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Abstract

The artificial neural network with one hidden unit and the input units con-
nected to the output unit is considered. It is proven that the error surface of
this network for the patterns of the XOR problem has minimum values with
zero error and that all other stationary points of the error surface are saddle
points. Also, the volume of the regions in weight space with saddle points is
zero, hence training this network, using e.g. backpropagation with momen-
tum, on the four patterns of the XOR problem, the correct solution with error
zero will be reached in the limit with probability one.

1 Introduction

A central theme in neural network research is to find the right network
(architecture and learning algorithm) for a problem. Some learning algo-
rithms also influence the architecture (pruning and construction, see e.g. [5,
7]). In our research [1, 2, 3] we are trying to generate good architectures for
neural networks using a genetic algorithm which works on strings containing
coded production rules of a graph grammar (L-systems). These production
rules result in an architecture and training of the architecture on a given prob-
lem results in a fitness for the given string, which is used by the genetic algo-
rithm. In order to be able to decide objectively which architecture is better, a
distinction is made between the following three aspects:

• representation,

• learning and

• generalization.

The representation aspect considers whether a network is able to represent a
solution of the problem. The learning aspect concerns the ability of a net-
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work to learn a solution of the problem. If the network is able to learn a solu-
tion, how fast, with what probability and how accurate will that solution be
learned? The third aspect is whether the network is able to generalize, i.e.
does the network give reasonable output for patterns that were not in the
training set?
In order to learn more about these aspects we considered some simple net-
works for boolean functions. This paper is concerned with the simplest net-
work that can represent the XOR function: one hidden unit and connections
from the input units to the output unit (see figure 1). As training algorithm

we take some gradient-based algorithm, e.g. backpropagation with momen-
tum. The error of a network is here defined as the difference, in a least-
squares sense, between the output calculated by the network and the desired
output. The error of a network depends on its weights and the training pat-
terns. With a fixed training set the error is a function of the weights: theerror
surface. The backpropagation algorithm reduces the error in the output by
changing the weights—which are randomly initialized—in the direction
opposite to the gradient of the error with respect to the weights. Often, an
extra momentum term is added to average out different directions, which
speeds up learning. So the update of each weightwij  is given by:∆wij(t) =
−α ∂E/∂wij + β ∆wij(t−1), with learning parameterα and momentum param-
eterβ. This has the effect that the weights are updated such that a point on
the error surface is reached with a smaller error value. Distinction can be
made between batch learning and on-line learning. During batch learning the
weights are updated after the whole training set is seen and the errors of the
individual samples are summed to the total error, while during on-line learn-
ing the weights are corrected after each sample, with respect to the error for
the sample just seen by the network.

1.1 Representation

First we looked at the representational power of the simplest XOR network.
It is well known that this network with a treshold transfer function can repre-

Figure 1.  The simplest XOR network
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sent the XOR function and that such a network with a sigmoid transfer func-
tion can approximate a solution of the XOR function. In this paper we will
show that such a network with a sigmoid transfer function can represent the
XOR function exactly if TRUE ~ 0.9 and FALSE ~ 0.1 for the output unit
(the values 0.9 and 0.1 are used, but all values 1−δ andδ, for some small pos-
itive numberδ, can also be used). This result is not trivial, since for a one-
layer network1 for the AND function, it is possible to find an approximate
representation, but it is not possible to solve the AND function exactly, using
a sigmoid transfer function.

1.2 Learning

The next question that can be asked concerns learnability: under what condi-
tions is a given network able to learn the desired function. When we assume
that some kind of gradient-based learning algorithm is used, the shape of the
error surface is very important. The ideal error surface has one minimum in
weight space (ideally with error zero) corresponding to an acceptable solu-
tion and in each other point a nonzero gradient. With such an error surface
each gradient-based learning algorithm will approximate the minimum, and
so find a reasonable solution. However if the error surface has so-called local
minima, then the learning algorithm can wind up in such a local minimum
and reach a suboptimal solution. From experiments by Rumelhart et al. [9] it
seems that the simplest XOR network does not have such local minima in
contrast to the XOR network with two hidden units and without connections
from the inputs to the output. The problem whether an error surface for a cer-
tain network that has to solve a certain problem, has local minima or not (and
if they exist, how to avoid them) is investigated by many researchers [e.g. 6,
7, 8, 9]. Most researchers did numerical experiments, which gave a strong
intuitive feeling of the existence of local minima, but not a real proof. Lisboa
and Perantonis [8] claim a local minimum, for example, for the XOR net-
work with two hidden units and without connections from the inputs to the
output, with the weights from the hidden units to the output unit equal to
zero, while by similar techniques as used in this paper it can be shown that
such a point is a saddle point andnot a local minimum. In contrast to Lisboa
and Perantonis, who suggest that the simplest XOR network has local
minima, this paper will analyticallyprove that the error surface of the sim-
plest XOR network hasno local minima.
The global minimum, with zero error, is not a strict minimum, since a
3-dimensional region in weight space exists with zero error. All points in a
neighbourhood of each point of this region have error values which arenot

1. We do not count the input as a layer of the network.
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less than the error in that point. In astrict minimum, however, it is necessary
that all points in a neighbourhood give error valueslarger than the error
value in that point. There exist more stationary points (i.e. points where the
gradient of the error is zero), but we were able to prove that all these points
are saddle points. Saddle points are stationary points where for each neigh-
bourhood both points with larger error values and with smaller error values
can be found. Also we proved that the global minimum contains the only
points with a gradient equal to zero for the error of all patterns individually.
We call such a point astablestationary point. The saddle points have a zero
gradient for the error of a fixed training set of patterns, but not for the error of
the patterns individually, so on-line learning can probably escape from these
points.
For the standard XOR network with two hidden units, we already proved that
it has a stable global minimum with error zero, and that other minima can not
be stable. Results that on-line learning with a reasonably large learning
parameter leads best to avoiding such minima [6], can be explained from this
fact.

1.3 Generalization

The third point is the ability to generalize. The work of Denker, Schwartz,
Solla et al. [4, 10, 11] suggests to investigate the a priori probability that a
network represents a certain function when the weights are chosen randomly.
We did some calculations for the XOR networks with treshold units and did
some numerical experiments for the networks with a sigmoid transfer func-
tion, to determine the a priori probability of the network to represent (an
approximation of) the XOR function, relatively to the probability of repre-
senting one of the other boolean functions of two inputs. Our results tell that
this probability is very small (≈0.005 for the simplest network, and≈0.0013
for the network with two hidden units). Thus, if less than four patterns of the
XOR problem are used to train the network, almost always one of the other
boolean functions corresponding to those patterns will be learned, and not
the XOR function. However, this also suggests that more regular functions
like AND and OR are preferred, if possible, above the XOR function. In a
forthcoming paper we will publish our results of several measurements of a
priori probabilities for several functions.
The remainder of the paper consists of the following sections: In section 2
the XOR problem and the network that is used to implement it are given.
Section 3 contains some properties and equalities concerning the transfer
function. In section 4 it is proven that a 3-dimensional region of the weight
space exist with zero error. In section 5 it is proven that all finite points with
nonzero error are unstable, i.e. the gradient of the error with respect to one
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single pattern is unequal to zero, and that local minima can occur only for
finite values of the weights. Section 6 consists of the proof that all points
with nonzero error and zero gradient (averaged for a training set) are saddle
points. Finally section 7 contains our conclusions. An appendix is added with
some more theorems and proofs used in the paper.

2 The XOR problem and the simplest network solving it

The network in figure 2 with one hidden unit H is studied. This network con-
sists of one treshold unit X0, with constant value 1, two inputs X1 and X2,
one hidden unit H and the output unit Y. There are seven weights which are
labelled as follows:

• the weightswi (i = 0..2) are the weights of the connections from the inputs
X i to the hidden unit H;

• the weightsui (i = 0..2) belong to the connections from the inputs Xi to the
output unit Y, and

• the weightv corresponds to the connection from the hidden unit H to the
output unit Y.

If each unit uses a sigmoid transfer functionf—the commonly used transfer
function f(x) = 1/(1+e−x) is discussed in the next section—the output of this
network is, as function of the inputs X1 and X2:

(2.1)

Table 1 shows the patterns for the XOR problem which have to be learned.
The errorE of the network when training a training set containingaij  times
the patternPij , aij > 0, i,j ∈ {0,1} is:

v
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Figure 2.  The simplest XOR network
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(2.2)

with y (X1,X2) given in equation (2.1).
We will consider learning algorithms based on gradient-descent learning,
both on-line and batch. During on-line learning the weights are updated after
each training example, corresponding to the error for that example. With
batch learning the updating of the weights is done after all training examples
have been seen and all errors are summed. The weights will be adjusted pro-
portional to−∇E and the learning will end when∇E = 0.

3 The transfer function f

This section contains formula’s expressing properties of the sigmoid transfer
function f and its derivatives needed in the remainder of this paper. Figure 3
below shows the shape off, f ′ andf ″.

The transfer function used is:

(3.1)

On the interval (−∞, ∞) this function is strictly monotonously increasing
from 0 to 1. Hence

Table 1: Patterns for the XOR problem

Pattern X1 X2 desired output

P00 0 0 0.1

P01 0 1 0.9

P10 1 0 0.9

P11 1 1 0.1

E
1
2
---a00 y 0 0,( ) 0.1–( ) 2 1

2
---a01 y 0 1,( ) 0.9–( ) 2

+ +=

1
2
---a10 y 1 0,( ) 0.9–( ) 2 1

2
---a11 y 1 1,( ) 0.1–( ) 2

+

-4 -2 2 4

0.2

0.4

0.6

0.8

1

Figure 3.  The transfer function and its derivatives
f ″ x( )

f x( )

f ′ x( )

f x( ) 1
1 e x–+
-----------------=

0 f x( ) 1< <
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From the monotonicity off it is clear that

Furthermore this function has the following properties:

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

The derivativef ′(x) is strictly monotonously increasing on (−∞,0], and
strictly monotonously decreasing on [0,∞), thus using the symmetry (3.12)
gives:

(3.7)

The functionf has an inverse function:

(3.8)

4 The minimum E = 0 can occur

In this section it is shown that a 3-dimensional region in the 7-dimensional
weight space exists for which the error is exactly zero. The errorE consists
of four quadratic terms, soE = 0 holds only if all terms are zero. The four
equations for the weights thus obtained are considered. From these equations
four linear equations for the three weightsu0, u1 andu2 in terms of the other
weights are found. It is shown that for almost all values of the three weights
w0, w1 andw2 it is possible to find a value ofv such that the equations foru0,
u1 andu2 have a (unique) solution. This results in a 3-dimensional region
depending onw0, w1 andw2. We will distinguish two kinds of minima for the
errorE:

f x( )
x ∞–→

lim 0=

f x( )
x ∞→
lim 1=

f a( ) f b( ) a⇔ b= =

f x–( ) 1 f x( )–=
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0 f ′ x( ) 1
4
---≤<

f ′ x( )
x ∞–→

lim f ′ x( )
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• Minima that remain stable during on-line learning independent of the cho-
sen training sequence; these minima have the property that no pattern will
lead to an error that can be decreased by a local chance of the weights.
These minima will be calledstable minima.

• Minima that depend on the given training set. For batch learning this is a
minimum, but during on-line learning the weights will continue to change
in a neighbourhood of such a minimum, since it is not a minimum for all
patterns separately. These minima will be calledunstable minima.

If E is equal to zero for all patterns that are in the training set, given a certain
set of weights, a stable minimum is found.E can become equal to zero if and
only if values of the weightsu0, u1, u2, w0, w1, w2 andv exist such that the
following four equations hold:

(4.1)

Application of the inverse functionf −1 on both sides of these equations leads
to:

(4.2)

We will show below that for each value of the weightsw0, w1 andw2 where

(4.3)

unique values of the other weightsu0, u1, u2 andv can be found such that all
equations of (4.2) hold. Let us first investigate the equation:

(4.4)

We calculated by using equation (3.1) and by substituting temporarilypi for
 (i = 0..2) that this equation is equivalent to:

(4.5)

f u0 vf w0( )+( ) 0.1=

f u0 u2 vf w0 w2+( )+ +( ) 0.9=

f u0 u1 vf w0 w1+( )+ +( ) 0.9=

f u0 u1 u2 vf w0 w1 w2+ +( )+ + +( ) 0.1=

u0 vf w0( )+ f 1– 0.1( ) 2.197–≈=

u0 u2 vf w0 w2+( )+ + f 1– 0.9( ) 2.197≈=

u0 u1 vf w0 w1+( )+ + f 1– 0.9( ) 2.197≈=

u0 u1 u2 vf w0 w1 w2+ +( )+ + + f 1– 0.1( ) 2.197–≈=

f w0( ) f w0 w1+( )– f w0 w2+( )– f w0 w1 w2+ +( )+ 0≠

f w0( ) f w0 w1+( )– f w0 w2+( )– f w0 w1 w2+ +( )+ 0=

e
wi–

1
1 p0+
--------------- 1

1 p0p1+
---------------------– 1

1 p0p2+
---------------------– 1

1 p0p1p2+
---------------------------+ =

p0 p1 1–( ) p2 1–( ) (p0
2p1p2 1)–

1 p0+( ) 1 p0p1+( ) 1 p0p2+( ) 1 p0p1p2+( )
---------------------------------------------------------------------------------------------------------------- =

e
w0–

e
w1–

1– 
 

e
w2–

1– 
 

e
2w0– w1– w2–
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1 e
w0–
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Sinceex > 0 equation (4.5) has the solutions:

or or (4.6)

So equation (4.3) holds everywhere with exception from the three hyper-
planes given in (4.6). The equations (4.2) are 4 linear equations in the
weightsu0, u1 andu2. In order that these equations have a solution they have
to be linearly dependent. This leads to the condition

Thus givenw0, w1 andw2 such that (4.3) holds, we find forv:

and u0, u1 andu2 can be uniquely solved from the first three equations in
(4.2). Since the inequality (4.3) holds for all pointsw0, w1, w2, which are not
on the hyperplanes given in (4.6), we will find a 3-dimensional region in the
7-dimensional weight space, whereE = 0. Since the dimension of the region
whereE = 0 is higher than zero, it is clear that the minimum valueE = 0 can-
not be a strict minimum since there are always points in a neighbourhood of
a point withE = 0 where the error is also equal to zero. It is clear thatE = 0 is
a global minimum, since for all points E≥ 0 holds,E being a positive sum of
quadratic terms.

5 The minimum E = 0 is the unique stable minimum

In order to obtain a stable minimum, it is necessary that the gradient of the
error for each pattern is zero. Consideration of the derivative of the error
with respect tou0 for finite values of the input of the output unit (thus the
output is not equal to zero or one) shows that all patterns have to be learned
exactly in this case, leading to an error value of zero, which is the absolute
minimum. The derivative of the error with respect tou0 can also go to zero if
the output goes to zero or one for one or more patterns and the other patterns
are learned exactly. It is shown that these cases do not result in a minimum,
so the only stable minimum is the minimum with error zero for all patterns.

Let us consider the partial derivative ofE with respect tou0. Writing Rij  for
the terms depending on patternPij we obtain:

(5.1)

with

w1 0= w2 0= 2w0 w1 w2+ + 0=

v f w0( ) f w0 w1+( )– f w0 w2+( )– f w0 w1 w2+ +( )+( ) 4f
1–

0.9( )–=

v
4f

1–
0.9( )–

f w0( ) f w0 w1+( )– f w0 w2+( )– f w0 w1 w2+ +( )+
------------------------------------------------------------------------------------------------------------------------------------=

u0∂
∂E

R00 R01 R10 R11+ + +=
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(5.2)

The derivative  is only equal to zero for each training set if

. (5.3)

So all stable stationary points satisfy (5.3). The condition (5.3) is not only a
necessary condition for a stable stationary point, but it is also sufficient, since
if it holds then the partial derivatives ofE with respect to the other weights
will be zero too. Clearly the points such that the equations (4.1) hold and thus
the points withE = 0 are stable stationary points. Other stable stationary
points can be found when one or more of the arguments of the derivative of
the transfer function in (5.3) (see also (5.2)) approach . The correspond-
ing outputs go to zero or one. We will show that if such a point is
approached, it is always possible to leave the neighbourhood of such a point
via a path with decreasing error.

Stationary points with output 0 or 1 for one or more patterns

First let us consider the case that three of the patterns are learned exactly in
the limit and the fourth pattern has output 0 or 1. So consider e.g.:

(5.4)

Since these equations inu0, u1 andu2 are linearly dependent, it follows that

in a point in the neighbourhood of the stationary point. Thus in such a point
condition (4.3) holds. Ifq11 < f −1(0.1) orq11 > 0, then decreasingv in abso-
lute value, while keepingw0, w1 andw2 constant, and changingu0, u1 andu2
such that the first three patterns keep resulting in the same output, will have
the result that the error of the fourth pattern decreases, while those of the
other patterns remain constant. So the total error decreases and a stationary
point as given by the equations (5.4) is not a minimum. The same argument
holds if the output of one of the other patterns goes to zero or one.

R00 a00 f u0 vf w0( )+( ) 0.1–( ) f ′ u0 vf w0( )+( )=

R01 a01 f u0 u2 vf w0 w2+( )+ +( ) 0.9–( ) f ′ u0 u2 vf w0 w2+( )+ +( )=

R10 a10 f u0 u1 vf w0 w1+( )+ +( ) 0.9–( ) f ′ u0 u1 vf w0 w1+( )+ +( )=

R11 a11 f u0 u1 u2 vf w0 w1 w2+ +( )+ + +( ) 0.1–( ) ⋅=

f ′ u0 u1 u2 vf w0 w1 w2+ +( )+ + +( )

E∂ u0∂⁄
R00 R01 R10 R11 0= = = =

∞±

u0 vf w0( )+ q00= f
1–

0.1( )→

u0 u2 vf w0 w2+( )+ + q01 f
1–

0.9( )→=

u0 u1 vf w0 w1+( )+ + q10 f
1–

0.9( )→=

u0 u1 u2 vf w0 w1 w2+ +( )+ + + q11 ∞±→=

v f w0( ) f w0 w1+( )– f w0 w2+( )– f w0 w1 w2+ +( )+( ) =

q00 q01– q10– q11+ ∞±→
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When more outputs are going to zero or one a similar argument can be given
as long as condition (4.3) holds. So we have yet to consider the cases where
it is not obvious that this condition holds.

For example consider the case thatq00 → f −1(0.1), q01 → f −1(0.9), q10 →
±∞ andq11 → ±∞. The equations (5.4) make clear, that forq10 > f −1(0.9) and
q11 > f −1(0.1) decreasing the value ofu1, while keeping the other weights
constant, will result in a lower error value for bothP10 andP11. If q10 <
f −1(0.9) andq11 < f −1(0.1) then increasing the value ofu2 leads to a decreas-
ing total error too.

If q00 → ∞, q01 → f −1(0.9), q10 → f −1(0.9) andq11 → −∞, then the error is
decreased by decreasingu0 and increasingu1 andu2 equally, such thatu0+u1
andu0+u2 remain constant.

The other cases with two patterns leading to an output 0 or 1 are treated sim-
ilar. If three patterns have an output in the neighbourhood of 0 or 1 the
weights can similarly be adjusted to reach points with lower error values.
The cases where all four patterns give an output almost 0 or 1 can only be
reached via a path with increasing error: these points are (local) maxima.

Conclusion: The unique stable minimum for the considered network for
the XOR problem is a 3-dimensional region in weight space with E = 0.

6 All unstable stationary points are saddle points

In this section it is proved that all unstable stationary points are saddle
points. Examination of the equations for∇E = 0 leads to three equations
(6.8), (6.9) and (6.10) which have to be satisfied by the considered points.
The proof is separated into the cases where the weightv = 0 and the cases
wherev ≠ 0. In the cases wherev = 0 all partial derivatives of the error with
respect tow0, w1 andw2 are zero. It is proved that the first partial derivative
of the error of the form∂i+j +1E/∂w1

i∂w2
j∂v which is unequal to zero deter-

mines that these points are saddle points. The cases wherev ≠ 0 are solved by
considering the behaviour of the error on some carefully selected curves.
Also some pictures are added showing some of the saddle points, visualized
with Mathematica.

We have to investigate all points in the weight space with∇E = 0, not treated
in the previous section. The components of∇E are:

(6.1)

(6.2)

u0∂
∂E

R00 R01 R10 R11+ + +=

u1∂
∂E

R10 R11+=
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(6.3)

(6.4)

(6.5)

(6.6)

(6.7)

If ∇E = 0 then it is concluded from equations (6.1), (6.2) and (6.3) that

(6.8)

From equations (6.4), (6.5), (6.6) and (6.8) it follows that

(6.9)

Equation (6.7), finally, leads together with equation (6.8) to:

(6.10)

Since we are looking for unstable minima, we only have to consider here the
caseR00 ≠ 0. (The cases whereR00 = 0 are already considered in the previous
section.) Equations (6.9) and (6.10) then simplify to the following equations:

(6.11)

and

(6.12)

So we will investigate all points satisfying equations (6.8), (6.11) and (6.12),
which in addition are such thatE ≠ 0, in order to prove that all points where
∇E = 0 and where no stable minimum is attained, are saddle points. Remark
that equation (6.12) is identical to equation (4.4) and has the solutionsw1 = 0
or w2 = 0 or 2w0+w1+w2 = 0. From equation (6.11) it is clear that it makes
sense to distinguish between points wherev = 0 and points wherev ≠ 0.

u2∂
∂E

R01 R11+=

w0∂
∂E

R00vf ′ w0( ) R01vf ′ w0 w2+( ) R10vf ′ w0 w1+( )+ + +=

R11vf ′ w0 w1 w2+ +( )

w1∂
∂E

R10vf ′ w0 w1+( ) R11vf ′ w0 w1 w2+ +( )+=

w2∂
∂E

R01vf ′ w0 w2+( ) R11vf ′ w0 w1 w2+ +( )+=

v∂
∂E

R00f w0( ) R01f w0 w2+( ) R10f w0 w1+( ) R11f w0 w1 w2+ +( )+ + +=

R00 R01– R10– R11= = =

R00vf ′ w0( ) R00vf ′ w0 w2+( )= =

R00vf′ w0 w2+( ) R00vf′ w0 w1 w2+ +( )=

R00 f w0( ) f w0 w2+( )– f w0 w1+( )– f w0 w1 w2+ +( )+( ) 0=

vf ′ w0( ) vf ′ w0 w2+( ) vf ′ w0 w1+( ) vf ′ w0 w1 w2+ +( )= = =

f w0( ) f w0 w2+( )– f w0 w1+( )– f w0 w1 w2+ +( )+ 0=
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6.1 The case v = 0

In this case equations (6.8), (6.11) and (6.12) lead to:

(6.13)

(6.14)

If a00 = a01 = a10 = a11 = 1 then it follows from equations (3.2) and (3.4) that
equation (6.13) is equivalent to:

(6.15)

In theorem A.1 of the appendix we derive that this equation has exactly nine
solutions foru0, u1 and u2. There are three possible error levels: 0.32,
0.407392 and 0.403321 (see the remark after theorem A.1). From theorem
A.1 it is also clear thatR00 > 0 and thatE = 0 cannot occur ifv = 0.
Let us consider the behaviour of the error in the neighbourhood of a point
with v = 0 satisfying (6.13) and (6.14) for small variations ofw1 andv (the
other weights are kept constant). Considering∂E/∂w1 (equation (6.5)), it is
clear that each term contains a factorv, which will not disappear by taking
the partial derivative with respect tow1 again. Thus it is clear that also
∂2E/∂w1

2 = 0. Computation of∂2E/∂w1∂v, using equation (6.13) results in:

Hence∂2E/∂w1∂v ≠ 0 if f ′(w0+w1) ≠ f ′(w0+w1+w2). Given equation (3.7),

this holds if and only ifw2 ≠ 0 andw2 ≠ −2w0−2w1. From theorem A.2,

which is given and proved in the appendix, witha = w1 andb = v it follows

thatE attains a saddle point if∂2E/∂w1∂v ≠ 0.

Conclusion: If E ≠ 0, ∇E = 0, w2 ≠ 0 and w2 ≠ −2w0−2w1 then E has a
saddle point, and not a minimum.

From symmetry with respect tow1 andw2 we conclude that:

Conclusion: If E ≠ 0, ∇E = 0, w1 ≠ 0 and w1 ≠ −2w0−2w2 then E has a
saddle point, and not a minimum.

R00 a00 f u0( ) 0.1–( ) f ′ u0( )= =

a01 f u0 u1+( ) 0.9–( ) f ′ u0 u1+( )– =

a10 f u0 u2+( ) 0.9–( ) f ′ u0 u2+( )– =

a11 f u0 u1 u2+ +( ) 0.1–( ) f ′ u0 u1 u2+ +( ) 0≠

f w0( ) f w0 w2+( )– f w0 w1+( )– f w0 w1 w2+ +( )+ 0=

R00 f u0( ) 0.1–( ) f ′ u0( )= =

f u– 0 u1–( ) 0.1–( ) f ′ u– 0 u1–( ) =

f u– 0 u2–( ) 0.1–( ) f ′ u– 0 u2–( ) =

f u0 u1 u2+ +( ) 0.1–( ) f ′ u0 u1 u2+ +( ) 0≠

w1 v∂

2

∂
∂ E

v 0=

R00 f ′ w0 w1+( )– f ′ w0 w1 w2+ +( )+( )=
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The remaining case that has to be investigated ifv = 0 is thus the case withE

≠ 0, ∇E = 0, (w2 = 0 orw2 = −2w0−2w1) and (w1 = 0 orw1 = −2w0−2w2). In

order to solve this case we will considerE as function ofw1, w2 andv (keep-

ing w0, u0, u1 andu2 constant). Ifv = 0 all partial derivatives ofE of the form

∂i+j E/∂w1
i∂w2

j with i+j > 0 are zero because of at least one factorv. Also

∂2E/∂w1∂v = ∂2E/∂w2∂v = 0. But computation of the third order derivative

∂3E/∂w1∂w2∂v leads to:

So because of equation (3.5) clearly∂3E/∂w1∂w2∂v ≠ 0 if v = 0 and
w0+w1+w2 ≠ 0. If, however, (w2 = 0 orw2 = −2w0−2w1) and (w1 = 0 orw1 =
−2w0−2w2) andw0+w1+w2 = 0 thenw0 = w1 = w2 = 0. From theorem A.3
(see appendix) witha = w1, b = w2 andc = v it follows thus that all cases
where∇E = 0 andv = 0 are saddle points except for the casew0 = w1 = w2 =
0, which has to be studied further.
This last case is decided by considering

(6.16)

Application of equation (3.6) and theorem A.4 proofs that even this point is a
saddle point. Figure 4 shows that indeed the error surface behaves as a saddle
point when in a neighbourhood of the point with all weights zero, the
weightsw0, w1, w2 andv are varied such that∆w0 = ∆w1 = ∆w2 and∆v is
very small with respect to∆wi.

E
3∂ w1∂ w2 v∂∂⁄

v 0=
R00f ″ w0 w1 w2+ +( )=

E
4∂ w1

2∂ w2 v∂∂⁄
v w0 w1 w2 0= = = =

R00f ″′ 0( ) 0≠=
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Figure 4.  The error surface in the neighbourhood ofu0 = u1 = u2 = w0
= w1 = w2 = v = 0. This picture is obtained by varyingw0, w1 andw2
equally from−0.5 to 0.5 andv from −0.0005 to 0.0005.
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So we conclude that the casev = 0 can only lead to saddle points, sinceE = 0
is not possible ifv = 0. Thus we have proved the following theorem:

Theorem 6.0 If v = 0 then all points where∇E = 0 are saddle points.

6.1 The case v unequal to zero

If E ≠ 0, ∇E = 0 andv ≠ 0, equation (6.11) leads to:

(6.17)

and we have to consider solutions of equations (6.8), (6.12) and (6.17). The
solutions of equation (6.12) are given byw1 = 0 orw2 = 0 orw1+w2+2w0 = 0.
Substituting these solutions in equations (6.17) and applying the relation
(3.7) results in the following four cases satisfying both (6.17) and (6.12):

• Case 1: w0 = w1 = w2 = 0,

• Case 2: w1 = w2 = 0,w0 ≠ 0,

• Case 3: w2 = 0,w1 = −2w0, w0 ≠ 0,

• Case 4: w1 = 0,w2 = −2w0, w0 ≠ 0.

We will show that the first three cases lead to possibilities to attain points in
the neighbourhood with smaller values forE. The fourth case follows
directly from the third case by using the symmetry inw1 andw2. Since it is
also easy to show that points exist in the neighbourhood of such points with
greater values, it follows that these points are saddle points (and no
extremes).

In order to prove that the points corresponding to cases 1 to 3 are saddle
points, we started to investigate the stationary points corresponding to case 1.
If a00 = a01 = a10 = a11 = 1, the points withw0 = w1 = w2 = u1 = u2 = 0 andu0
= −vf(0) belong to this case, since for these points also equation (6.8) holds.
For this special case we found the following expression for the second order
part of the Taylor series expansion of the errorE:

(6.18)

This second order part contains three quadratic terms, but that is not enough
to prove thatE has a minimum here; the Hessian is not positive definite.
Contrarily we looked for and indeed found ways to prove thatE has a saddle
point here.

Inspired by (6.18) we investigated the error surface for all stationary points
of cases 1 to 3 by considering curves in the weight space through those
points in directions such that∆u1+vf ′(w0)∆w1 = 0,∆u2+vf ′(w0)∆w2 = 0 and
∆u0+vf ′(w0)∆w0 = 0. Finally we found the following three curves, which

f ′ w0( ) f ′ w0 w2+( ) f ′ w0 w1+( ) f ′ w0 w1 w2+ +( )= = =

∆E f ′ 0( ){ } 2⁄ ∆u1 vf ′ 0( ) ∆w1+( ) 2 ∆u2 vf ′ 0( ) ∆w2+( ) 2+ +≈

2∆u0 ∆u1 ∆u2 2vf ′ 0( ) ∆w0 vf ′ 0( ) ∆w1 vf ′ 0( ) ∆w2 2f 0( ) ∆v+ + + + + +( ) 2
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together proof thatE has saddle points for all stationary points in the consid-
ered cases 1, 2 and 3.

Curve 1: This curve is parametrized byx such that∆w0 = x, ∆w2 = −x, ∆u0 =
αx, and∆u2 = −αx, while α = −vf ′(w0). Using equation (2.2) this leads to:

(6.19)

Calculation using equation (6.8) results in:

Thus for the stationary points of case 3 (w1 = −2w0) the sign of∂2E/∂x2 on
curve 1 is equal to the sign ofvf ″(w0) (note thatR00 > 0 because of theorem
A.1). So ifvf ″(w0) < 0 in case 3 thenE has points in the neighbourhood with
smaller values, since if in a point the first derivative of a function is zero and
the second derivative is negative, this function attains a maximum in such a
point.

Curve 2: This curve is parametrized byx such that∆w1 = x, ∆w2 = −x, ∆u1 =
αx, and∆u2 = −αx, while α = −vf ′(w0). This leads analogously to:

In case 2 (w1 = w2 = 0) the sign of∂2E/∂x2 on curve 2 is equal to the sign of
−vf ″(w0). So ifvf ″(w0) > 0 in case 2 thenE has points in the neighbourhood
with smaller values.

Curve 3:This curve is parametrized byx such that∆w1 = ∆w2 = x, ∆u1 = ∆u2
= αx, whereα = −vf ′(w0). This leads analogously to:

In case 3 (w2 = 0,w1 = −2w0) the sign of∂2E/∂x2 on curve 3 is equal to the
sign of−vf ″(w0). So if vf ″(w0) > 0 in case 3 thenE has points in the neigh-
bourhood with smaller values. Combination with the results from curve 1,

E
1
2
---a00 f u0 αx vf w0 x+( )+ +( ) 0.1–( ) 2

+=

1
2
---a01 f u0 u2 vf w0 w2+( )+ +( ) 0.9–( ) 2

+

1
2
---a10 f u0 u1 αx vf w0 w1 x+ +( )+ + +( ) 0.9–( ) 2

+

1
2
---a11 f u0 u1 u2+ vf w0 w1 w2+ +( )+ +( ) 0.1–( ) 2

x
2

2

∂

∂ E

x 0=

R00v f″ w0( ) f ″ w0 w1+( )–( )=

x
2

2

∂

∂ E

x 0=

R00v f– ″ w0 w1+( ) f ″ w0 w2+( )–( )=

x
2

2

∂

∂ E

x 0=

R00v f– ″ w0 w1+( ) f ″ w0 w2+( )– 4f ″ w0 w1 w2+ +( )+( )=
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tells us that in case 3 always points can be found where the error becomes
smaller.

In case 2 (w1 = w2 = 0) the sign of∂2E/∂x2 on curve 3 is equal to the sign of
vf ″(w0). So if vf ″(w0) < 0 in case 2 thenE has points in the neighbourhood
with smaller values. This completes the proof that case 2 is not a minimum.
In figure 5 one of these saddle points is visualized: the downward bow is

obtained from the parametrizing of curve 3, the upward bow is inspired by
equation (6.18).

The remaining case that has to be investigated is case 1 withw0 = w1 = w2 =
0. Sincef ″(0) = 0 it follows that in this case on curve 3:

Computation of the third derivative on curve 3 results in:

This is unequal to zero and thus also in case 1 it is possible to find a direction
to obtain lower values forE. One of these saddle points is shown in figure 6.
In figure 7 it is shown that if the error surface is only considered in the direc-
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-0.04 -0.02 0 0.02 0.04

0.31995

0.32

0.32005

-0.1 -0.05 0 0.05 0.1

-0.04 -0.02 0 0.02 0.04

0.

0.

0.

Figure 5.  The error surface in the neighbourhood of the pointu0 =
−f(0.5),u1 = u2 = 0,w0 = 0.5,w1 = w2 = 0,v = 1. The downward
bow of the saddle is obtained by varyingw1, w2, u1 andu2 such
that ∆u1 = ∆u2 = −f ′(0)∆w1 = −f ′(0)∆w2. The other direction is
given by varyingw0 andu0 such that∆u0 = f ′(0)∆w0.

x
2

2

∂

∂ E

x 0=

0=

x
3

3

∂

∂ E

x 0=

6R00vf ″′ 0( )=
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tion of each of the weights it is suggested that such a point is a local mini-
mum. So it is essential to vary the weights in the right combination, as is
done in figure 6 in order to be able to conclude that this point is a saddle
point.
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0.31999

0.32

0.32001
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2

Figure 6.  The saddle point in the neighbourhood ofu0 = −f(0), u1
= u2 = 0,w0 = w1 = w2 = 0 andv = 1. This picture is obtained by
plotting the error againstu1 = u2 = −f ′(0)w1 = −f ′(0)w2 andu0 =
f ′(0)w0. The weightw1 runs from−0.1 to 0.1 and the weightw0
runs from−0.02 to 0.02.
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Figure 7.  The error as function of each of the weights in the neigh-
bourhood ofu0 = −0.5,u1 = u2 = 0,w0 = w1 = w2 = 0 andv = 1. The
curves forw1 andw2 and those foru1 andu2 are identical. This pic-
ture gives the (false) impression that the error has a local minimum
if u0 = −0.5, u1 = u2 = 0, w0 = w1 = w2 = 0 andv = 1. Figure 6
showed already that this point is a saddle point.
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Thus also the casev ≠ 0 will not result in local minima, and we have proven
the following theorem:

Theorem 6.1 If E ≠ 0 and v≠ 0, then all points where∇E = 0 are saddle
points.

7 Conclusions

The error surface of the network with one hidden unit for the XOR function
has no local minima, only one global minimum with zero error. This mini-
mum value is attained in a 3-dimensional region of the 7-dimensional weight
space. Also a number of low dimensional regions exist where the error sur-
face behaves as a saddle point (dimension 2 for the casev = 0, and dimension
1 for the other cases). The levels of the error surface in the saddle points are
0.32, 0.407392 and 0.403321, respectively, for a training set with exactly one
example of each pattern. When training is started with small weights, only a
saddle point with error level 0.32 is possibly reached. The probability that
the learning process will start in a saddle point or will end up in a saddle
point is (theoretically) zero since the dimension of the region consisting of
saddle points is at most 2, so its volume as part of the 7-dimensional weight
space is zero.
When a saddle point is encountered, a batch learning process with zero
momentum term can wind up in such a saddle point, but an on-line learning
process can probably escape from such a saddle point, since the error surface
is not horizontal for each individual pattern, only the average error surface
for all patterns is horizontal. So a small change of the weights in the right
direction will decrease the error, moving away from the saddle point. We did
some experiments starting on-line learning exactly in the saddle point with
all weights equal to zero and found that even with a small value of the learn-
ing parameter (0.01) and no momentum term the learning algorithm escaped
from the saddle point and reached a solution with (almost) zero error in finite
time. Using batch learning no progress was made to escape from the saddle
point.
In this paper distinction is made between stable minima (minima for each
pattern) and unstable minima (minima for a training set of patterns, but not
for each pattern separately). This distinction is relevant, since if an exact
solution can be represented by the network, then only the absolute minima
with E = 0 are stable minima and all other (local) minima are unstable.
The fact that all local minima are unstable can be exploited by the learning
algorithm to escape from these minima. Also the shape of the error surface at
a minimum (narrow or wide) might determine how easy it is to escape from
this minimum. Further research is necessary to examine this.
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Another possible use of looking at the shape of the error surface when an
exact representation of a problem is not possible (e.g. when noise is present),
is finding an estimator for the generalization of a given weight configuration.
We expect that very narrow minima will show a worse generalization than
very wide minima with the same residual error on the training patterns. Fur-
ther research is necessary to find a good measure for the shape of a minimum
(especially considering the fact that several scaling factors are present) and
to obtain experimental and theoretical results in this direction.
In this paper we used the quadratic error function

whereα is the index of the pattern andtα is the desired output. In the litera-
ture [e.g. 7, 8] also the error function

is used. All computations needed to prove that the points withE ≠ 0 are sad-
dle points also hold when usingE′ instead ofE. Thus also with this error
function it is true that only one global minimum value of the error exists. The
only difference in the computations is that in the coefficientsRij the factor
containing the derivative of the transfer function disappears. A consequence
of this alteration is that the equationR00 = −R01 = −R10 = R11 for ∇E = 0 has
exactly one solution and not 9 as in the case considered here.
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APPENDIX: Some proofs and theorems

This section starts with a theorem concerning the transfer functionf that gives more insight
in the values for which saddle points can be found. As a result this theorem gives as possible
levels for the error corresponding to the saddle points the levels 0.32, 0.407392 and
0.403321. Furthermore some theorems are proved on the behaviour of a function in the
neighbourhood of a point where the gradient is equal to zero. These results are derived by
considering the Taylor series expansion of the function in the neighbourhood of such a point.
Only results that are needed for the proofs in section 6 are considered.

A result on the transfer function and the error levels of the saddle points

If a00 = a01 = a10 = a11 = 1 thenR00, R01, R10 andR11 all have the form (f(x)−0.1)f ′(x) with
x depending on the weights. So we definedg(x) = (f(x)−0.1)f ′(x). Carefully considering the
cases where∇E = 0 makes clear that in all these cases equation (6.8) results in:

(A.1)

with ,  and  functions of the weights. So we investigated this equation a bit deeper and
derived the following theorem:

Theorem A.1 Let g(x) = (f(x)−0.1)f ′(x), and let P1 ≈ −1.16139 and P2 ≈ −1.96745 be the
nonzero solutions of the equation h2(x) = g(x) − g(−3x), then the set of equations (A.1) has
nine solutions which are given in table 2 (Pi stands for P1 and P2 respectively). For all solu-
tions g(a)∈ {g(0), g(P1), g(P2)} = {0.1, 0.025132, 0.0024389} holds.

The error levels corresponding to points with values fora, b andc given in terms of 0,P1
andP2 are 0.32, 0.407392 and 0.403321, respectively.

Table 2: Solutions of equation (A.1)

a b c −a−b −a−c a+b+c

0 0 0 0 0 0

Pi −2Pi −2Pi Pi Pi −3Pi

Pi −2Pi 2Pi Pi −3Pi Pi

Pi 2Pi −2Pi −3Pi Pi Pi

−3Pi 2Pi 2Pi Pi Pi Pi

g a( ) g a– b–( ) g a– c–( ) g a b c+ +( )= = =

a b c



22

Proof of theorem A.1:
The valuesa = b = c = 0 certainly result in a solution. Consider the graph ofg(x), given in
figure 8. From the definition ofg(x) and equation (3.3) it follows that

(A.2)

Sincef(x) is monotonously increasing from 0 to 1, it is clear thatg(x) has exactly one zero
point, wheref(x) = 0, and one maximum and one minimum and that .

For each value ofg(a) at most two different pointsP andQ exist such thatg(P) = g(Q) =
g(a) (and thusa, −a−b, −a−c, a+b+c all have to be equal either toP or toQ). Let us investi-
gate all possibilities except for those that do not result in new possible solutions. So only the
possible solutions witha = P are considered, and possible solutions which are obtained by
interchanging the values of b and c in an already considered solution are not studied sepa-
rately. All possibilities are tested on the equalitya + (a+b+c) = −((−a−b) + (−a−c)), which
results in conditions onP andQ. In order to obtain an extra solution it is obliged that either
for some value ofx ≠ 0 the relationg(x) = g(−x) or g(x) = g(−3x) holds. From the graph of
h1(x) = g(x)−g(−x) (see figure 8) it is clear thath1(x) is not equal to zero ifx ≠ 0. The func-
tion h2(x)=g(x)−g(−3x) (see figure 8) is equal to zero if and only ifx is equal to one of the
values in the set {0,P1,P2} = {0, −1.16139, −1.96745}. Essentially only the region

 has to be investigated.
So we have the following possibilities:

• a = P, −a−b = P, −a−c = P, a+b+c = P ⇔ 2P = −2P ⇔ P = 0⇔ a = b =c = 0.

• a = P, −a−b = P, −a−c = P, a+b+c = Q ⇔ Q = −3P ⇔ ∃x | g(x) = g(−3x). This again
leads to the solution withP = Q = 0 and to the solutions in the second row of the table.
Thus two extra solutions are obtained.

• a = P, −a−b = P, −a−c = Q, a+b+c = P ⇔ Q = −3P. This leads to the solutions in the third
row of table  2, on page 22. From symmetry inb andc also the solutions in the fourth
row of the table are found. Thus four extra solutions are obtained.

• a = P, −a−b = P, −a−c = Q, a+b+c = Q ⇔ P = −Q ⇔ ∃x | g(x) = g(−x). This results in the
known solution withP = Q = 0.

g x( ) f x( ) 0.1–( ) f x( ) 1 f x( )–( )=

g x( )
x ∞±→

lim 0=

-6 -4 -2 2 4 6

-0.1

-0.05

0.05

0.1

g(x)

h (x)

h (x)

1

2

Figure 8.  The functionsg(x) = (f(x)−0.1)f ′(x), h1(x) = g(x) − g(−x)
andh2(x) = g(x) − g(−3x).

f 1– 0.1( ) x 1
3
--– f 1– 0.1( )< <
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• a = P, −a−b = Q, −a−c = Q, a+b+c = P ⇔ P = −Q. No new solution is obtained.

• a = P, −a−b = Q, −a−c = Q, a+b+c = Q ⇔ P = −3Q. This results in the solutions in the
fourth row of the table. So the last two solutions of the nine solutions represented in the
table are found.

Conclusion: The nine solutions represented in table 2 are the only solutions of g(a) =
= g(−a−b) = g(−a−c) = g(a+b+c). ❑

Some theorems which prove that certain points are saddle points

Now some theorems follow deciding from certain higher order partial derivatives not being
zero that some points are saddle points. The theorems give those results that were needed in
section 6.

Theorem A.2 Consider the function q of two variables a and b in the neighbourhood of a
point where∇q = 0. If  and , then the function q attains a sad-
dle point and no extreme in that point.

Proof The behaviour of a function in the direct neighbourhood of a certain point is deter-
mined by the first (partial) derivative(s) that is (are) unequal to zero. So if for a function
q(a,b) of two variables∇q = 0 holds in a certain point, then the first approximation of this
function is given by the second and third order terms of the Taylor series expansion:

If  and , then taking∆a = αx and∆b = βx2 in this equation
results in:

If  then values of  and  can be found such that the coefficient ofx3

is unequal to zero. Thus  will attain values with opposite sign forx < 0 andx > 0.��❑

Theorem A.3 Let q be a function of three variables a, b and c. If in a point with∇q = 0,
, for 0 < i+j < 6 and  (or  or

), then q attains a saddle point and not an extreme in that point.

Proof We will consider the behaviour of the Taylor series expansion as function ofx, with
∆a = αx, ∆b = βx and∆c = γx3. This results in:

If  or  then theorem A.2 tells that the considered point is a sad-
dle point. If both terms are equal to zero, then the coefficient ofx5 is decisive if it is unequal
to zero. If , or , or  the coefficient ofx5 is
not identically zero and thus nonzero values ofα, β andγ can be found such that the coeffi-
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cient ofx5 is unequal to zero and thusq can attain both higher and lower values for small
values ofx and thus the point considered is a saddle point.❑

Theorem A.4 Let q be a function of three variables a, b and c. If in a point with∇q = 0,
, for 0 < i+j < 8 and , then q attains a saddlepoint and

not an extreme in that point.

Proof The proof is analogously to that of the previous theorem. We will take∆a = αx, ∆b =
βx and∆c = γx4, leading to the expansion:

If the term withx5 is unequal to zero, theorem A.2 can be applied. The term withx6 being
not identically zero is solved by application of theorem A.3. The coefficient ofx7 is not iden-
tically zero if , and thus the theorem is proved.❑
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