(x) that satifies the above requirement. Now define A’ to be the
tree-walking automaton (with MSO tests) over X' that is obtained from A by
changing every transition (gq,labs(z),q") into (g, ¢s(z),q"). It should be clear
that R(A") = h=1(R(A)).

It remains to show that REG-R C ATT-REL™!(BREG-R). Let A be a tree-
walking automaton (with MSO tests) over X, and let ¢y (z),...,¢n(x) be the
unary MSo formulas that appear in the transitions of A. By Theorem 18 there are
node-selecting attribute grammars (Gj, p;), for i € [1,n], such that P(G;, p;) =
P(#;). Define the operator alphabet A = X' x {true, false}” with rk(, b1, ...,by) =
rk(o) for all (o,b1,...,b,) € A. We now construct the relabeling attribute
grammar (G,p) by taking the (disjoint) union of all G;, in the obvious way,
and adding the synthesized attribute p with semantic domain A which has, for
o € X, the internal rule (p,0) = (o, (p1,0),...,{(pn,0)). We define A’ to be
the basic tree-walking automaton over A that is obtained from A by changing
every transition (g, $i(x),q') into all transitions (g,lab(,, .. 5.)(2),q") for all
o € X and all by,...,b, € {true,false} with b; = true. It should be clear that
h™*(R(A")) = R(A). Note that A’ does not even need the tests root(z) and
Jy(edg;(y, z)). Thus, this theorem also holds for the tree-walking automata of
[AhoUll, EngRozSlu, KamSlu], cf. the end of Section 5. O

By a slight adaptation of the proof, it can be shown that the construction of the
tree-walking automata preserves determinism. Hence, in a formula, fMSO-R =
ATT-REL™! (dBREG-R), cf. Theorem 14 and the remark following it.

7 Time Complexity

Let X' be an operator alphabet, and let ¢(x1,...,2r) € MSOL,(X) be a fixed
MSO formula with & > 0 free node variables. In this section we investigate the
time complexity of computing the node relation R:(¢), for given ¢t € T'x.

It is well known that it can be checked in linear time, for a tree ¢t and nodes
u1,-..,ur of t, whether or not (u1,...,ux) € Ri(¢). In fact, by Corollary 6
and Proposition 2 there is a (deterministic) finite tree automaton M such that
(t,ur,...,ur) E ¢(x1,...,2) iff mark(t,uq,...,u;) € L(M). Converting ¢ into
mark(¢,uy,...,ut) and running M on mark(¢, us, ..., ur) takes linear time.

Here we wish to consider the complexity of computing R:(¢), for a given
tree t; in other words, on input ¢, we want to compute all node sequences that
satisfy the formula ¢. A naive way of doing this is to use the above linear time
algorithm for all possible node sequences (u1, .. .,u). That takes time O(n**1),
where n is the size of the tree . But we can do better than that.

27



Theorem 20. Let X be an operator alphabet and let ¢(zq,...,x) be a fized
MSO formula in MSOL(X) with k > 1. For t € Tx;, Ri(¢p) can be computed in
time O(n*), where n is the size of t.

Proof. First we consider the problem for formulas with one free node variable,
ie,, £ = 1. With the help of Theorem 18 we can transform ¢(x;) to a node-
selecting attribute grammar (G, p), with R(¢) = P(¢) = P(G, p), or, in other
words, (t,u) |= ¢(z1) iff decg . ({p,u)) = true. It is well known that attribute
evaluation takes linear time, counting the computation of a semantic rule as
one unit of time (see, e.g., [DerJouLor, Eng2]). Since G is finite-valued, the
computation of a semantic rule takes constant time, and so it takes linear time
to find all u such that decg +((p,u)) = true.

Now suppose k > 1. Using Lemma 5 (with j = k — 1), ¢(x1,...,xx) can be
transformed into an MSO formula v (z) over ¥ U (X X Bj—1) with one free node
variable, such that

(taula' .. 7“16) |: ¢('T17' .. ,$k) iff (mark(taula v aukfl)auk) ': 1/’(9”)

For any w1,...,ug—1 € Vi, we can construct mark(¢,us,...,ur—1) and then
find all u such that (mark(¢,uy,...,uk—1),ur) = ¥(z) in O(n) time, by us-
ing an attribute grammar, as shown above. There are O(n*~1) possible com-
binations for ui,...,u_1, so the time needed to find all uy,...,u; such that
(mark(t,uy, ..., up—1),ur) E (z) is O(n*). O

For binary formulas ¢ an important special case is that ¢ is functional, i.e.,
specifies a partial function on the nodes of every tree (see Theorem 14 where
we have shown that such MSO formulas are computed by deterministic tree-
walking automata). By Theorem 20, R;(¢) can be computed in quadratic time.
We now show that it can in fact be computed in linear time. The proof is a
straightforward generalization of the one in [KlaSch] (Appendix A3), where this
result is shown for functional routing languages, i.e., for basic deterministic tree-
walking automata.

Theorem 21. Let X be an operator alphabet and let ¢(x,y) be a fized functional
MSO formula in MSOLy(X). For t € T, Ri(¢) can be computed in linear time.

Proof. This follows immediately from Theorem 19 and the result of [KlaSch]
mentioned above, using the fact that attribute evaluation takes linear time as in
the proof of Theorem 20. However, for completeness sake, we give a direct proof
that uses Theorem 20 instead of Theorem 19, and is just a slight generalization
of the proof in [KlaSch].

Let ¢t be a tree over X. To be able to compute R;(¢) in linear time, we
first transform ¢(z,y) into an equivalent deterministic tree-walking automaton
A=(Q,A,0,{q}, F) over X, as was shown in Theorems 13 and 14. Thus, for
every tree t € Ty and nodes u and v of t, (u,v) € Ri(d) iff (u,v) € Ri(A) iff
(q0,uw) =% 4 (a5,v), for some gy € F.
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The algorithm that computes R:(¢) is in two stages. In the first stage it
computes and stores the sets {u | (t,u) E ¥(x)}, for every formula ¢(z) €
MSOL; (X) that occurs in A. By Theorem 20 this takes linear time.

The second stage of the algorithm, shown below, is taken over (almost) lit-
erally from [KlaSch]. In the second stage a table T is computed that is indexed
with the configurations of the automaton A, walking on ¢. For every configura-
tion (¢q,u) € @ x Vi, T'[g,u] contains the unique node v with (q,u) =% ; (¢r,v),
for some ¢y € F, if such a node exists. If it does not, T'[¢,u] = NIL. Then
Ri(¢) = {(u,v) € V; x V; | T[qo,u] = v}. The algorithm employs a queue L of
configurations that is initially empty.

type
Config = @Q x V;;
var
T : array [Config] of V; U {NIL};
(¢,u), (¢',u') : Config;
L : queue of Config;
begin
Init(L);
for all (¢q,u) € Q@ x V; do
T[q,u] := NIL
od;
for all (¢,u) € F xV; do
Tlq,u] == u;
L <= (g,u)
od;
while - IsEmpty(L) do
(¢ u') < L;
for all (¢,u) € @ x V; with T[q,u] = NIL and (q,u) -4, (¢',u') do
Tlq,u] := Tlq',u'};
L <= (g,u)
od
od

end

In this algorithm, Init initializes the queue, L < (¢,u) adds (g, u) to the end of
queue L, (¢',u") <= L removes the first element from the queue and assigns it to
(¢',u'), and IsEmpty(L) returns true if L is empty.

The correctness of the algorithm should be clear: in the second for-loop, the
table is filled in correctly (with respect to the intended contents of the table)
for all final configurations. From there on, the automaton is followed back on
its walk, and every possible previous configuration is filled in correctly. Every
configuration (g,u) that has a walk leading to a final configuration (g¢,v) is
eventually considered, as can easily be shown by induction on the length of the
walk (q,u) =%, (qr,0).

The algorithm runs in time O(n), where n is the size of the tree or, equiva-
lently, the number of configurations. In fact, since each configuration is placed
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in the queue at most once, the last for-loop (within the while-statement) is
executed O(n) times. Thus, it remains to show that each execution of that for-
loop takes constant time. Let (¢’,u') be the configuration considered in such an
execution. Because the automaton A is fixed, there is a fixed number of tran-
sitions (q,d,q') € §. For each such transition, there is at most one u such that

(q,u) —d»A,t (¢',u'). Tt should be noted that every such wu is either u' itself or
one of its immediate neighbors in ¢, and that it can be computed in constant
time. For the directives d =1, u exists iff ¢ € [1,rk(labs(u'))], and v = u' - 3.
For the directives d = |;, u exists iff u’ has a parent v with ' = v - ¢, in which
case u = v. Finally, for the directives d = ¢ (), u exists iff (¢,u') = (), in
which case u = u’. Note that the latter test takes constant time because the set
{u' | (t,u") = ¥(x)} has been precomputed in the first stage of the algorithm.
Thus, only a constant number of configurations (¢, u) have to be considered and
they can be computed in constant time. ad

Theorem 20 states that we can find R;(¢) in O(n*) time if ¢ has k free node
variables. Using Theorem 21 we can speed up the calculation of R;(¢) for for-
mulas with more than one free node variable, if one of the variables depends on
(some of) the others.

First we define dependency. We speak of a dependency in a relation when
the value of one of the elements of a tuple in the relation is fully determined by
the value of some of the others. Formally, let R be a k-ary relation, i € [1,k],
and D C [1,k]. We say that ¢ (functionally) depends on D (in R) if for all
(@1,...,ax),(al,...,a}) € R with ag = d/, for all d € D, qa; is equal to a.

Theorem 22. Let X be an operator alphabet and let ¢(z1, ..., zx) be a fized MSO
formula in MSOL(X) with k > 2. Let there be an i € [1,k], and a D C [1,k]
with i ¢ D, such that i depends on D in R(¢) for every t € Tx. Then, for
t € Ts, Ri(¢) can be computed in time O(n*=1).

Proof. The case k = 2 is proven in Theorem 21: for i = 2, R;(¢) is functional,
and for 7 = 1 the inverse of R;(¢) is functional.

For the other cases, without loss of generality, we can assume ¢ = k and
D = [1,k—1]. What we will do is the following. For every possibility for the first
k —2 arguments, we build a tree with k — 2 marks at the appropriate places, and
we have a formula checking the last two arguments, in which the last argument
depends on the previous one.

Using Lemma 5 (with j = k — 2) we transform ¢(z1,...,z)) into an MSO
formula ¢ (z,y) over ¥ U (¥ X Bi_2) with two free node variables, such that

(tyur,...,ur) |E d(x1,...,21) & (mark(t, uy, ..., up—2),up—1,ur) = ¥(z,y).

Moreover, without loss of generality, we may assume that (¢, ug_1,ur) = ¥(z,y)
does not hold whenever ¢’ is not of the form mark(t,uy,...,u;_2). In fact, it
should be clear that {mark(¢,uy,...,ug—2) | t € Tx,u1,...,up—2 € V;} is a
regular tree language, and hence can be expressed with a closed MsO formula
by Proposition 2. For all tuples (w1,...,ur—1,u;) and (u1,...,ux—1,u}) in the
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relation R:(¢), by the given dependency of k on [1,k — 1], uy is equal to uj.
Hence, if

(mark(t, w1, ..., uk—2), up—1,ur) =¥ (x,y),
and

(mark (¢, w1, ..., up—2),ur—1,u) E ¥(z,y),

then ug = uj. So, Rmark(t,u,...,ur_») () is functional. Hence, by the above as-
sumption, 1 (z,y) is functional.

For any sequence of nodes uy,...,ur—2 € V4, we can find the corresponding
marked tree mark(¢, uq, ..., ug—2) in O(n) time. Because ¢ (x, y) is functional, we
can then find all pairs (ug_1,ur) such that (mark(¢,uy,..., ug_2),up—1,ur) E
Y(z,y) in O(n) time, as shown in Theorem 21. There are O(n*~2) possible
combinations for uy,...,ur_2, so the time needed to find all uy,...,u; such
that (mark(t,us, ..., ug_2),up—1,ut) = ¥(z,y) is O(n*=1). a

The assumption in Theorem 22 is decidable, i.e., it is decidable for a formula
¢(z1,...,x) € MSOLE(X), i € [1,k], and D C [1,k], whether or not ¢ func-
tionally depends on D in R:(¢) for all ¢t € Tx. In fact, this holds if and only if
L(—funcy; p) = 0, for the closed formula

funcgip =Vo1,..., 2k, Y1, .-, Yk
(¢($1,...,$k) A¢(ylaayk) AVd € D(CEd zyd)) — Ti = Yi,

which is decidable by Proposition 3. In particular it is decidable whether or not
an Mso formula is functional, cf. [KlaSch] (Appendix A4).

We finally note that it follows from Theorem 20 that every MSO definable
graph transduction of which the input graph is a tree (cf. the Introduction) can
be computed in quadratic time. Moreover, if all outgoing edges of each node
of the output graph have distinct labels (as, e.g., for term graphs), then, by
Theorem 21, it can be computed in linear time. In particular, MSO definable tree
transductions can be computed in linear time. As mentioned in the Introduction,
it is shown in [Blo, BloEng2] that they can in fact be computed by two-stage
attribute grammars.
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